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Abstract

In this paper we characterize the structure of finite inverse perfect semigroups and study con-
gruences on those semigroups, in particular we study those semigroups that have modular lattice of
congruences.

1980 Mathematics subject classification (Amer. Math. Soc): 20 M 10.

0. Introduction

Let S be a semigroup and p a congruence on S. If a S S, ap denotes the p-class
containing a. Following Vagner (1968), a congruence p is called perfect if
(ap)(bp) — (ab)p for all a, b e S, as sets. A semigroup S is called perfect if all
congruences on S are perfect. Groups are familiar examples of perfect semi-
groups. Perfect semigroups were studied by Fortunatov (1970, 1972, 1974, 1977).
In this paper we completely characterize the structure of finite inverse perfect
semigroups and study congruences on those semigroups, especially we study
those that have modular lattice of congruences. In Section 1 we determine the
structure of finite inverse perfect semigroups. There are two types: one type is a
chain of groups, the other type is a chain of groups with a Brandt semigroup as
an ideal component. The results for type 1 are due to Fortunatov (1972). In
Section 2 we consider their construction and the isomorphism conditions. We
discuss how to obtain their congruences in Section 3. Unlike groups, finite
inverse semigroups do not all have modular lattices of congruences even if they
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[21 Finite inverse perfect semigroups 115

are perfect. In Section 4 we completely determine finite inverse perfect semi-

groups with modular lattice of congruences. For preliminary knowledge about

inverse semigroups, completely simple semigroups, ideal extensions, semilattice

of groups, the reader is referred to Clifford and Preston (1961) and Petrich

(1973).

1. Structure

LEMMA 1.1. Let S = (J , s r S, be the greatest semilattice decomposition of S. If

S is an inverse semigroup, each St is a semilattice-indecomposable inverse semi-

group.

PROOF. By Tamura (1956) or Petrich (1973), each St is semilattice-indecom-

posable. We can easily see S, is an inverse semigroup.

LEMMA 1.2. (Fortunatov (1972)) Perfectness is preserved under homomorphic

images.

LEMMA 1.3. (Fortunatov (1972)) A {lower) semilattice S is perfect if and only if

it is a chain.

LEMMA 1.4. Let S be a perfect semigroup. If I is an ideal of S and I =fc S,

I ¥= {0}, then I is a completely prime ideal of S.

PROOF. Suppose x, y G S \ I and xy G / . Since {*}{.)>} ¥= I, S is not perfect.

Hence S \ I is a subsemigroup of / .

Let 5 be a finite inverse semigroup and S = U , e r S, be the greatest semi-

lattice decomposition of 5". Assume S is perfect. By Lemmas 1.2 and 1.3, or by

Fortunatov (1972), T is a chain, say T = (0, 1, . . . , n} with the usual ordering.

LEMMA 1.5. S, is a group for all i G T, i i= 0, and So is either a group or a

Brandt semigroup.

PROOF. Suppose S,-, / > 0, is not simple, let J ¥= S, be an ideal of 5, (namely,

1 < | / | < 15,|). Then / = U,<, 5} U S,/S, is an ideal of S, and I=£S. By

Lemma 1.4 / is a completely prime ideal of S, hence J is a completely prime

ideal of S,. This contradicts semilattice-indecomposability of St. Thus 5, is

completely simple because of finiteness. Since S, is an inverse semigroup, 5, is a
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group for all i 6 F, i ^ 0. In case S has no zero, let K be the minimal ideal of S.
In case 51 has zero, let K be a 0-minimal ideal of S with K n So ¥= 0. In both
cases K C So. Suppose K =£ So. By the same argument as I above, K is a
completely prime ideal of S& a contradiction. Hence K — 50. Since So is a
completely [0 — ] simple inverse semigroup, we conclude that So is either a
group or a Brandt semigroup.

In this paper a Brandt semigroup whose ground group is G and whose
sandwich matrix is the m X m identity matrix is denoted by <5R?(w, G). Since So

is semilattice-indecomposable, we adopt the convention that a Brandt semigroup
91L°(m, (?) satisfies m > 1. The universal relation and the equality relation are
respectively denoted by

w(X) = X X X, t(X) = {(x, x): x £ X).

