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In an earlier paper (3) we discussed at some length a certain inversion 
operator for the Laplace transformation. If 

i m = rV"0(O<ft=-̂ (*(O;*) 
Jo 

then the inversion operator is given by 

II 'Lk,,[/(*)] = ~^- jy-JA2kxi)/(*(* + 1 } ) dx, 

and we showed that if v > — 1, then under certain conditions 

lim'L». «!/(*)]= Ht). 
#->co 

It is our purpose here to discuss the behaviour of the operator for v < — 1. 
It is clear that if v < — 1 and v is not an integer, the operator will not 

exist. For, by (2, §7.2.1, (2)), 

x*> J9(2kx*) = (kx)v(l + o(l))/T(v+ 1), x - > 0 + , 

if v is not a negative integer. However, if v is a negative integer, v = — n, 
a different situation appears, for, by (2, §7.2.4, (24)), J-n(z) = (- l)n7„(2), 
and hence 

xrbj^pkx*) = ( - l ) w ^ ( l + 0(1))/»! x - > 0 + . 

Thus there is some prospect of the operator existing in this case. 
It will transpire that the operator will exist if v = — n, under certain 

hypotheses on 4>(t), and that a suitable modification of the operator will 
invert the transformation. The theory is contained in the following two 
theorems. 

We make use of the notation 

J»-»co 

4>{u) du 
o 

to denote the 'Improper' Lebesgue integral. That is, 

I <j)(u) du = lim I (j>{u) du. 
J 0 i?_>co «Jo 

Also we define, 

III %, ,\f(s)] = ~ f - J^xt'MZkx*) f[Hx f 1 } ) dx. 
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T H E O R E M 1. If e-~<'<$>(() € L(0 , oo), y > 0, then 

exists for each t > 0 and all k > yt, (n = 1, 2, . . .), and 

^Lt,t[f(s)] = (-tr°Lk,,lf
{n)(s)) ~n 0T r fW( M _ (—1)" 1k"+1e yp (kt) ,(r-l)( & ) 

V h (n-'7)V \t / • 

Proof. By (1; ch. 3, §2), /<»>(s) = L((-t)n<l>(t); s), s > y, and thus, by 
(3, Theorem 2.1), °Lk,,[f™(s)] exists for k > yt (n = 1, 2, . . .)• 

Let & > 7<. Then, since 

j z Mz) = - Mz) = J.!^), 

and since Jo(z) and /(s) -> 0 as 2 -> oo, we obtain on integrating by parts, 

°L», ,[/'(*)] = ~f- £jo(2kxi)f'(^^1)dx 

k*"eUjt T ,n, 1, /&(X + 1 ) M " , C*° -i r /oL S / * ( * + 1 ) ^ 7 ^ 

= -^/(f)-<--^)], 
which is the stated result for n = 1. 

We now proceed by induction. Assuming the result true for n, we have, 
since f'(s) = £f(-t<l>(t);s) for 5 > y, that 

-*£.,Lf(s)] 
exists for k > yt and equals 

( A~n °T r f ( w + 1 V c M ( — 1 ) ? ' kn 2 ^ A _{kt)_"__ r(r)( k \ 

Then, for * > yt, since, by (2, §7.2.8, (51)), 

~z~nJ-n(z) = s~V_(w+i)(2;) 

and J-n(z) and /(s) —> 0 as z —> 00, we have, on integration by parts, that 

""£.<[}"(*)] = ^jf-£œx-inJ^(2kxi)f'^Hx + 1}) <Z* 

^{i«- i»/^(2fcc»)/ (^±i i ) |" - * J*fV^+1>/_(K+1)(2^) 

<- - ( n + 1 ^ . ( [ / ( ^ ) ] . 

£3/ 

( - 1 ) & g , -(«+D7 

ir n\ 
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Hence, 

-("+l)Lk,t[f(s)]= -r\~nLk,t[f{s)) 
tir 

_ , ,x-(»+l> 0T rxfa+l)/ NI j ( ~ 1 ) " k n ' e k - A jkt) T ,(,)( k\ 

- {-() Lt.,U (s)l+ twi ZA-(n_r)lf yfJ 

(-lfkn+Vk J k\ 
x*n\ J \ t ) 

\ (jay 
H\n-r)\ 

'/*•*»! A t ) 
— ( A-(»+« »r lf(n+»fr\1 ( —l)"fe" e y-> (kt) ' Ar-V)( k \ 

-{~t} L"-tU {S)1~ x* h (» + 1 - Ol ' \ 7 / 
Hence the formula is true for all n. 

(-îyy+V* 

r 

TT* ^ î (« + 1 — r) 

COROLLARY. / / éT*' 0(/) Ç L(0, <»), 7 > 0, arcd # H <£(/) G L(0, 5), then 
~lLktt[f{s)] exists and 

-%,,[f(s)] = - r 1 °L». .[/'(*)] - ^ 7 / ( 7 ) • 

/ / r ' ^ W € i ( 0 , oo), 7 > 0, /Ac» ""£*,*[/(*)] exw/5 /or « = 2, 3, . . . , and 

-KL,,([/(5)] = (-t)-n0Lk,t[f{n)(s)} - (~ 1 r*knWkg _ i M r . _ / ( r - i ) ^ j ^ _ 

Proof. The existence of " ^ ^ [ / ( s ) ] under the various hypotheses follows 
exactly as in (3, Theorem 2.1). The stated relations now follow from Theorem 
1, since 

-ntk,t[f(s)] = -nLk.tU(s)] 
when both exist. 

THEOREM 2. If e-yt(j)(t) £ L(0, » ) , 7 > 0, /Aa» a* eacA /ww/ t > 0 of the 
Lebesgue set of $, 

Proof. This now follows from Theorem 1, and Theorem 3.1 of (3). 

COROLLARY. If ér*ty(/) G L(0, 00), 7 > 0, arcd */ r*0(*) 6 i ( 0 , Ô), /or 
some 8 > 0, //ze;z a£ eacA /wV&/1 > 0 of the Lebesgue set of </>, 

lim{-^,([/(s)] + ^/(f)}=^). 
If e~~y l<j>{t) Ç L(0 , 00), 7 > 0, then at each point t > 0 of the Lebesgue set of <j>, 

for n = 2,3, 
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Proof. This now follows from the corollary to Theorem 1, and Theorem 
3.1 of (3). 
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