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Summary

Processing, storing, and communicating information that originates as an analog phe-
nomenon involve conversion of the information to bits. This conversion can be described
by the combined effect of sampling and quantization, as illustrated in Fig. 2.1. The dig-
ital representation in this procedure is achieved by first sampling the analog signal so as
to represent it by a set of discrete-time samples and then quantizing these samples to a
finite number of bits. Traditionally, these two operations are considered separately. The
sampler is designed to minimize information loss due to sampling on the basis of prior
assumptions about the continuous-time input [1]. The quantizer is designed to represent
the samples as accurately as possible, subject to the constraint on the number of bits that
can be used in the representation [2]. The goal of this chapter is to revisit this paradigm
by considering the joint effect of these two operations and to illuminate the dependence
between them.

2.1 Introduction

Consider the minimal sampling rate that arises in classical sampling theory due to
Whittaker, Kotelnikov, Shannon, and Landau [1, 3, 4]. These works establish the Nyquist
rate or the spectral occupancy of the signal as the critical sampling rate above which
the signal can be perfectly reconstructed from its samples. This statement, however,
focuses only on the condition for perfectly reconstructing a bandlimited signal from
its infinite-precision samples; it does not incorporate the quantization precision of the
samples and does not apply to signals that are not bandlimited. In fact, as follows from
lossy source coding theory, it is impossible to obtain an exact representation of any
continuous-amplitude sequence of samples by a digital sequence of numbers due to
finite quantization precision, and therefore any digital representation of an analog sig-
nal is prone to error. That is, no continuous amplitude signal can be reconstructed from
its quantized samples with zero distortion regardless of the sampling rate, even when
the signal is bandlimited. This limitation raises the following question. In converting a
signal to bits via sampling and quantization at a given bit precision, can the signal be
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Figure 2.1 Analog-to-digital conversion is achieved by combining sampling and quantization.

reconstructed from these samples with minimal distortion based on sub-Nyquist sam-
pling? One of the goals of this chapter is to discuss this question by extending classical
sampling theory to account for quantization and for non-bandlimited inputs. Namely,
for an arbitrary stochastic input and given a total bitrate budget, we consider the lowest
sampling rate required to sample the signal such that reconstruction of the signal from
a bit-constrained representation of its samples results in minimal distortion. As we shall
see, without assuming any particular structure for the input analog signal, this sampling
rate is often below the signal’s Nyquist rate.

The minimal distortion achievable in recovering a signal from its representation by
a finite number of bits per unit time depends on the particular way the signal is quan-
tized or, more generally, encoded, into a sequence of bits. Since we are interested in the
fundamental distortion limit in recovering an analog signal from its digital representa-
tion, we consider all possible encoding and reconstruction (decoding) techniques. As an
example, in Fig. 2.1 the smartphone display may be viewed as a reconstruction of the
real-world painting The Starry Night from its digital representation. No matter how fine
the smartphone screen, this recovery is not perfect since the digital representation of the
analog image is not accurate. That is, loss of information occurs during the transforma-
tion from analog to digital. Our goal is to analyze this loss as a function of hardware
limitations on the sampling mechanism and the number of bits used in the encoding. It
is convenient to normalize this number of bits by the signal’s free dimensions, that is,
the dimensions along which new information is generated. For example, the free dimen-
sions of a visual signal are usually the horizontal and vertical axes of the frame, and the
free dimension of an audio wave is time. For simplicity, we consider analog signals with
a single free dimension, and we denote this dimension as time. Therefore, our restriction
on the digital representation is given in terms of its bitrate — the number of bits per unit
time.

For an arbitrary continuous-time random signal with a known distribution, the funda-
mental distortion limit due to the encoding of the signal using a limited bitrate is given
by Shannon’s distortion-rate function (DRF) [5-7]. This function provides the optimal
trade-off between the bitrate of the signal’s digital representation and the distortion in
recovering the original signal from this representation. Shannon’s DRF is described only
in terms of the distortion criterion, the probability distribution of the continuous-time
signal, and the maximal bitrate allowed in the digital representation. Consequently, the
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Figure 2.2 Analog-to-digital compression (ADX) and reconstruction setting. Our goal is to derive
the minimal distortion between the signal and its reconstruction from any encoding at bitrate R of
the samples of the signal taken at sampling rate f;.

optimal encoding scheme that attains Shannon’s DRF is a general mapping from the
space of continuous-time signals to bits that does not consider any practical constraints
in implementing such a mapping. In practice, the minimal distortion in recovering analog
signals from their mapping to bits considers the digital encoding of the signal samples,
with a constraint on both the sampling rate and the bitrate of the system [8—10]. Here the
sampling rate f; is defined as the number of samples per unit time of the continuous-time
source signal; the bitrate R is the number of bits per unit time used in the representation
of these samples. The resulting system describing our problem is illustrated in Fig. 2.2,
and is denoted as the analog-to-digital compression (ADX) setting.

The digital representation in this setting is obtained by transforming a continuous-time
continuous-amplitude random source signal X(-) through the concatenated operation of
a sampler and an encoder, resulting in a bit sequence. The decoder estimates the original
analog signal from this bit sequence. The distortion is defined to be the mean-squared
error (MSE) between the input signal X(-) and its reconstruction 5(\(-). Since we are
interested in the fundamental distortion limit subject to a sampling constraint, we allow
optimization over the encoder and the decoder as the time interval over which X(:) is
sampled goes to infinity. When X(-) is bandlimited and the sampling rate fs exceeds its
Nyquist rate fyq, the encoder can recover the signal using standard interpolation and
use the optimal source code at bitrate R to attain distortion equal to Shannon’s DRF
of the signal [11]. Therefore, for bandlimited signals, a non-trivial interplay between
the sampling rate and the bitrate arises only when f; is below a signal’s Nyquist rate.
In addition to the optimal encoder and decoder, we also explore the optimal sampling
mechanism, but limit ourselves to the class of linear and continuous deterministic sam-
plers. Namely, each sample is defined by a bounded linear functional over a class of
signals. Finally, in order to account for system imperfections or those due to external
interferences, we assume that the signal X(:) is corrupted by additive noise prior to sam-
pling. The noise-free version is obtained from our results by setting the intensity of this
noise to zero.