Let flr(S}) denote the semigroup of right translations of 5, which are linked
with some left translations of Sj. The system of homomorphisms used in the
definition of the binary operation on U "_0 S(

 axe given by

% j p -*p<py, p £ St

P%- Sj - • Sj, x -+ x(p<py), x G

with a dual action for ^ G fi/(^), the semigroup of left translations of Sj. If
x G Sj and y e Sj for i >j then^x = y(xq>y) and xy = ($yX)y. In case i,j > 0,
5, and Sj are groups and/><p^ is interpreted as an element of Sj since pcpy is an
inner right translation of Sj, and hence (pyi 5, -» 5) is a homomorphism of S, into
5). For U"«, Sj the set {9^: i >,/} is the so-called transitive system, namely, it
satisfies

(i) q>jj is the identical map of S,,

However condition (ii) will be extended to 50 even if So is not a group (see
Lemma 2.2). Since S, (i = 0, 1, . . . ) is left reductive, for p G St and x G Sy,
there is a unique z G 5, such that

= 2«% and z

Thus i/̂ - is determined by q>y.

LEMMA 1.6. S = U"_o ^/ " composed by permutations.

PROOF. SO is an ideal of S. By perfectness, Sop = So hence pq>,0 is a
permutation on So for aU/> G 5, for all / ^ 0, since So is finite. Obviously ptpy is
a permutation for a]lp G S,, all i >j > 0.
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[41 Finite inverse perfect semigroups 117

LEMMA 1.7. (Fortunatov (1972)) For all i >j > 0 (for all i >j > 0 if So is a

group), (fy is surjective.

S is called type 1 if So is a group; type 2 if So is a Brandt semigroup.
We want to prove that if S = U , e r St satisfies Lemmas 1.5, 1.6 and 1.7 then

S1 is perfect. This has been proved for type 1 semigroups by Fortunatov (1972),
so we need only prove it for type 2 semigroups.

Let So = 91t°(m, G) = {0} u {(k, x, I): x £ G, k, I = 1, . . . , m) where G is
a finite group and (kv x, /,) (k2, y, l^ = (A;,, xy, /j) if /, = k2; 0 if /, # k2. Let p
be a congruence on S.

LEMMA 1.8. Assume i > 0 and apb for some a £ So, b £ St. Then

Cp.4 u s
V Ki

PROOF. For all x G 50, x(a(po^)px(b<pi(^. By Lemma 1.6 btp^ is a permutation
on 50. There is z G So, z =£ 0, such that za = 0 but zb ¥= 0. It follows that xpb
for all x G So. On the other hand / = (c G S: xpc for all x G S }̂ is an ideal of
S and / n S, ^ 0 . Since S, is a group, U /<( 5, C /.

LEMMA 1.9. (Clifford and Preston (1967), Tamura (I960)). Let p0 = p\S0. If
p0 ¥* «(S0) then p0 is determined by a group-congruence r on G such that 0po0 and

(&„ x, l\)po(k2,y, l2) if and only if kx = k2, xry, /, = l2.

We denote p0 by PQ(T).

LEMMA 1.10. / / b G 5,, a G S), x <= Sk and if xpab then x G (ap)(bp).

PROOF. If i,j, k ¥= 0, the argument for Type 1 is available. By Lemmas 1.8
and 1.9 we need consider only the folowing cases:

(I) ap = bp = U i<k S, where k = max(i,y);
(II) ap = U t<j S, and bp n So = 0; (IF) ap n 50 = 0 and 6p =

u/<(s/;
(III) ap c 50 and fop n So = 0 ; (HI') apn So = 0 and Z>p C 50;
(IV) ap C So and bp C 50.
For (I), perfectness follows from the fact that ab G U /<Jt St and 5,2 = 57 for

all /. For (II), necessarily / >j; ap is an ideal of S. Let^ G bp. By Lemma 1.6, y
acts on S, by permutation for all / < j , and hence acts on ap by permutation.
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Then we have

(ab)p Qap = (ap)y C (ap)(bp).

For (III), let y e bp. Certainly (ap)y C (ab)p, but since y acts on So by
permutation, we see that (ap)y = (ab)p for all y G bp by Lemma 1.9. Hence
(ap)(bp) = (ab)p. Case (IV) follows since completely O-simple senugroups are
perfect by Fortunatov (1972).

