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1. Introduction

It is known that a divisor d > 0 of the positive integer n is called unitary
[3;§1] if d6 = n and (d,) = 1, where (d,9) denotes the g.c.d. of d and 4.
We write d “ n. Let k be a fixed positive integer. A positive integer n is called
k-free if n is not divisible by the kth power of any prime. Let ¥7(n) be the
characteristic function of the set of k-free integers (i.e. ¥ ,(n) = 1 or 0 according
as n is k-free or not). For integers a, b, not both zero, let us denote by (a, b),
and (a, b);, the greatest kth power divisor of a and b and the greatest kth power
divisor of a which is a unitary divisor of b respectively. It is clear that
(a,b); = (a,b) and (a,b)T = (a, b)*, the greatest divisor of a which is a unitary
divisor of b [3; §1]. We say that a divisor d > 0 of the positive integer n is k-ary
[9; §1] or semi-k-ary according as d6 = nand (d,0),=1o0rdd = nand (d,6); = 1.
It is clear that a 1-ary divisor is a unitary divisor and a semi-l-ary divisor is.a
semi-unitary divisor [1; §1]. It may be noted that if d is a k-ary divisor of n
then n/d (the complementary divisor to d of n) is also a k-ary divisor of n, but
if d is a semi-k-ary divisor of n, then its complementary divisor need not be a
semi-k-ary divisor of n.

For any pair of arithmetical functions f(n) and g(n), we define

(1.1) Fi()y = X f(d)g(d)
ot

(1.2) F(n) = Mff f(d)g (),
@)t =1

where the summation in (1.1) and (1.2) are over the k-ary and semi-k-ary divisors
of n respectively.

For any r such that |[r| 21, let

(1.3) o/ (n); ali(n); ari(n); o7 (n),
denote respectively the sum of the rth powers of the k-ary divisors, k-ary (k + 1)-
148
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free divisors, semi-k-ary divisors and semi-k-ary (k + 1)-free divisors of n.
For ]r’ =1, let

(1.4) opi(n); o (m); 075 (n); ol (m),

denote respectively the sum of the rth powers of the k-ary divisors of n whose

complementary divisors are (k + 1)-free, k-ary (k+ 1)-free divisors of n whose

complementary divisors are (k+1)-free, semi-k-ary divisors of n whose com-

plementary divisors are (k 4 1)-free, semi-k-ary (k + 1)-free divisors of n whose

complementary divisors are (k + 1)-free.

Again, for |r| = 1, let
(L.5) or (0); 0,55 (n); 073 (m) 5 &[5 (m),
denote respectively the sum of the rth powers of the complementary semi-k-ary
divisors of n, (k + 1)-free complementary semi-k-ary divisors of n, complementary
semi-k-ary (k + 1)-free divisors of n, (k + 1)-free complementary semi-k-ary
(k+1)-free divisor of n.

Any complementary k-ary divisor of n is also a k-ary divisor of n, so that
the four functions corresponding to (1.5) in case of k-ary divisors reduce to the
first two functions of (1.3) and the first two functions of (1.4) respectively.

Further, if é is (k + 1)-free, then (d,8); = 1if and only if (d,6), = 1. Hence
the first and third functions of (1.4) are equal and the second and fourth functions
of (1.4) are equal. Also, the second function of (1.5) is equal to the second function
of (1.3) and the fourth function of (1.5) is equal to the second function of (1.4).
Hence we discuss only the following functions together with the functions in (1.3):

(1.6) oli(n); ori(n); of (n); ori (n).

In this paper (see §4) we obtain the average orders of magnitude of the
functions F;(n) and F{*(n)defined in (1.1) and (1.2) in the following cases and
deduce the average orders of magnitude of the functions considered in (1.3)
and (1.6):

(@) g(n) is bounded and f(n) = n", ¥y (MW", r 2 1.

(i) g(n) =1, #1(n) and f(n) = h(n)/n", where h(n) is bounded, r = 1,

(iii) f(n) is bounded and g(n) = n", r = 1.

@Gv) f(n) =1, ¥ +1(n) and g(n) = h(n)/n", where h(n) is bounded, r = 1.