The minimal distortion in the ADX system of Fig. 2.2 is bounded from below by
two extreme cases of the sampling rate and the bitrate, as illustrated in Fig. 2.3: (1)
when the bitrate R is unlimited, the minimal ADX distortion reduces to the minimal
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Figure 2.3 The minimal sampling rate for attaining the minimal distortion achievable under a
bitrate-limited representation is usually below the Nyquist rate fiyq- In this figure, the noise is
assumed to be zero.

MSE (MMSE) in interpolating a signal from its noisy samples at rate f; [12, 13].
(2) When the sampling rate f; is unlimited or above the Nyquist rate of the signal and
when the noise is zero, the ADX distortion reduces to Shannon’s DRF of the signal.
Indeed, in this case, the optimal encoder can recover the original continuous-time source
without distortion and then encode this recovery in an optimal manner according to the
optimal lossy compression scheme attaining Shannon’s DRF. When f; is unlimited or
above the Nyquist rate and the noise is not zero, the minimal distortion is the indi-
rect (or remote) DRF of the signal given its noise-corrupted version, see Section 3.5 of
[7] and [14]. Our goal is therefore to characterize the MSE due to the joint effect of a
finite bitrate constraint and sampling at a sub-Nyquist sampling rate. In particular, we
are interested in the minimal sampling rate for which Shannon’s DREF, or the indirect
DREF, describing the minimal distortion subject to a bitrate constraint, is attained. As
illustrated in Fig. 2.3, and as will be explained in more detail below, this sampling rate
is usually below the Nyquist rate of X(-), or, more generally, the spectral occupancy
of X(-) when non-uniform or generalized sampling techniques are allowed. We denote
this minimal sampling rate as the critical sampling rate subject to a bitrate constraint,
since it describes the minimal sampling rate required to attain the optimal performance
in systems operating under quantization or bitrate restrictions. The critical sampling
rate extends the minimal-distortion sampling rate considered by Shannon, Nyquist, and
Landau. It is only as the bitrate goes to infinity that sampling at the Nyquist rate is
necessary to attain minimal (namely zero) distortion.

In order to gain intuition as to why the minimal distortion under a bitrate constraint
may be attained by sampling below the Nyquist rate, we first consider in Section 2.2 a
simpler version of the ADX setup involving the lossy compression of linear projections
of signals represented as finite-dimensional random real vectors. Next, in Section 2.3 we
formalize the combined sampling and source coding problem arising from Fig. 2.2 and
provide basic properties of the minimal distortion in this setting. In Section 2.4, we fully
characterize the minimal distortion in ADX as a function of the bitrate and sampling rate
and derive the critical sampling rate that leads to optimal performance. We conclude this
chapter in Section 2.5, where we consider uniform samplers, in particular single-branch
and more general multi-branch uniform samplers, and show that these samplers attain
the fundamental distortion limit.
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2.2 Lossy Compression of Finite-Dimensional Signals

Let X" be an n-dimensional Gaussian random vector with covariance matrix Xx», and let
Y™ be a projected version of X" defined by

y™ = HX", @2.1)

where H € R"™" is a deterministic matrix and m < n. This projection of X" into a lower-
dimensional space is the counterpart of sampling the continuous-time analog signal
X(-) in the ADX setting. We consider the normalized MMSE estimate of X" from a
representation of Y using a limited number of bits.

Without constraining the number of bits, the distortion in this estimation is given by

1
mmse(X"|Y™) £ ;l tI‘(EXn —an|ym), 2.2)

where Xxny» is the conditional covariance matrix. However, when Y is to be encoded
using a code of no more than nR bits, the minimal distortion cannot be smaller than
the indirect DRF of X" given Y™, denoted by Dxny=(R). This function is given by the
following parametric expression [14]:

D(Rg) = tr (Exn) = ) [Ai(Exoym) 6],
i=1

1

. 2.3)
Ro=3 D 1og [ A(Zxoyn) /6],
i=1

where x* = max{x,0} and 1;(Zx»y») is the ith eigenvalue of Zyn|yn.
It follows from (2.2) that X" can be recovered from Y”* with zero MMSE if and
only if

/li(ZXn) = /li(zX’l\Y”’)v (24)

for all i =1,...,n. When this condition is satisfied, (2.3) takes the form
D(Ry) =

min{A;(Zxn»), 6},

n
i—1

1

L (2.5)
Ro= 5 ;log+m,»(zxn>/91,

which is Kolmogorov’s reverse water-filling expression for the DRF of the vector Gaus-
sian source X" [15], i.e., the minimal distortion in encoding X" using codes of rate R bits
per source realization. The key insight is that the requirements for equality between (2.3)
and (2.5) are not as strict as (2.4): all that is needed is equality among those eigenvalues
that affect the value of (2.5). In particular, assume that for a point (R, D) on Dx»(R),
only A,(Zxn),...,dy—m+1(Zxn) are larger than 0, where the eigenvalues are organized in
ascending order. Then we can choose the rows of H to be the m left eigenvectors corre-
sponding to A4,(Xxn),...,dy—m+1(Zxn). With this choice of H, the m largest eigenvalues
of Zynyn are identical to the m largest eigenvalues of Xx», and (2.5) is equal to (2.3).
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Figure 2.4 Optimal sampling occurs whenever Dxn(R) = Dx»y»(R). This condition is satisfied
even for m < n, as long as there is equality among the eigenvalues of Xx» and Xy»y» which are
larger than the water-level parameter 6.

Since the rank of the sampling matrix is now m < n, we effectively performed sam-
pling below the “Nyquist rate” of X"* without degrading the performance dictated by its
DRF. One way to understand this phenomenon is as an alignment between the range
of the sampling matrix H and the subspace over which X" is represented, according
to Kolmogorov’s expression (2.5). That is, when Kolmogorov’s expression implies that
not all degrees of freedom are utilized by the optimal distortion-rate code, sub-sampling
does not incur further performance loss, provided that the sampling matrix is aligned
with the optimal code. This situation is illustrated in Fig. 2.4. Sampling with an H that
has fewer rows than the rank of X, is the finite-dimensional analog of sub-Nyquist
sampling in the infinite-dimensional setting of continuous-time signals.

In the rest of this chapter, we explore the counterpart of the phenomena described
above in the richer setting of continuous-time stationary processes that may or may not
be bandlimited, and whose samples may be corrupted by additive noise.