Summarizing Lemmas 1.5 to 1.10 we have

THEOREM 1.11. Let S be a finite inverse semigroup and S = U , e r 5, be the
greatest semilattice decomposition of S where T denotes a lower semilattice. Then S
is perfect if and only if

(1.11.1) F is a chain: T = (0, 1 , . . . , « } with operation i -j = m i n { / , / } ,

(1.11.2) 5 0 is either a group or a Brandt semigroup and 5, is a groiqt for all^ i . i i .£.} KJQ #J citric/ i* gr istitff \JI i* ut i*i u*i o&rrugt ts**fs

(1.11.3) S1 is composed by permutations,
(1.11.4) for all i >j > 0 (for all i >j > 0 if So is

surjective.
o is a group), yy: S, -> Sj is

2. Construction and isomorphism criterion

A type 1 semigroup S is determined by a transitive system of surjective
homomorphisms {<#,} of finite groups St into 5 ;̂ S is denoted by

= I IU S,, %, i >A

Let another type 1 semigroup be

(
ri \

i = l ' " /

THEOREM 2.1. S =« S' if and only if n = n' and for each i there is an
isomorphism ht of St onto S- such that

fPjjhj = hjtpn for i ^ j .

LEMMA 2.2. Let S = (J "_0 St be of type 2.
(2.2.1) Let i >j > 0 and k >j > 0, andp S S,, q £ Sk. If p<py = q<pkj then

PVio = QVko-
(2.2.2) (PijfPjQ = <p,ofor i ~>j > 0.
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|6] Finite inverse perfect semigroups 119

PROOF OF (2.2.1). The map p t-*/Hpw induces a homomorphism of U ( > 1 St

into the group of permutations of So. Now p<p0 = qykj implies xp — xq for all
x G Sji then (xtp^) (pq>i0) = (x<p^) (w*o)- Since xqfa is a permutation of £„, we
have/Hp,0 =

PROOF OF (2.2.2). Let ptpv = npM, r e S,. By (2.2.1) p<pi0 = np^. For z G S&
z(P<Pi0) = ^("Pyo) = z(P%)<P/o, hence p<plV = pVyVjo for all/» G S,.

The aim now is to construct type 2 semigroups from type 1 semigroups and
Brandt semigroups. Let FM be a permutation group over M = {I, 2,. . . ,m},G
a finite group and §M(G) the group of mappings of M into G with operation *
defined by

Let (U"_, 5,, <p̂ , / > j) be of type 1. For 5,, choose M = {1, . . . , /n}, FM

and a homomorphism/of 5, onto FM. This is well known as a representation of
5, by permutations (for example see Wielandt (1964)). Of course the representa-
tion 5, -».Fjy is not required to be transitive. Given FM and /, we can choose a
finite group G and a mapping g of Sj onto §M(G) such that

(2.3) («g)*((«/)(6g)) = (ab)g for all a, be 5,.

This is always possible since the trivial group can be chosen as G. We do not
consider the determination of all G, §M(G) and g satisfying (2.3), but note that
if e is the identity element of Sx then eg is necessarily the map which carries all
elements of M to the identity element of G.

Given FM, G,f and g, define a Brandt semigroup So = 91L°(/M, G), where
m = |A/|, and define <pl0 by

where (ag, af): So^> So is defined by

(/, x,j) *+ (i, x • U(ag))>J(af))-
By (2.3) we see that <p10 is a homomorphism of Sx into ®r(S0). We denote <p10 by

By means of <p,0 we can construct a composition 5 = U "_0 S, °f type 2 of So

and U"_! 51,- All semigroups of type 2 can be obtained in this manner. S is
denoted by

I U S,, <pl0,q>v,i

or
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where

= ( M S" %'' > JT
Let 5 ' = (S[, G', tri, g',f), S{ = (U;_, 5/, <f£, i >j), <p'lo = (*',/')•

THEOREM 2.4. S = S' if and only if the following conditions are satisfied:
(2.4.1) 5, a S{;
(2.4.2) m = m';
(2.4.3) /fere is a« isomorphism y of G onto G' and a permutation a of

M = {1, 2, . . . , m) such that for all a <E Sx

(af)-a = a-(ahl)f

and

(ag) • y = a • (ahx)g'

where hx: Sx -> S[ is defined in Theorem 2.1.