2. Preliminaries

Let ¢(n) denote the Euler totient function, J,(n) denote the Jordan totient
function (cf. [4], p. 147; also [2]) and ®,(n) denote the Klee’s function (cf. [6]
and [7]). Let u(n) denote the Mébius function and p*(n) be defined by p*(1) = 1
and p*(n) = (—1)"*™, where w(n) denotes the number of distinct prime factors
of n. The function p*(n) has been discussed by Cohen [3]. The following known
arithmetical forms are needed in our later discussion:

https://doi.org/10.1017/51446788700012908 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012908

150 D. Suryanarayana and V. S. R. Prasad 3]

3 wd) _ _ b
Q.1 d(n) = n d?: > n 1{1 (1 p),

_ gy M) _ ok _1
(2.2) J(n) = n 2 e n I1 (l p*)’

_ Hd) _1
2.3) O(n) = }:] 2= [11 (1 p"),

the products being extended over all prime divisors p of n.

Let ¢;(n) denote the number of integers k in the set {1,2,---,n} such that
(h,n)y = 1. It has been proved in [10; Theorem 2.5] that

*(d 1
@4) sy =n 2 XDy (1_7).
al p;}lﬁn P
Lemma 2.1.
xr+l
(2.5) T =g +0(), frz0,xzL.
msx
1 :
(2.6) T — =0, ifr>1,x>1,
= O(logx), ifr=1, x= 2.
1 1 ;
2.7 2 — =0(5y) ifr>1,xzl

This is well-known.

LemMA 2.2. (¢f. [11], lemma 2.3) For s > 1,

s wum _  n°
25 (,.,51 e VIO
m.p)=

where J(n) = n* I1,, (1 — 1/p) and {(s) is the Riemann zeta function.
Lemma 2.3. (¢f. [8], theorem 1). For s> 2,

« O(n) _s—1)
@9) e (S
LeMMA 2.4. For s> 2,
o —~g+1
2100 X f"_ﬂ%}‘?‘_(”l = (-] {1— 1-——1———*’”—},

err)(s—n P

the product being extended over all primes p.
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Proor. The series is absolutely convergent for s > 2, since @, (n) < n by
(2.3) and the general term is multiplicative. Hence the series can be expanded
into an infinite product of Euler type (cf. [5], Theorem 286) so that we have

E Y i+ 1 (M) D (n) - H { § 'Vk+1(Pi)q)k(Pi)}.

is
n=1 n r li=o P

By making use of (2.3), we get the lemma after simplification.

LemmA 2.5, For s >2,

p(k+1)S—1

5 M _ _2 L
@iy 2 = Us—Dl(ks) I;I {1 T }

Proor. This can be proved in the same way as lemma 2.4, by expressing
the series into an infinite product of Euler type and then making use of (2.4).

LemMMA 2.6.
_ 1 if (myn), =1,
(2.12) d,%m - { 0 otherwise.
d*|n

PrOOF. We note that (a,b), =1 if and only if (a, b) is k-free and

(2.13) ¥(n) = X u(d) so that
d*|n
2 w(d) = ¥ ((m,n)) = 1 or 0 according as (m,n), = lor > 1,
d%{(m,n)

which proves the lemma.

Lemma 2.7. (cf. [1], lemma 2.3(ii)). Forr 2 0,x=1,n=1,

xr+1

(2.19) o (x,n)y= X m= T ﬂ:—) + 0(x"% (n),
(m,né).:—l

uniformly, where O(n) Is the number of square-free divisors of n.

LemMA 2.8. For r 20, x> 1,

(2.15) 2 YV mymt = x_H:l_ OB + O(x" U1+ Dy(n)
) mex 1 r+1 {k+1) ’
(min)=1

uniformly, where

_ n*p(n)
(2.16) ) = 70

ProOF. By (2.13) and (2.14), we have
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E Vremm= T m X op)= T %Y s
msx m<x tktiim th+is<x
(m.n)=1 (mn)=1 (tktig n)=1

2 t(k+ l)rﬂ(k) E sr

t<x1/k+1 sSx/rkt 1

(ton)=1 (s,n)=1
r+1 9
= Z uorfas (F) B2+ oy )
téxl/k+l
(t,n)=1
x"t O g(n) 0] '
Tor +1 =n t5x1/k+l F"T_I- O( 19(71) ,<xnz/k+11)

(tsm)=1

x"1 n) 2 ut -
= L™ 2 ,“El) + Ofx" k+1)
r+ 1 n =1 t t>x‘/"+1
(1 n)“l

+ O(x'+1/(k+1)0(n)).

The first O-term is O(x"*/**Y) by (2.7). Hence the lemma follows, by (2.8).

LEmMMA 2.9.
1if (m,n)f =1
2.17) X prd) = ‘ )
:: I:: 0 otherwise.