2.3 ADX for Continuous-Time Analog Signals
We now explore the fundamental ADX distortion in the setting of continuous-time

stationary processes that may be corrupted by noise prior to sampling. We consider
the system of Fig. 2.5 in which X(-) 2 {X(7), r € R} is a stationary process with power
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Figure 25 Combined sampling and source coding setting.
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spectral density (PSD) S x(f). This PSD is assumed to be a real, symmetric, and absolute
integrable function that satisfies

E[X()X(s)] = f Sx()e=914f, tseR. (2.6)
The noise process &(+) is another stationary process independent of X(-) with PSD S .(f)
of similar properties, so that the input to the sampler is the stationary process X.(-) =
X()+&() with PSD Sy, (f) = Sx(f) +S (/).

We note that, by construction, X(-) and &(-) are regular processes in the sense that
their spectral measure has an absolutely continuous density with respect to the Lebesgue
measure. If in addition the support of S x(f), denoted by supp S x, is contained within
a bounded interval, then we say that X(-) is bandlimited and denote by fyq its Nyquist
rate, defined as twice the maximal element in suppS x. The spectral occupancy of X(-)
is defined to be the Lebesgue measure of supp S x.

Although this is not necessary for all parts of our discussion, we assume that the
processes X(-) and &(+) are Gaussian. This assumption leads to closed-form characteriza-
tions for many of the expressions we consider. In addition, it follows from [16, 17] that
a lossy compression policy that is optimal under a Gaussian distribution can be used to
encode non-Gaussian signals with matching second-order statistics, while attaining the
same distortion as if the signals were Gaussian. Hence, the optimal sampler and encod-
ing system we use to obtain the fundamental distortion limit for Gaussian signals attains
the same distortion limit for non-Gaussian signals as long as the second-order statistics
of the two signals are the same.

2.3.1 Bounded Linear Sampling

The sampler in Fig. 2.5 outputs a finite-dimensional vector of samples where, most gen-
erally, each sample is defined by a linear and bounded (hence, continuous) functional of
the process X.(-). For this reason, we denote a sampler of this type as a bounded linear
sampler. In order to consider this sampler in applications, it is most convenient to define
it in terms of a bilinear kernel Ky (z,s) on R X R and a discrete sampling set A C R,
as illustrated in Fig. 2.6. The kernel Ky(z, s) defines a time-varying linear system on a
suitable class of signals [18], and hence each element 7, € A defines a linear bounded
functional K(#,, s) on this class by

Y, = f Xe(5)Ky(ty, 8)ds.

(o)

For a time horizon T, we denote by Y7 the finite-dimensional vector obtained by
sampling at times ?1,...,#, € A7, where

Ar =AN[-T/2,T/2].

! Since the PSD is associated with an absolutely continuous spectral measure, sets defined in term of the
PSD, e.g., supp S x, are understood to be unique up to symmetric difference of Lebesgue measure zero.
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Figure 2.6 Bounded linear sampler (N7 2 |A7]).

We assume in addition that A is uniformly discrete in the sense that there exists £ > 0
such that |t — s| > ¢ for every non-identical #, s € A. The density of A7 is defined as the
number of points in A7 divided by T and denoted here by d(Ar). Whenever it exists, we
define the limit

. . IAN[=-T/2,T/2]]|

A)=1 A7) = lim ———
A = fim d(Ar) = fim =
as the symmetric density of A, or simply it’s density.

Linear Time-Invariant Uniform Sampling

An important special case of the bounded linear sampler is that of a linear time-invariant
(LTT) uniform sampler [1], illustrated in Fig. 2.7. For this sampler, the sampling set
is a uniform grid ZT = {nTs, n € Z}, where T = fs‘1 > (. The kernel is of the form
Ky (t,s) = h(t — s) where h(?) is the impulse response of an LTI system with frequency
response H(f). Therefore, the entries of Y7 corresponding to sampling at times n7 € A
are given by

Y, = f"" h(nTs — $)X(s)ds.

o0

It is easy to check that d(7sZ) = fs and hence, in this case, the density of the sampling
set has the usual interpretation of sampling rate.

Multi-Branch Linear Time-Invariant Uniform Sampling

A generalization of the uniform LTI sampler incorporates several of these samplers in
parallel, as illustrated in Fig. 2.8. Each of the L branches in Fig. 2.8 consists of a LTI
system with frequency response H;(f) followed by a uniform pointwise sampler with
sampling rate fi/L, so that the overall sampling rate is f;. The vector Y7 consists of the
concatenation of the vectors Yj 7,..., Y7 r obtained from each of the sampling branches.

23.2 Encoding and Reconstruction

For a time horizon 7', the encoder in Fig. 2.5 can be any function of the form

foRN S {1, lTRI (2.7)
: fi A :
Xe(:) — H(f) F e : Y; e RITA]

Figure 2.7 Uniform linear time-invariant sampler.
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Figure 2.8 Multi-branch linear time-invariant uniform sampler.

where Ny = dim(Y7) = |Ar|. That is, the encoder receives the vector of samples Yr
and outputs an index out of 278l possible indices. The decoder receives this index, and
produces an estimate X(-) for the signal X(-) over the interval [-7/2,7/2]. Thus, it is a
mapping

g:{1.... 2 TRl RIFT2T12] (2.8)

The goal of the joint operation of the encoder and the decoder is to minimize the
expected mean-squared error (MSE)

1 (T2 2o d
— E(X(r)—X(?)) dt.
TL/Z(O )

In practice, an encoder may output a finite number of samples that are then interpo-
lated to the continuous-time estimate X (). Since our goal is to understand the limits in
converting signals to bits, this separation between decoding and interpolation, as well
as the possible restrictions each of these steps encounters in practice, are not explored
within the context of ADX.

Given a particular bounded linear sampler S = (A,Ky) and a bitrate R, we are
interested in characterizing the function

1 (T o
DT(S,R)zl}g? [ T/ZE(X(t)—X(t)) dr, (2.9)

or its limit as 7 — oo, where the infimum is over all encoders and decoders of the form
(2.7) and (2.8). The function D7(S,R) is defined only in terms of the sampler S and the
bitrate R, and in this sense measures the minimal distortion that can be attained using
the sampler S subject to a bitrate constraint R on the representation of the samples.