PROOF. First we have S = S" if and only if 5, = 51,' and there is an isomor-
phism h0: So —> SQ such that

Ao'(a<PioMo = (a/i1)«p'lo for all a e S,.

On the other hand h0 is determined by a permutation a of M and an isomor-
phism y of G to G' such that

(1, x,7")/j0 = (ia, xyja).

One can prove the theorem by using these.

3. Congruences

In this section we study congruences on finite inverse perfect semigroups.

LEMMA 3.1. (Birkhoff (1967)) A congruence on a finite chain can be obtained as
a disjoint union of intervals. {Singleton intervals are admitted.)

If F is a finite chain, namely, T = {1 ,2 , . . . , « } with operation i-j =

min{/,y'}, then each congruence a on T is associated with a partition {Iy.

1 < j < m) where

Ij; = {x G T: ij; < x < ij+l - 1}, j = 1, . . . , m - 1,

Im = {x G r : im < JC < «}
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[ 81 Finite inverse perfect semigroups 121

and
1 = i\ < h < • • • < ' « < « •

The ij is called the initial of Ij, and the initial of the class ka containing k is
denoted by ic, that is, k G ka and k < x for all x G ka. The set of initials with
respect to a is denoted by ffo.

The next result for a type 1 semigroup S = (U"_ , St, <pip i >j) specializes
results of Reilly and Scheiblich (1967).

THEOREM 3.2. p is an idempotent separating congruence on S if and only if
p = U"_i P, where p, is a congruence on St so that xpy implies xtpyp^ytpyfor all i
andj, 0 < j < / < n and x, y G 5,.

Assume a is a congruence on T and p = U , e r p, is an idempotent-separating
congruence on S. For each / e 5O, define -q, on U ,-efa 5, as follows: JCTJ^ if and
only if x G 5,, ^ G Sj, i,j G /a, x^^y^j,. Now define TJ by TJ = U / e S > TJ,,
denoted by i) = (a; p,, / G F).

THEOREM 3.3. The r\ is a congruence on S. Every congruence on S can be
obtained in this manner.

PROOF. The proof of compatibility is routine. To prove the second part, let p
be a congruence on S. Let p, = p|S,. Then Up,- is a congruence on S. Define a
on T by iaj if and only if xpy for some x G S, and^ G Sj. Let TJ = (a; p,, i S T).
Assume apb where a G S,, fc G S), j >j. Let / G 5O such that i,j G /a. Let e7

denote the identity element of St. Then

a<ptl = e,(a<p,/) = e,ap,e,b = ^(Z)^.,) = by,,

hence <njfe. Conversely assume arjb, a G S,, 6 G Sj, i,j G /a. Since ial, xpy for
some x G Sy, >> G St. Let a = XM, U G 5,-. Then O<JP(V = e^atf^ = efipeyu =
.yupa. Similarly b<pJtpb. Hence ap i follows.

COROLLARY 3.4. / / p, = t(5,) /or eac/i / G la, then TJ, W the smallest group
congruence on U , e / o -S1,. In particular TJ = («(!); '(S1,).' E O w /Ae smallest group
congruence on S, and •q\Sl = 4(5,) (see Howie (1976)).

COROLLARY 3.5.1 is an ideal of S = (U , e r $> <Pj,,» > / ) ' / an^ owfy ' / there «
| = (a; pit i GT)on S such that I = U , e / o S, a«</ P, = (-KSJfor all i G la (or
equivalently by Theorem 3.3, pj =
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The ideal / is called the ideal due to £, denoted by /(£)•
Let S = (5, G, m, g,f), So = 9H°(m, G) where S = ( U , e r St, <py, i >J), T =

{1,2,..., n).
Let £ be a congruence on S, say £ = (a; pt, i G T). Let S£ = S \ /(£) if

px = «(£,). For any £, choose a congruence p0 = po(r) on So such that apxb,
a, b G 5, , implies a/ = 6/ and j(ag)rj(bg) for ally G M = {1 , . . . , « } ; equiva-
lently,

(3.6) ap,fe implies z(a*plo)poz(6<p10) for all z G 5Q.

Then we say a pair (p0, p,) satisfies condition (3.6), or a pair (p^ £) satisfies

condition (3.6).