PrOOF. Suppose (m,n); = 1. Then 1 is the only kth power divisor of m
which is a unitary divisor of n so that the left hand side of (2.17) is u*(1) = 1.

Suppose (m,n)* > 1. Then there exists a kth power divisor > 1 of m which
is a unitary divisor of n. Let pi®-- p**" be the canonical representation of the
greatest kth power divisor of m wh1ch is a unitary divisor of n. Then the left
hand side of (2.17) is equal to

IT {u*(D) + p* (19} = 0.
i=1
Hence the lemma follows.

3. Auxiliary lemmas

In this section, we prove some more lemmas which are needed in our later
discussion.

Lemma 3.1. Forr 20, x = 1,
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r+1
6D guem= B ow = 2 O o,
(mvnTkx=l
r+1 *
6D = I o = X B0 o),
("l."=)k=1

uniformly, where 9,(n) = Z u,4*(d) and ti(n) = X a,l.
PrOOF. We prove (3.2) and (3.1) can be proved similarly. By (2.17), (2.5)

and (2.4),
Phx,my= X m = X X p*d) = X pHd)ds
m<x m<x d&|m dks<x
(m,n);=1 d*||n dk|jn

= X pdd" T &

dk||n < x/d¥
-z () o)
- = o ( 2 )
- rx':l ¢"(") + 0 (X"t (n)).

Thus (3.2) is proved. To prove (3.1) we use (2.12) and (2.3) instead of (2.17)
and (2.4).

REMARK 3.1. The functions #(n) and ;(n) can be replaced by 7,(n) =
Zaa 1 in (3.1) and (3.2) since F(n) < 1(n) and 7 (n) < 7(n).

LemMmA 3.2. For r 20, x = 1,

r+1
(3.3) ¢:,k(X, n) = mgx Y 1 (mm’ = rx+ 1 : C(p%(:)—l) + O(x'H/(kH)Bk(")) s
(mn)=1
r+1 *
GH  hem = T Flmm = Ty ?(%)T) + OG0 mY),

(m, n);k =1
uniformly, where

(3.5) ) = 3 HDuE)

k
dk|n d

5 K@)

gkl k+1)

(3.6) Oi(n) =
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” #’(d)u*(d)ofk(d) p(d)o(d)
(3'?) ﬁk (ﬂ) d%ﬂ d"z]pt d;;
2(d)d(d
(3.8) orm = % “d£f3+f)).

Proor. Here also, we give the proof of (3.4) and omit the proof of (3.3)
as it can be proved similarly.

By (2.17) and (2.15), we have
pri(x,n) = X Ve (m)m” Z w*(d)

m=x

d“ ]| n
= X Vs (d0)d T u(d)
dks< x
dk|[n

= bX Y kx 1("1*)1;/';; + 1(5)‘1*'3'#*(‘1)
dks = x
a<iln
(d,6)=1

= d%'« pE(d)p*(d)d* E 7 1(0)9"

(& d) l

= X Ju’(d);z*(d)d"'{ =5 (i)m_fi‘@__ +0 (x————mmma(d))}

d%||n d* Uk +1) dkr+kik+1)
_ % I R G (d)#*(d)ik(d) ( rt1/k+1) 3 M (d)'&(d))
(r+Dlk+1) g d* iy dHEED J°

Thus (3.4) is proved. To prove (3.3) we use (2.12) instead of (2.17).

REMARK 3.2, We note that .(n) and 6,(n) are multiplicative (follow from
lemma 2.4 of [9]) and Bff(n) and 0} (n) are also multiplicative (follow from theorem
2.4 of [10]). Their evaluations are given by the following:

- (Pet =D
(3.9) Buln) = JH' (pm_ 1)
2
(3.10) O (n) = pI;I.. (l :"ptn:;n)
. p(p* +
(3.11) Bi(n) = pl“_llln (pk+1 _ 1)
ol o B
(3.12) Oi(n) = A, (1 = pn(t+1))‘

REMARK 3.3. 0,(n) = O(n®) and 6}(n) = O(n®) for every & > 0. These can
be proved by making use of theorem 316 of [5].

LEMMA 3.3. For s>1,
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2 Bun) _ __p=t
(3.13) "§1 ,;1,, = {(s) I;I (1 Pt = 1))

5 B (p-D(1 —p™)
G X = 1] ( —;m:—l—)

© 1/'+1 ﬂ ) 1 (P—l)(l_P—s)
(3.15) I 1A _ (s 11 (1 T POt T T ephti ) )

the products being extended over all primes.