2.3.3 Optimal Distortion in ADX

From the definition of D7(S,R) and the ADX setting, it immediately follows that
D7(S,R) is non-increasing in R. Indeed, any encoding into a set of 2RI elements can
be obtained as a special case of encoding to a set of 2L7®+"] elements, for r > 0. In
addition, by using the trivial encoder g = 0 we see that D7 (S, R) is bounded from above
by the variance 0'3( of X(-), which is given by

o f Sx(f)df.

In what follows, we explore additional important properties of D7 (S, R).
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Optimal Encoding
Denote by X7 (-) the process that is obtained by estimating X(-) from the output of the
sampler according to an MSE criterion. That is

Xr(0) E[X(0Y7], t€R. (2.10)
From properties of the conditional expectation and MSE, under any encoder f we may
write
1 (T2 v _
- f E(X(1) - X(1)) dt = mmser(S) + mmse(Xr|f(Y7)), (2.11)
-T/2
where
1 72 - 2
mmser(S) £ — f E(X(t) —XT(t)) dt (2.12)
T J_r2

is the distortion due to sampling and

_ TR :
mmse(Frlf¥r) £ 7 [ | EF O -gGvm)

is the distortion associated with the lossy compression procedure, and depends on the
sampler only through Xr().

The decomposition (2.11) already provides important clues on an optimal encoder
and decoder pair that attains D7(S,R). Specifically, it follows from (2.11) that there
is no loss in performance if the encoder tries to describe the process Xr() subject to
the bitrate constraint, rather than the process X(-). Consequently, the optimal decoder
outputs the conditional expectation of )?T(-) given f(Y7). The decomposition (2.11) was
first used in [14] to derive the indirect DRF of a pair of stationary Gaussian processes,
and later in [19] to derive indirect DRF expressions in other settings. An extension of the
principle presented in this decomposition to arbitrary distortion measures is discussed
in [20].

The decomposition (2.11) also sheds light on the behavior of the optimal distortion
D7(S,R) under the two extreme cases of unlimited bitrate and unrestricted sampling
rate, each of which is illustrated in Fig. 2.3. We discuss these two cases next.

Unlimited Bitrate

If we remove the bitrate constraint in the ADX setting (formally, letting R — o), loss of
information is only due to noise and sampling. In this case, the second term in the RHS
of (2.11) disappears, and the distortion in ADX is given by mmser (S ). Namely, we have

Rlim D7r(S,R) = mmser(S).

The unlimited bitrate setting reduces the ADX problem to a classical problem in sam-
pling theory: the MSE under a given sampling system. Of particular interest is the case
of optimal sampling, i.e., when this MSE vanishes as 7 — oco. For example, by con-
sidering the noiseless case and assuming that K (%, s) = 6(¢ — ) is the identity operator,
the sampler is defined solely in terms of A. The condition on mmser(S) to converge
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to zero is related to the conditions for stable sampling in Paley—Wiener spaces studied
by Landau and Beurling [21, 22]. In order to see this connection more precisely, note
that (2.6) defines an isomorphism between the Hilbert spaces of finite-variance ran-
dom variables measurable with respect to the sigma algebra generated by X(-) and the
Hilbert space generated by the inverse Fourier transform of {ezﬂj’f Sx(f),te R} [23].
Specifically, this isomorphism is obtained by extending the map

X(0) e F e Sy (P(s)

to the two aforementioned spaces. It follows that sampling and reconstructing X(-) with
vanishing MSE is equivalent to the same operation in the Paley—Wiener space of analytic
functions whose Fourier transform vanishes outside supp S x. In particular, the condition

mmser(S) ity 0 holds whenever A is a set of stable sampling in this Paley—Wiener
space, i.e., there exists a universal constant A > 0 such that the L, norm of each function
in this space is bounded by A times the energy of the samples of this function. Landau
[21] showed that a necessary condition for this property is that the number of points in
A that fall within the interval [-7/2,T /2] is at least the spectral occupancy of X(-) times
T, minus a constant that is logarithmic in 7. For this reason, this spectral occupancy is
termed the Landau rate of X(-), and we denote it here by f| 4. In the special case where
supp S x is an interval (symmetric around the origin since X(:) is real), the Landau and
Nyquist rates coincide.

Optimal Sampling

The other special case of the ADX setting is obtained when there is no loss of infor-
mation due to sampling. For example, this is the case when mmsez(S) goes to zero
under the conditions mentioned above of zero noise, identity kernel, and sampling den-
sity exceeding the spectral occupancy. More generally, this situation occurs whenever
)?T(-) converges (in expected norm) to the MMSE estimator of X(-) from X.(-). This
MMSE estimator is a stationary process obtained by non-causal Wiener filtering, and
its PSD is

53
Sx(NH+S:()
where in (2.13) and in similar expressions henceforth we interpret the expression to be

zero whenever both the numerator and denominator are zero. The resulting MMSE is
given by

Sxix. (f) = (2.13)

00

mmse(X|X,) £ f S x(H) = S xpw, (I (2.14)

—00

Since our setting does not limit the encoder from computing X7(-), the ADX problem
reduces in this case to the indirect source coding problem of recovering X(-) from a
bitrate R representation of its corrupted version Xz(-). This problem was considered and
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B mmse (X|Xe)

[ lossy compression distortion

[[] preserved spectrum

Figure 2.9 Water-filling interpretation of (2.15). The distortion is the sum of mmse(X|X;) and the
lossy compression distortion.

solved by Dobrushin and Tsybakov in [14], where the following expression was given
for the optimal trade-off between bitrate and distortion:

Dxx, (Rg) = mmse(X|X,) +f min{S xx, (f),0}df, (2.15a)
1 00
&=5fl%wwmmmwﬁ (2.15b)

A graphical water-filling interpretation of (2.15) is given in Fig. 2.9. When the noise &(-)
is zero, S x)x.(f) = S x(f), and hence (2.15) reduces to

Dx(Ry) = f min{S x(f),0}df, (2.16a)
l (o)
&=§j‘bfwﬁﬂwwﬁ (2.16b)

which is Pinsker’s expression [15] for the DRF of the process X(-), denoted here by
Dx(R). Note that (2.16) is the continuous-time counterpart of (2.3).
From the discussion above, we conclude that

D7(S,R) > Dyxx, (R) > max{Dx(R), mmse(X|X,)}. 2.17)

Furthermore, when the estimator E[X(#)|X] can be obtained from Y7 as 7 — oo, we

have that D7(S,R) e Dyxx, (R). In this situation, we say that the conditions for optimal
sampling are met, since the only distortion is due to the noise and the bitrate constraint.