THEOREM 3.7. For any congruence i on S and a pair (PQ, £) satisfying
(3.6), de/me TJ, = p^ U & If £ = (a; p() / G r ) anrf p, = w(5,), de/?«e •n1byr\1 =
co(/(£) U 50) U (^S1*). Then r\x and TJ2 are congruences on S. Every congruence on
S is of the form of t]l or TJ2. The expressions for •ql and TJ2 are unique.

TJ, is called a congruence of the first kind; rj2 is of the second kind.

PROOF. Let TJ be a congruence on S1 and £ = T)|S. By Lemma 1.8, if xqy for
some x G 50 and 7 £ 5 0 then TJ has the form TJ2. Condition (3.6) follows from
compatibility. Conversely it is obvious that TJ2 is a congruence on S. If no
element of So is Tj-related to an element not in So and if p0 = 7)\S0 =£ " ( S o ) t n e n

Po = Po(T) by Lemma 1.9. Compatibility yields the condition (3.6) on p^ Con-
versely let rj! = £ U p0. We need verify only compatibility. It is easy to see that
p0 is compatible with every right and left translation of SQ, hence p0 is compati-
ble with all elements z G S. Assume aijjb, a G St, b G Sp i,j > 1. Let c £ 5 , .
Then a£b implies ca£cb, that is, ciatp^p^bq)^) whence aynpxbyjX since p, is a
group congruence. Let z G So. By using (3.6) and (2.2.2),

za = z(a<p,o)p0z(6<iP/0) = zfe for all z G So

whence zapozb. Next we want to show azp^bz for all z G 50. Recall ^ a is a
left translation linked with a<pj0. For x G So, x(az) = x((\l>lOa)z) =
(x(aq>iO))zpo(x(b<pjO))z = x((i^06)z) = x(fez). Since by Lemma 1.6, az = 0 if and
only if fez = 0 we assume az ¥= 0 and bz ¥* 0 for some z, so x(oz) ¥= 0 and
x(fez) ^ 0 for some x. Since p0 T^ W(S0), the elements x, az and 6z have the form
x = (£, u, I), az = (/, v, s), bz = (/, w, s) by Lemma 1.9. Let x' = (/, iT1, k).
Then x'x(az)pQx'x(bz) implies azpobz as desired.

REMARK. AS seen in the proof of Theorem 3.7, it follows that apxb implies
(\j/xoa)zp0(\pxob)z for all z G So. Hence only (3.6) is required.
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COROLLARY 3.8. If S is a group, all nonuniversal congruences on S are of the
first kind.

PROOF. Suppose cn\b for some a G So and some b G S. By Lemma 1.8,
w(50) C Tj. Since the set {b E S: xqb for x G SQ) is an ideal of S, it must
coincide with 5, and hence ij

COROLLARY 3.9. / / | 5 , | = 1, any pair (PQ, Q satisfies condition (3.6) for a
congruence £ on S and a congruence p0 on So.

4. Modularity

Let L be a lattice with join V and meet A> and L1 the lattice obtained by
adjoining a new element 1 to L such that 1 is the greatest element of L1, and
join and meet in L are preserved.

LEMMA 4.1. (Birkhoff (1967)) Ll is modular if and only if L is modular.
Modularity in lattices is preserved under sublattices, homomorphic images nad
direct products.

A semigroup D is called modular if the lattice L(D) of congruences on D is a
modular lattice. In this section we determine the structure of finite inverse
perfect modular semigroups.

LEMMA 4.2. A homomorphic image of a modular semigroup is modular.

Let D° = D u {0} be D with zero 0 adjoined.

LEMMA 4.3. For any semigroup D, D° is modular if and only if D is modular.

PROOF. For each £ e L(D), define a congruence (£, 0) on D° by

(€, 0) = {(0, 0)} u |.
L(D) is isomorphic to a sublattice of L(D°) under £ H> (£, 0). Hence if L(D°) is
modular, L(D) is modular. If £ G L(D) such that D/i has zero 0 we let 7(0
denote the pre-image of 0 under D -» D/£, and define a congruence (|, 1) on D°
by

(Z, 1) = «(/({) U {0}) U
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where D£ = D \ /(£). Every congruence on D° can be uniquely expressed as
either (& 0) or (fc 1) for £ G L(D). Thus

L(D°) = {(£, 0): | G L(Z>)} u {(£ 1): £ £ L(Z>), Z>/£ has zero}.
Let L(2) denote the lattice of two elements: L(2) = {0, 1}. It can be shown that
if | , 17 G L(D) and i,j G L(2), then

(t 0 n (i},y) = (I n I, min {/,./}),

(£, 0 V (i?,y) = (I V i|, max{/,y}).
Thus L(D°) is isomorphic to a sublattice of the direct product L(D) X L(2).
Hence if L{D) is modular, L(D°) is modular.