PrOOF. By (3.9) and (3.11), B (n) < 1 and Bj(n) < 1 so that the three series
are absolutely convergent for s > 1. Since B,(n) and B;(n) are multiplicative,
the series can be expanded into infinite products of Euler type (cf. [5] theorem
286). By making use of (3.9) and (3.11) we get the lemma after simplification.

LemMMA 34. For r 20, x =1,

(3.16) *(x,n) = "Ex m = r:11 Vi (”)+0( 1.(n)),
uniformly, where i

(317 wmﬂ=nd§”?ﬂ@

(3.18) I(n) = 45,. 9(d).

Proor. Interchanging m and n in lemma 2.9, we have

1 if (,m)f = 1
* —

d"z].}mu @ = {0 otherwise.
dk|n

Hence

Yralx,n) Y m X op*d) = T prdrs

msx d&||m dkésx
d&|n dk(n
(d9)=1

= I p¥dde T &,

d&|n = x/dk
(s.dy=1

‘Enﬂ*(d)dkr {;%I (dk\)ru d)fid) + O( 19d(i) )}

_ X ¥ HDe@) (xr Eﬁ(d))_

r + 1 dk, dk+1 dkspn

Hence (3.16) follows.

so that by (2.14),

W:k(X, n)

I
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REMARK 3.4. We note that i (n) is multiplicative (follows from lemma 2.4
of [9]) and its evaluation is given by

* 0\ _ _(p=D(1-p~
(3.20) Viin) = npl;;[n{l S },

where t = [a/k], o being the multiplicity of p in n.

LemMmAa 3.5. For s> 2,

(3.21) 2 "”‘(") = {(s—=1) [} (1 _T;“_TIT)
(3.22) E;lf’ﬁ;i('ﬂ - 11 fi- (m}(s L= l)lgmp-s )}

PrOOF. By (3.20), y{(n) < n, so that the series are absolutely convergent
for s > 2 and the general terms of the series are multiplicative. By expanding
the series into an infinite product of Euler type the lemma follows from theorem
286 of [5].

LEMMA 3.6. For r =21, x =2 2,
O(log?’x) if r=1, k=1

(3.23) E ()= X ”“gfi) = { O(logx) ifr=1, k>1
) o) ifr>1,
where t,(n) is as defined in Remark 3.1.

ProoOF. We have

1 1
= _ 1 =
Era() ,.31 n ggn dkééx derdr
1 1

If r = 1, then by (2.6),

E,.(x) = ( r logdk) =0 (logx py ! ) O(log? x) or O(logx),
d<x1/k

d<xt/k d*

according as k=1 or k> 1.
If r > 1, by (3.24) and (2.6),
/ 1
E,(x) = 0( > dT) = 0(1).
d=x1/k

Hence the lemma follows.
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Lemma 3.7.
O(log3x) if r=1,k=1

(3.25) G ()= X ILEI"T) = < O(ogx) if r=1k>1
B o)  ifr>1,
where I, (n) is given by (3.18).

PROOEF.
— 1 _ #(d)
Gr:k(x) h n§2x ? d<|n ﬁ(d) B dki<x ﬁ"&_r
9(d 1
(3.26) = _E —%l p 5.

It is clear that #(n) < 7(n), where 7(n) = Zdl,,l. If r =1, then by (2.6),

_ ‘C(d) ) _ T(d))
G (x)=0 (déxz:,/k 1o cgz) =0 (Iogxdgél‘/k e

= O(log*x) or O(logx),
according as k =1 or k> 1, since

2z W) _ O(log?x) or O(1),

d§_x‘/k dk

according as k=1 or k>1,
If » > 1, then by (3.26) and (2.6),

G,u(x) = O(dsg/k Tgf,)) = o(1).

Hence the lemma follows.

4. Main Theorems

In this section we prove some theorems and deduce the average orders of
magnitude of the functions considered in (1.3) and (1.6).