The two lower bounds in Fig. 2.3 describe the behavior of D7 (S, R) in the two special
cases of unrestricted bitrate and optimal sampling. Our goal in the next section is to
characterize the intermediate case of non-optimal sampling and a finite bitrate constraint.

24 The Fundamental Distortion Limit

Given a particular bounded linear sampler S = (A, Ky) and a bitrate R, we defined the
function D7 (S,R) as the minimal distortion that can be attained in the combined sam-
pling and lossy compression setup of Fig. 2.5. Our goal in this section is to derive and
analyze a function D*(f;,R) that bounds from below D7(S,R) for any such bounded
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linear sampler with symmetric density of A not exceeding fs. The achievability of this
lower bound is addressed in the next section.

2441 Definition of D*(£,R)

In order to define D*(fs, R), we let F*(fs) C R be any set that maximizes

S2(f)
S df= | —X— 4 2.18
fF awe (NS fFSx(f)+Ss(f) f (218)

over all Lebesgue measurable sets F' whose Lebesgue measure does not exceed f;. In
other words, F*(f;) consists of the f; spectral bands with the highest energy in the
spectrum of the process {E[X(f)|X:()], f € R}. Define

D*(fs,Rg) = mmse* (f;) + fF*(f)min{S;qXE(f),G}df, (2.19a)
1 S
Ry = Ef log™[S xix,(f)/6)df, (2.19b)
F*(fs)

where
mmse*(fs)éo&—f;*(f)Smxs(f)df:f [Sx(f)—SX|x£(f)1F*(fs)]df~

Graphical interpretations of D*(f;,R) and mmse* (f;) are provided in Fig. 2.10.
The importance of the function D*(f;,R) can be deduced from the following two
theorems:

THEOREM 2.1 (converse) Let X(-) be a Gaussian stationary process corrupted by a
Gaussian stationary noise &(-), and sampled using a bounded linear sampler S =
(Ku,MN).

(i)  Assume that for any T > 0, d(Ar) < fs. Then, for any bitrate R,

Dr(S,R) > D*(fs,R).

I:l preserved spectrum

I:l lossy compression distortion

L m mmse*(fy)

Figure 2.10 Water-filling interpretation of D*(f;, Rg): the fundamental distortion limit under any
bounded linear sampling. This distortion is the sum of the fundamental estimation error
mmse* (f;) and the lossy compression distortion.
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(ii)  Assume that the symmetric density of A exists and satisfies d(A) < fs. Then, for
any bitrate R,

liTrninf D7(S,R) > D*(f;.R).

In addition to the negative statement of Theorem 2.1, we show in the next section the
following positive coding result.

THEOREM 2.2 (achievability) Let X(-) be a Gaussian stationary process corrupted by a
Gaussian stationary noise &(-). Then, for any fs and € > 0, there exists a bounded linear
sampler S with a sampling set of symmetric density not exceeding f; such that, for any
R, the distortion in ADX attained by sampling X.(-) using S over a large enough time
interval T, and encoding these samples using | TR] bits, does not exceed D*(fs,R) + &.

A full proof of Theorem 2.1 can be found in [24]. Intuition for Theorem 2.1 may be
obtained by representing X(-) according to its Karhunen-Loeve (KL) expansion over
[-T/2,T/2], and then using a sampling matrix that keeps only Ny = |T fi] of these
coefficients. The function D*(f;, R) arises as the limiting expression in the noisy version
of (2.5), when the sampling matrix is tuned to keep those KL coefficients corresponding
to the N7 largest eigenvalues in the expansion.

In Section 2.5, we provide a constructive proof of Theorem 2.2 that also shows that
D*(fs,R) is attained using a multi-branch LTI uniform sampler with an appropriate
choice of pre-sampling filters. The rest of the current section is devoted to studying
properties of the minimal ADX distortion D*(f;, R).

24.2 Properties of D*(f,R)

In view of Theorems 2.1 and 2.2, the function D*(f;,R) trivially satisfies the proper-
ties mentioned in Section 2.3.3 for the optimal distortion in ADX. It is instructive to
observe how these properties can be deduced directly from the definition of D*(f;,R)
in (2.19).

Unlimited Bitrate

As R — oo, the parameter § goes to zero and (2.19a) reduces to mmse* (f;). This function
describes the MMSE that can be attained by any bounded linear sampler with symmetric
density at most f;. In particular, in the non-noisy case, mmse*(fs) = 0 if and only if f;
exceeds the Landau rate of X(-). Therefore, in view of the explanation in Section 2.3.3
and under unlimited bitrate, zero noise, and the identity pre-sampling operation,
Theorem 2.1 agrees with the necessary condition derived by Landau for stable sampling
in the Paley—Wiener space [21].

Optimal Sampling

The other extreme in the expression for D*(fs,R) is when f; is large enough that it does
not impose any constraint on sampling. In this case, we expect the ADX distortion to
coincide with the function Dyx,(R) of (2.15), since the latter is the minimal distortion
only due to noise and lossy compression at bitrate R. From the definition of F*(f;), we
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observe that F*(f;) = supp S x (almost everywhere) whenever f; is equal to or greater
than the Landau rate of X(-). By examining (2.19), we see that this equality implies that

D*(fs,R) = Dxx, (R). (2.20)

In other words, the condition f; > f| ,q means that there is no loss due to sampling in
the ADX system. This property of the minimal distortion is not surprising. It merely
expresses the fact anticipated in Section 2.3.3 that, when (2.10) vanishes as 7" goes to
infinity, the estimator E[X(#)|X] is obtained from the samples in this limit and thus the
only loss of information after sampling is due to the noise.

In the next section we will see that, under some conditions, the equality (2.20) is
extended to sampling rates smaller than the Landau rate of the signal.