LEMMA 4.4. .Le/I be a completely prime ideal of a semigroup D and D \ I # 0.
If D is modular, then D \ I is modular.

PROOF. Let p be a congruence on D \ I. For p, define a congruence p° on D
by p° = p u « ( / ) . Then L(Z> \ / ) is isomorphic to a sublattice of L(D) under
p ^ p°. The conclusion follows.

Consider the following finite semigroups:
(Ml) a chain;
(M2) a group;
(M3) a chain-group composition.
We explain (M3). Let G be a group and let Go = G, G, = Go U {0,} be C70

with zero 0, adjoined. By induction, let G, be G,_, with zero 0, adjoined. Then
Gn is called a group with a chain T = {1, . . . , n) adjoined below, that is, the
ideal extension of T by G° by means of identity translations of T. We call it the
identity-composition of a chain by a group or simply, a chain-group composition.

THEOREM 4.5. Assume S is a finite inverse perfect semigroup of type 1. Then S is
modular if and only if S is one of Ml , M2 and M3.

PROOF. Sufficiency. Applying Lemma 4.3, we can show, by induction on the
length of the chain, that Ml and M3 are modular. The result for M2 is well
known.

Necessity. Let S = (U"_ , St, <pip i>j). By Theorem 1.11, |S, | < |52 |
< • • < \Sn\. Assume n>2 and 15,1 = • • • = \S,_,| = 1 but |5, | =£ 1 for
some / < n - 2, whence | 5 n _ , | -£ 1, |5 n | ^ 1. Let / be the ideal of S defined by
I = U"~? St. Then S/I as (£„_, u Sn)°. If S is modular, then by Lemmas 1.4
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and 4.4, Sn_! u Sn is modular. To prove necessity it is sufficient to prove the
following:

(4.6) / / S is a perfect semigroup which is a semilattice of two non-trivial groups
then S is not modular.

Let S = (S, u S2, tpy, i >j, ij = 1, 2), |S,| > 1, |S2| > 1. Let | be the
smallest semilattice congruence on S, namely, | = w(S1) U "(Sj). Let -q be the
smallest group congruence on S (see Corollary 3.4). In addition to £ and TJ, we
define f by

( . U

It is easy to see that f is a congruence. Since i||S, = t(5,), TJ|S2 £ wCS1 ,̂ and
hence f £ £• We s e e

I n T) = S n T, = t(S.) u (TJ|S2).

Therefore S is not modular. Thus (4.6) has been proved.
Let S be a finite inverse perfect semigroup of type 2. If S is not a Brandt

semigroup, S = So u S, where 50 = ^"(/n, G) is a Brandt semigroup and
S — (U"_! 5,, (py, j > j) is of type 1. Assume S is modular. Then 5 is modular
by Lemma 4.4, hence S is either Ml, M2 or M3. Then we have

THEOREM 4.7. A finite inverse perfect semigroup S of type 2 is modular if and
only if S is one of the following:

(M4) a Brandt semigroup;
(M5) a Brandt-group composition;
(M6) a Brandt-chain composition;
(M7) a Brandt-chain-group composition.

We call S a Brandt-chain composition if 5 is Ml;_a Brandt-group composi-
tion if S is M2; a Brandt-chain-group composition if 5 is M3. Each 5 is an ideal
extension of a Brandt semigroup 50 by 5° by means of permutations. In
particular, S in case of M6 or M7 is an ideal extension of So by S° by means of
identity translations.

