ON AN INVERSION FORMULA FOR THE
LAPLACE TRANSFORMATION, II

P. G. ROONEY

In an earlier paper (3) we discussed at some length a certain inversion
operator for the Laplace transformation. If

1 16 = [Tertem @t =L 60:9)
then the inversion operator is given by
3/2 %
1 Lt = Ko [, ot 1(EE D) o,

and we showed that if » > — 1, then under certain conditions
}cim "Ly, [f()] = (2.

It is our purpose here to discuss the behaviour of the operator for v < — 1.
It is clear that if » < — 1 and » is not an integer, the operator will not
exist. For, by (2, §7.2.1, (2)),

¥ J,(2kx?) = (kx)*(1 + 0(1))/T( + 1), x—0+,
if » is not a negative integer. However, if » is a negative integer, » = —n,
a different situation appears, for, by (2, §7.2.4, (24)), J_.(2) = (—1)"J.(2),

and hence
x~J_, (2kxt) = (—=1)"&*(1 + o(1))/n! x—0+.

Thus there is some prospect of the operator existing in this case.

It will transpire that the operator will exist if » = — #, under certain
hypotheses on ¢(#), and that a suitable modification of the operator will
invert the transformation. The theory is contained in the following two
theorems.

We make use of the notation

-0

¢(u) du

to denote the ‘Improper’ Lebesgue integral. That is,
-0 R
f o(u) du = limf o(u) du.
0 R 0
Also we define,

m L) = A [ ne (e g
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THEOREM 1. Ife'¢p(t) € L(0, o),y > 0, then

“La df(5)]
exists for each t > 0 and all k& > &t, (n=12,...),and
e R o D ki S () u_x)( k)
Lo df)] = (=07 "L d 7)) A R

Proof. By (1; ch. 3, §2), f™(s) = L((—t)"*¢(t);s), s > v, and thus, by
(3, Theorem 2.1), °L; ,[f™(s)] exists for B > vt (n = 1,2,...).
Let & > ~t. Then, since

and since Jo(z) and f(z) — 0 as z — o, we obtain on integrating by parts,

B3/26% .
L)1 = 55 [T e )f'(k(’" + 11) dx
w"{t To(2kx f)f<k(x + 1)) tfri) 7 2kt (k(gc__t-‘i—_ll) (Ix}‘

t 3
12 —
_— k-rf(k> — TG,

which is the stated result for n = 1.
We now proceed by induction. Assuming the result true for %, we have,
since f/(s) = L (=t ¢(#):s) for s > v, that

Ll (5)]

exists for £ > vt and equals

—n 0 nt1 -1 n—lkn+~;- n kt —r . k
(=0 L df " 0] = FHE S g ().

™ r=1

Then, for £ > «+t, since, by (2, §7.2.8, (51)),

d —n
77 T n(2) = 27T _uin(2)

and J_,(2) and f(z) » 0 as z — o, we have, on integration by parts, that

3/2 2k
T df (5)] = k ¢ f x T (2kat) f(é(—x—j_—u> dx
0 A
3/2 2k © -0
- kt } {E _%nj“"@kx%)f(k(x—j—ll) o tJ:) 2T (2t

fez),

1 nkn+§ 2k —n
O o))
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Hence,
L) = = T T ()] - %‘e‘f ( %)
=ty i g (o) 4 SHEE S ) m( If)
- o (2)
= (=)™ L, [f"(s)] — (—l)nf:+3/2e2k§ n .ﬁki)__r i (H)(%) '

Hence the formula is true for all #.

COROLLARY. If e ¢(t) € L(0, ), v > 0, and if =t ¢() € L(0, ), then
L. [f(s)] exists and

1 2%
L) = = L] - £ f(@).

't I\ t
If evip(t) € L0, ©), v > 0, then ~Ly [f(s)] exists for n = 2,3, ..., and
_ n—lyn+i 2k n A ald L
L) = (=07 g (9) - SR S B gon(£)

Proof. The existence of Ly ,[f(s)] under the various hypotheses follows
exactly as in (3, Theorem 2.1). The stated relations now follow from Theorem
1, since

T df(5)] = "L, f(5)]
when both exist.

THEOREM 2. If e (t) € L(0, ©), v > 0, then at each point t > 0 of the
Lebesgue set of ¢,

— 1 \n—lgntd 2 n -7 1

Proof. This now follows from Theorem 1, and Theorem 3.1 of (3).

COROLLARY. If eV'¢(f) € L(0, »), v > 0, and if t=*¢(t) € L(0, s), for
some & > 0, then at each point t > 0 of the Lebesgue set of ¢,

i {2, 001 + e (£ = 60

k—co

If ev'¢(t) € L(0, ©), v > 0, then at each point t > 0 of the Lebesgue set of ¢,
) . (_1)n—lkn+%e2k n (kt)—r (7—1)(@)} 3
}cl_f)g{ Ly, [f(s)] + i ;1 (n — r)!f ; = ¢()

forn =2,3,....
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Proof. This now follows from the corollary to Theorem 1, and Theorem
3.1 of (3).
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