24.3 Optimal Sampling Subject to a Bitrate Constraint

We now explore the minimal sampling rate f; required in order to attain equality in
(2.20), that is, the minimal sampling rate at which the minimal distortion in ADX equals
the indirect DRF of X() given X,(-), describing the minimal distortion subject only to
a bitrate R constraint and additive noise. Intuition for this sampling rate is obtained by
exploring the behavior of D*(f;,R) as a function of f; for a specific PSD and a fixed
bitrate R. For simplicity, we explore this behavior under the assumption of zero noise
(¢ =0) and signal X(-) with a unimodal PSD as in Fig. 2.11. Note that in this case we

I:l preserved spectrum @ mmse*(f;) I:l lossy compression distance
Sx (f)

N % ~f72 %

(© (d)
Figure 2.11 Water-filling interpretation for the function D*(fs,R) under zero noise, a fixed bitrate
R, and three sampling rates: (a) fs < fg, (b) fs = fr, and (¢) f; > fr. (d) corresponds to the DRF
of X(-) at bitrate R. This DREF is attained whenever fs > fr, where fg is smaller than the
Nyquist rate.
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oy +
D*(f,R=1)
=
.S
5
= D*(f,R=2)
AfF------ -\ TTE——————————
mmse*(f;)
mmse(X |X) .

= ; > 1
fR:l fR:2 fi\lyq
Figure 2.12 The function D*(f,R) for the PSD of Fig. 2.11 and two values of the bitrate R. Also

shown is the DRF of X(-) at these values that is attained at the sub-Nyquist sampling rates
marked by fr.

have § xx,(f) = S x(f) since the noise is zero, fing = fiyq since S x(f) has a connected
support, and F*(f;) is the interval of length f; centered around the origin since S x(f)
is unimodal. In all cases in Fig. 2.11 the bitrate R is fixed and corresponds to the pre-
served part of the spectrum through (2.19b). The distortion D*(f;,R) changes with f;,
and is given by the sum of two terms in (2.19a): mmse*(f;) and the lossy compres-
sion distortion. For example, the increment in f from (a) to (b) reduces mmse*(f;) and
increases the lossy compression distortion, although the overall distortion decreases due
to this increment. However, the increase in f; leading from (b) to (c) is different: while
(c) shows an additional reduction in mmse*(fs) compared with (b), the sum of the two
distortion terms is identical in both cases and, as illustrated in (d), equals the DRF of
X(-) from (2.16). It follows that, in the case of Fig. 2.11, the optimal ADX performance
is attained at some sampling rate fx that is smaller than the Nyquist rate, and depends
on the bitrate R through expression (2.16). The full behavior of D*(f;,R) as a function
of f; is illustrated in Fig. 2.12 for two values of R.

The phenomenon described above and in Figs. 2.11 and 2.12 can be generalized to any
Gaussian stationary process with arbitrary PSD and noise in the ADX setting, according
to the following theorem.

THEOREM 2.3 (optimal sampling rate [24]) Let X(-) be a Gaussian stationary process
with PSD S x(f) corrupted by a Gaussian noise &(-). For each point (R, D) on the graph
of Dx\x.(R) associated with a water-level 6 via (2.15), let fg be the Lebesgue measure of
the set

Fo={f:Sxx,(f) =06}
Then, for all fs > fg,

D*(fs,R) = Dxx,(R).
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The proof of Theorem 2.3 is relatively straightforward and follows from the definition
of Fg and D*(f;,R).

We emphasize that the critical frequency fg depends only on the PSDs Sx(f)
and S.(f), and on the operating point on the graph of D*(f;,R). This point may be
parametrized by D, R, or the water-level 6 using (2.15). Furthermore, we can consider
a version of Theorem 2.3 in which the bitrate is a function of the distortion and the
sampling rate, by inverting D*(fs, R) with respect to R. This inverse function, R*(fs, D),
is the minimal number of bits per unit time one must provide on the samples of X.(-),
obtained by any bounded linear sampler with sampling density not exceeding f;, in order
to attain distortion not exceeding D. The following representation of R*(f;, D) in terms
of f is equivalent to Theorem 2.3.

THEOREM 2.4 (rate-distortion lower bound) Consider the samples of a Gaussian sta-
tionary process X(-) corrupted by a Gaussian noise &(-) obtained by a bounded linear
sampler of maximal sampling density f;. The bitrate required to recover X(-) with MSE
at most D > mmse*(fy) is at least

1 +  IsSxixe()
b fF*(fy) IOg (D—mmse*(fs)) df’ fs‘ < fR’
Rxx_ (D), Jfs = g

where

00

1
R, 00 =5 [ tog" S (Pods

is the indirect rate-distortion function of X(-) given Xg(-), and 6 is determined by

Dy = mmse*(f;) +f min{S xx, (f),0}df.

Theorems 2.3 and 2.4 imply that the equality in (2.20), which was previously shown to
hold for f; > fi nd, is extended to all sampling rates above fg < find. As R goes to infinity,
D*(fs,R) converges to mmse*(f;), the water-level § goes to zero, the set Fy coincides
with the support of Sx(f), and fg converges to fin,g. Theorem 2.3 then implies that
mmse*(f;) = 0 for all f; > finq, a fact that agrees with Landau’s characterization of sets
of sampling for perfect recovery of signals in the Paley—Wiener space, as explained in
Section 2.3.3.

An intriguing way to explain the critical sampling rate subject to a bitrate constraint
arising from Theorem 2.3 follows by considering the degrees of freedom in the repre-
sentation of the analog signal pre- and post-sampling and with lossy compression of the
samples. For stationary Gaussian signals with zero sampling noise, the degrees of free-
dom in the signal representation are those spectral bands in which the PSD is non-zero.
When the signal energy is not uniformly distributed over these bands, the optimal lossy
compression scheme described by (2.16) calls for discarding those bands with the lowest
energy, i.e., the parts of the signal with the lowest uncertainty.

The degree to which the new critical rate fx is smaller than the Nyquist rate depends
on the energy distribution of X(-) across its spectral occupancy. The more uniform this
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Figure 2.13 The critical sampling rate f as a function of the bitrate R for the PSDs given in the
small frames at the top of the figure. For the bandlimited PSDs S1(f), S o(f), and S ,(f), the
critical sampling rate is always at or below the Nyquist rate. The critical sampling rate is finite
for any R, even for the non-bandlimited PSD S (f).

distribution, the more degrees of freedom are required to represent the lossy compressed
signal and therefore the closer f is to the Nyquist rate. In the examples below we derive
the precise relation between f and R for various PSDs. These relations are illustrated in
Fig. 2.13 for the signals Sii(f), SA(f), Su(f), and Sq(f) defined below.