PROOF. We want to show that all these are modular.
M4. Let S = So = GM?(m, G). By Lemma 1.9, non-universal congruences on

50 are determined by congruences on G. So L(S) — (L(G))1. By Lemma 4.1
)1 is modular, and hence S is modular.
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M5. Let S = So u St where So = <9H0(m, G) and 5, is a group. We will prove
that L(S) \ {o>(S)} is isomorphic to a sublattice of L(S0) X L(S,), whence L(S)
is modular. By Corollary 3.8 all congruences on S are of the first kind except
u(S). By Theorem 3.7 if TJ G L(S) and TJ ¥^ u(S), V has the form TJ = p0 u Pi,
where p0 G L(S0), p, E 1/(5,) and the pair satisfies condition (3.6). With a slight
change of notation, let p\°\ p£0) G L(S0), p[l\ p^l) G L(Sl). Congruences on a
group and a Brandt semigroup are permutable, that is, p{0) • p f = p ^ • pf> and
p{'K P2

0 = P2°- Pi° as the product of relations. Hence p|0) V p f = pfK pf>
and p{'> V p£> = p{1} • p |0 . Then we can show that if pairs (pf\ p\ly) and
(pf\ PP) satisfy condition (3.6), then the pairs (p<°> • pf\ p('> • p̂ >) and (pf> n
pf, pW n piiy) satisfy (3.6). Note p$0) n p f ^ 0 on So and p$» n p$° ̂  0 on
5,. Hence if p|°> U pi'>, p f U P!'> G L(5), then p f • pf^ u p|» • p£>, (pf n pf)
U (pi0 n P2!)) G (̂-S1)- Immediately we have

(pf u p<'>) V (pf u P̂ '>) = {P^ V Pf) u (p}1) VPJ'O,

(pf u P{») n (pf u pi'>) = (pf n pf) u (Pr> n p?>).

Thus L(5) \ (oKS1)} is isomorphic to a sublattice of L(S^ X L(5,), and hence
L(S) is modular by Lemma 4.1.

M6 and M7. Let S = So U S, So = 91L°(/M, G) and 5 = U"_, 5,., where
n > I, Sj - {Sj} for I < i <n and Sn is a group (possibly trivial).

Let LX(S) and L2(S) denote the sets of congruences on S of the first kind and
second kind, respectively.

Because of identity composition, any pair (p0, TJ) of p0 G L(S^ and TJ G £(S)
satisfies condition (3.6). Therefore we have L,(S) = L(S0) X L(S).

As Sx = { J ,} , every congruence TJ on S has the property that S/-q has zero,
and hence a congruence TJ2 on S of the second kind can be obtained from every
congruence TJ on S. It is easily shown that Lj(5) s* L(S). Then we have

{(I, TJ): $ E L(S0), ?? G £(•?)} under J u ^ f t TJ),

£ 2 ( 5 ) - { ( 1 , T J ) : T J G L ( 5 ) } under fi-»(

and also

( l l , TJl) A ( 1 , *J2) = ( l l , TJ, A TJ2).

Therefore we have

L(S) = LX(S) U L2(S) - (L(S0))
1 X

Since L(50) and L(S) are modular, L(5) is modular. This completes the proof of
Theorem 4.7.
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In summary

T H E O R E M 4.8. Let S be a finite inverse perfect semigroup. Then S is modular if
and only if S does not contain more than one non-trivial group component in the
greatest semilattice decomposition of S; equivalently, S is one of the following:

( M l ) a chain;
(Ml) a group;
(M3) a chain-group composition;
(M4) a Brandt semigroup;
(M5) a Brandt-group composition;
(M6) a Brandt-chain composition;
(M7) a Brandt-chain-group composition.

REMARK ON MODULARITY OF Ml. Without assuming finiteness, the lattice of
congruences on any chain is modular [distributive]. A congruence on a chain as
a semilattice is its partition into non-overlapping segments by Lemma 3.1, and
its partition gives also a congruence on the chain as a lattice (Exercise 1, page
138, Birkhoff (1967)). By Funayama and Nakayama's theorem (Theorem 9, page
138, Birkhoff (1967)), the lattice of congruences on any lattice is complete
Browerian, but a Browerian lattice is distributive by Theorem 18, page 45,
Birkhoff (1967). Incidentally we have that the lattice of congruences on a lattice

> A) equals the lattice of congruences on the join [meet] semilattice
if and only if S{\J, A) is a chain.

A C K N O W L E D G E M E N T . The authors express their heartfelt thanks to the referee
for his kind suggestion.
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