THEOREM 4.1. If in (1.1) and (1.2) g(n) is bounded and f(n) = n" then
forrzl,x=22, k=21,

el g(n)wk(n_)

@ S Fio) = I £ 2O xE
r+1
4 2 Fre) = 2 IO g,

https://doi.org/10.1017/51446788700012908 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012908

158 D. Suryanarayana and V. S. R. Parsad {11]
where ®,(n) and ¢i(n) are respectively given by (2.3) and (2.4) and E, \(x) is
given by (3.23).
Proor. We have by (3.1) and Remark 3.1.
X Fn)y= X X dg@® = X dg@®= Zg©o) X &

n<x n<x dé=n désx d<x 35 x/é
- (d:d) =1 (d:d) =1 (d»d)i=1
X
= T g0 (59)
0=x
_5§,'g():r+l 5] s (5)

_ X! g(n)<1>k2(n) + O(x' 3 Tk(?))
r+1 nsx n"* nsx

xr+1 °2°: g(n)®,(n) 10 (x,_+1 3 (I)k(n))

r+ 1,0 w2 e

n>x
+ 0 (xr Er,k(x)) s

by (3.23) and the boundedness of g(n).
Since ®,(n) < n, the first O-term is O(x) by (2.7) and the second O-term

is x"E, ,(x) by (3.23). Hence (4.1) follows.
The proof of (4.2) follows similarly by using (3.2) instead of (3.1).

COROLLARY 4.1.1. (g(n) =1). Forr =21, x=22, k=1,

xr+ 1 =] (Dk(n)

* _ -
(4'3) "§Zx o-r,k(n) - r + 1 net nr+2 +Xx r.k(x)
s XU et |,
4.4 "Exo',j‘(n) = 7 ,,=L1 ) + x"E, i (x).

REMARK 4.1. The case k = 1, r = 1 in (4.1) and (4.3) has been discussed
by Cohen [3] and the case k = 1, r > 1 in Theorem 4.1 and Corollary 4.1.1
has been discussed by Chidambaraswamy [1]. The case k>1, r =1 in (4.1)
and (4.3) has been discussed in [12].

REMARK 4.2. The coefficients of x"*!/(r + 1) in (4.3) and (4.4) can be ob-
tained from (2.9) and (2.11) respectively by taking s = r 4 2.

COROLLARY 4.1.2. (g(n) =¥ s (n)). For r 21, x 22, k=21,

X! E Y1 1(n) Py (n)

m—— ) + x'E, ((x).
n=1

@.5) 3 a*(n) =
REMARK 4.2. The coefficient of x"*/(r + 1) in (4.5) can be obtained from
(2.10) by taking s = r + 2.
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Tueorem 4.2. If in (1.1) and (1.2) g(n) is bounded and f(n) = v, (W)n",
then forr>1, x =2,

* - xt! g(")ﬂk(") r+1/(k+1)
@0 ZEO = ey 2 e o6 )

™ x*t g(")ﬂk (n) r+1/(k+1)
(4'7) n_gEka (n) ( r+ I)C(k'i‘ 1) n? nr+1 ( )’

where B (n) and Bi(n) are given by (3.5) and (3.7) respectively.

The proof of this theorem is similar to that of Theorem 4.1.

COROLLARY 4.2.1. (g(n) =1). Forr 21, x=2, k=1,

r+1

(48) nszxo.:;‘ (n) = (—_*Tx){@‘_l_—l) nzl B”l‘fz)l + O( r+1/(k+l))
r+1 *

@9 Tato)= ooy 2 G o,

REMARK 4.4. The case k =1, r =1 in (4.6) and (4.8) has been discassed
by Cohen [3] and the case k = 1, r>1 in Theorem 4.2 and Corollary 4.2.1
has been discussed by Chidambaraswamy [1].

REMARK 4.5. The coefficients of x"+/(r + 1){(k + 1) in (4.8) and (4.9) can
be obtained from (3.13) and (3.14) by taking s = r + 1.

COROLLARY 4.2.2. (g(n) = ¥ 41(n)). For r 21, x 22, k=1.

e+l o Yie1(mB (”)
4.10 *rc X k+1 [3 Uy
10 e O = e D 5 et PO
REMARK 4.6. The coefficient of x"+!/(r + 1){(k + 1) in the above can be
obtained from (3.15) by taking s = r +1.

THEOREM 4.3. If in (1.2) f(n) is bounded and g(n) = n", then for rz1,
x=22,kz21,

@.11) T Fi*(n) =

n<x 1 n=1

where Y (n) is given by (3.17) and G, (x) is given by (3.25).

XS fn)i(n)

n'+2

+ x'Gu(x),

Proor. By (3.16),

SFEm = T % f@F = T S@

nsx nsx dd=n désx
. .
(d»d)=1 . (dd)=1
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I
I

Z/@ T8 = TIaw {(39)
20 [ 0 o)

_ XS e ( Ly m(n))

RS WA ax 12
+ O(x' z Ik(’:)),
nsx n

by the boundedness of f(n). Since Y5 (n) < n, the first 0 -term is O (x) by (2.7)
and the second O-term is x"G,,,(x) by (3.25). Hence (4.11) follows.