24.4 Examples

Example 2.1  Consider the Gaussian stationary process X,(-) with PSD
[ =If/wWIT

—w
for some W > 0. Assuming that the noise is zero,

Sa(fH)=o

Fo=[WW6-1),W(l -W8)]

and thus fr = 2W(1 — W6). The exact relation between fz and R is obtained from (2.19b)
and found to be

L REC - f WL 2w JR
k=3 LR/zk’g(l—fR/ZW)df ) Wlog(ZW—fR)_ 2In2’

In particular, note that R — oo leads to fg — finyg = 2W, as anticipated.

Example 2.2  Let X(-) be the process with PSD

1 <w(f)

Sn(f) = W

(2.22)
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Assume that £(-) is noise with a flat spectrum within the band (—W,W) such that
v 2 Snu(f)/Se(f) is the SNR at the spectral component f. Under these conditions, the
water-level 6 in (2.15) satisfies
0=02 Y 2—RIW
1+y

)

and hence

Dxix.R) _ 1 4 Y 5RIW
o2 l+y 1+y
In particular, Fg = [-W, W], so that fg = 2W = fyyq for any bitrate R and D*(fs,R) =
Dxx,(R) only for fs > fnyq. That is, for the process Xn(-), optimal sampling under a
bitrate constraint occurs only at or above its Nyquist rate.

(2.23)

Example 2.3  Consider the PSD

o2/ fo
(f/fo)*+1°
for some fy > 0. The Gaussian stationary process Xq(-) corresponding to this PSD is
a Markov process, and it is in fact the unique Gaussian stationary process that is also
Markovian (a.k.a. the Ornstein—Uhlenbeck process). Since the spectral occupancy of
Xao(+) is the entire real line, its Nyquist and Landau rates are infinite and it is impossible

to recover it with zero MSE using any bounded linear sampler. Assuming &(-) = 0 and
noting that S o(f) is unimodal, F*(f;) = (—f2/2, fs/2), and thus

mmse* (f;) = 2foo

S

Sa(f) =

_ 2 fs
So(fdf =0 [1 arctan(zfo)]

Consider now a point (R, D) on the DRF of Xq(:) and its corresponding water-level 6
determined from (2.16). It follows that fr = (2f;/7)+/1/0fs—1, so that Theorem 2.3
implies that the distortion cannot be reduced below D by sampling above this rate. The
exact relation between R and fg is found to be

1 2 fo TfR
=12 (fR -~ arcta (2 T )) (2.24)

Note that, although the Nyquist rate of Xq(:) is infinite, for any finite R there exists a
critical sampling frequency fx satisfying (2.24) such that Dy, (R) is attained by sampling
at or above fg.

The asymptotic behavior of (2.24) as R goes to infinity is given by R ~ fg/In 2. Thus,
for R sufficiently large, the optimal sampling rate is linearly proportional to R. The ratio
R/ f; is the average number of bits per sample used in the resulting digital representa-
tion. It follows from (2.24) that, asymptotically, the “right” number of bits per sample
converges to 1/In2 = 1.45. If the number of bits per sample is below this value, then
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the distortion in ADX is dominated by the DRF Dy, (), as there are not enough bits to
represent the information acquired by the sampler. If the number of bits per sample is
greater than this value, then the distortion in ADX is dominated by the sampling distor-
tion, as there are not enough samples for describing the signal up to a distortion equal to
its DRF.

As a numerical example, assume that we encode Xq(f) using two bits per sample,
ie., fy = 2R. As R — oo, the ratio between the minimal distortion D*(f;,R) and Dx,, (R)
converges to approximately 1.08, whereas the ratio between D*(f,R) and mmse* (f;)
converges to approximately 1.48. In other words, it is possible to attain the optimal
encoding performance within an approximately 8% gap by providing one sample per
each two bits per unit time used in this encoding. On the other hand, it is possible to
attain the optimal sampling performance within an approximately 48% gap by providing
two bits per each sample taken.

25 ADX under Uniform Sampling

We now analyze the distortion in the ADX setting of Fig. 2.5 under the important class of
single- and multi-branch LTI uniform samplers. Our goal in this section is to show that
for any source and noise PSDs, S x(f) and S .(f), respectively, the function D*(f;,R)
describing the fundamental distortion limit in ADX is attainable using a multi-branch
LTI uniform sampler. By doing so, we also provide a proof of Theorem 2.2.

We begin by analyzing the ADX system of Fig. 2.5 under an LTT uniform sampler.
As we show, the asymptotic distortion in this case can be obtained in a closed form
that depends only on the signal and noise PSDs, the sampling rate, the bitrate, and the
pre-sampling filter H(f). We then show that, by taking H(f) to be a low-pass filter with
cutoff frequency f;/2, we can attain the fundamental distortion limit D*(f, R) whenever
the function S xix, (f) of (2.13) attains its maximum at the origin. In the more general
case of an arbitrarily shaped S x|x,(f), we use multi-branch sampling in order to achieve
D*(fs,R).

2.5.1 Single-Branch LTI Uniform Sampling

Assume that the sampler S is the LTI uniform sampler defined in Section 2.3.1 and illus-
trated in Fig. 2.7. This sampler is characterized by its sampling rate f; and the frequency
response H(f) of the pre-sampling filter.

In Section 2.3.3, we saw that, for any bounded linear sampler, optimal encod-
ing in ADX is obtained by first forming the estimator —}ZT(o) from Y7, and then
encoding X7(-) in an optimal manner subject to the bitrate constraint. That is, the
encoder performs estimation under an MSE criterion followed by optimal source coding
for this estimate. Under the LTI uniform sampler, the process X7(-) has an asymp-
totic distribution described by the conditional expectation of X(-) given the sigma
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algebra generated by {X.(n/f;), nin Z}. Using standard linear estimation techniques,
this conditional expectation has a representation similar to that of a Wiener filter given

by [12]:
X() £ BIXWWX(n/ f), n € Z)] = )" Xeln/ fowlt=n/fy), 1€R, (225)
nez
where the Fourier transform of w(¢) is
Sx(NIHAP

W(f) = .
v Skez S x.(f =k fHf =k fOP

Moreover, the resulting MMSE, which is the asymptotic value of mmser(S), is given by

mmsen(£) 2 Y, [ [Sx(r-nf-Sxnlas. (2.26)
2

nezZv>

where

S2(f - fmIH(f - fin)l*
Sz Sx,(f = IH(f = fim)?