COROLLARY 4.3.1. (f(n) =1). For rz1, x22, k=1,

(4.12) T 6¥n) = X E Vi (n)

n<x r+1, n't2
CorOLLARY 4.3.2. (f(n) =¥ e (). Forr =1, x =2, k=1,

(4.13) T 65 (n) = X E R OIHO!

nsx r+ 1 n=1 nr+2

+ xr rvk(x) >

+ x'G,, . (x).
REMARK 4.7. The coefficients of x"*+'/r + 1 in (4.12) and (4.13) can be ob-
tained from (3.21) and (3.22) by taking s = r + 2.

THeorREM 4.4. If in (1.1) and (1.2) g(n) =1 and f(n) = h(n)/n" where
h(n) is bounded, then forr 2 1,x =22,k =1,

3 hm®(n)

(4.14) Fi(n) = —pra T Eedx)
n<x n—l

(4.15) S Frny=x X h(")n'f’;(z") + G,y (%).
nsx n=1

The proof of this theorem is similar to the proofs of Theorems 4.1 and 4.3.

COROLLARY 4.4.1. (h(n) =1). Forrz1,x22, k=1,

(4.16) S ot ()=x ¥ ‘:fgnz) + E, (%)
(4.17) 6% (n) = x f '/"’{S”Z) + G, (%).

REMARK 4.8. The coefficients of x in the above can be obtained from (2.9)
and (3.21) by taking s = r + 2.
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COROLLARY 4.4.2. (h(n) = ¥ 1(n)). Forr=z1,x=22, k=1,
2 Ve 1(m)@y(n)

(4.18) T ot = x T AR 4 B ()
(4.19) Z o) = ¥ E fﬁ;—(,’i—)z'p*—("M G, ().

ReEMARK 4.9. The coefficients of x in the above can be obtained from (2.10)
and (3.22) by taking s = r + 2.

TueoreM 4.5. If in (1.1) g(n) = ¥ 1(n) and f(n) = h(n)/n" where h(n)
is bounded, then forr 21, x=22, k=21,

x0 N _ 5 h(n)B(n)
420 T Fi) = C(k+1) Ry

The proof of this theorem is similar to that of Theorem 4.1.

COROLLARY 4.5.1. (h(n) =1). Forr 21, x 22, k=1,

X e Bi(n)
@.21) m xS (1) ) ,.21 =

ReMARK 4.10. The coefficients of x/{(k + 1) in the above can be obtained
by taking s =r+1.

COROLLARY 4.5.2. (h(n) = ¥, y(n)). For rz1, x=22, k=1,

*'c _ X s Vk+1(M)Bi(n)
@m0 =gy, R T e

REMARK 4.11. The coefficient of x/{(k + 1) in the above can be obtained
by taking s = r+1 in (3.15).

+0 (/*D ),

+ O (x'/k+ 1y,

+0 (x”(k“)) .

THEOREM 4.6. Ifin(1.2)f(n) = 1and g(n) = h(n)/n", where h(n) is bounded,
then forrz1,x=2, k21,
(4.23) % Fi¥(n) = h (”)f'i“z(") + E, (x).
=1

The proof of this theorem is similar to that of Theorem 4.3.
COROLLARY 4.6.1. (h(n) = 1). For r=1,x =22, k=1,

¢ (n)

r+2

(4.24) ¥ (n) =x Z

n<x

+ E, (x).

REMARK 4.12. The coefficient of x in the above can be obtained from (2.11)
by taking s = r + 2.
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THEOREM 4.7. If in (1.2) f(n) = ¥ "+(n) and g(n) = h(n)/n", where h(n)

is bounded, thenr 21, x 22, k=21,

4.25) 2 F*@n) =

s h(m)Bi(n)
n<x C(I‘_I-l) n—2 nr+1

The proof of this theorem is similar to that of Theorem 4.3.

+ O(x"/**F Dy,

CoroLLARY 4.7.1. (h(n) =1). Forr 21, x 22, k=1,

(4.26) by O.cr*l ()= _x Z ﬂn( n) +0(x 1/(k+1))

nex ~rk C(k'i-l) r+1
REMARK 4.13. The coefficients of x/{(k + 1) in the above can be obtained

from (3.14) by putting s = r + 1.
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