From the decomposition (2.11), it follows that, when S is an LTI uniform sampler, the
distortion can be expressed as

Sx(f) = (2.27)

Dp(fs,R) = liminf D (S, R) = mmsey (f;) + Dx(R),

where D5(R) is the DRF of the Gaussian process 55(-) defined by (2.25), satisfying the
law of the process X7(-) in the limit as T goes to infinity.

Note that, whenever f; > fnyq and supp Sx is included within the passband of H(f),
we have that §x(f) = Sxx.(f) and thus mmsey(fs) = mmse(X|X,), i.e., no distortion
due to sampling. Moreover, in this situation, )?(t) =E[X(1)|X:(-)] and

Dy (fs,R) = Dx|x,(R). (2.28)

The equality (2.28) is a special case of (2.20) for LTI uniform sampling, and says that
there is no loss due to sampling in ADX whenever the sampling rate exceeds the Nyquist
rate of X(-).

When the sampling rate is below fiyq, (2.25) implies that the estimator X(-) has the
form of a stationary process modulated by a deterministic pulse, and is therefore a block-
stationary process, also called a cyclostationary process [25]. The DREF for this class of
processes can be described by a generalization of the orthogonal transformation and rate
allocation that leads to the water-filling expression (2.16) [26]. Evaluating the result-
ing expression for the DRF of the cyclostationary process Xi (+) leads to a closed-form
expression for Dy(fs, R), which was initially derived in [27].

THEOREM 2.5 (achievability for LTI uniform sampling) Let X(-) be a Gaussian station-
ary process corrupted by a Gaussian stationary noise &(-). The minimal distortion in
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Figure 2.14 Water-filling interpretation of (2.29) with an all-pass filter H(f). The function
DkezS x(f — fsk) is the aliased PSD that represents the full energy of the original signal within
the discrete-time spectrum interval (—f;/2, fs/2). The part of the energy recovered by the X (-)is
§X( f). The distortion due to lossy compression is obtained by water-filling over the recovered
energy according to (2.29a). The overall distortion Dy(fs,R) is the sum of the sampling
distortion and the distortion due to lossy compression.

ADX at bitrate R with an LTI uniform sampler with sampling rate f; and pre-sampling

filter H(f) is given by .

DifRa) = mmnses(£)+ [ minfS(r.0)ds. (2.29)
-7
Is

1 (2. =

where mmsep (fs) and §X(f) are given by (2.26) and (2.27), respectively.

A graphical water-filling interpretation of (2.29) is provided in Fig. 2.14. This
expression combines the MMSE (2.26), which depends only on f; and H(f), with the
expression for the indirect DRF of (2.15), which also depends on the bitrate R. The func-
tion §X( f) arises in the MMSE estimation of X(-) from its samples and can be interpreted
as an average over the PSD of polyphase components of the cyclostationary process
X() [26].

As is implicit in the analysis above, the coding scheme that attains Dy(fs,R) is
described by the decomposition of the non-causal MSE estimate of X(-) from its sam-
ples Y7. This estimate is encoded using a codebook with 2L7R) elements that attains the
DREF of the Gaussian process X (+) at bitrate R, and the decoded codewords (which is a
waveform over [-7/2,T/2]) are used as the reconstruction of X(-). For any p > 0, the
MSE resulting from this process can be made smaller than Dy (fs, R — p) by taking T to
be sufficiently large.

Example 2.4 (continuation of Example 2.2) As a simple example for using formula
(2.29), consider the process Xti(-) of Example 2.2. Assuming that the noise &(-) = 0
(equivalently, y — oo) and that H(f) passes all frequencies f € [-W, W], the relation
between the distortion in (2.29a) and the bitrate in (2.29b) is given by
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> I

sampling rate

Figure 2.15 Distortion as a function of sampling rate for the source with PSD Sj(f) of (2.22),
zero noise, and source coding rates R = 1 and R = 2 bits per time unit.

- 2R
mmsen(fi) + 025527, fi <2W,

ok (2.30)
o2TW, Js =2W,

Du(fs,R) ={

where mmsey(f;) = 0'2[1 —J‘S/ZW]+. Expression (2.30) is shown in Fig. 2.15 for two
fixed values of the bitrate R. It has a very intuitive structure: for frequencies below
Sfayq = 2W, the distortion as a function of the bitrate increases by a constant factor due
to the error as a result of non-optimal sampling. This factor completely vanishes once
the sampling rate exceeds the Nyquist frequency, in which case Dy ( f;, R) coincides with
the DRF of X(-).

In the noisy case when y = Sn(f)/S<(f), we have mmsey(fs) = a2 -
fs/2W(1 +))) and the distortion takes the form

mmsey (fs) + (fo/2W)(y /(1 +y)27RIE - £ <2W,

2.31
mmse(X|Xe) + (y/(1+y)27FW, fs 22W, 230

D*(fs,R)zcrz{

where mmse(X|X;) = 1/(1+7).

Next, we show that, when S x|x.(f) is unimodal, an LTI uniform sampler can be used
to attain D*(fs, R).

2.5.2 Unimodal PSD and Low-Pass Filtering

Under the assumption that H(f) is an ideal low-pass filter with cutoff frequency f;/2,

(2.29) becomes
Dure(fk = [ [Sx(-Sww Oldf + [ | minlSx 0007, 2320
-2 2
fs
s
Ro=3 [, toetISuw. (10l (2.320)
-7

Comparing (2.32) with (2.19), we see that the two expressions coincide whenever the
interval [—f;/2, f;/2] minimizes (2.18). Therefore, we conclude that, when the function
Sxx.(f) is unimodal in the sense that it attains its maximal value at the origin, the
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fundamental distortion in ADX is attained using an LTT uniform sampler with a low-pass
filter of cutoff frequency f/2 as its pre-sampling operation.

An example for a PSD for which (2.32) describes its fundamental distortion limit is
the one in Fig. 2.11. Note the LPF with cutoff frequency f;/2 in cases (a)—(c) there.
Another example of this scenario for a unimodal PSD is given in Example 2.4 above.

Example 2.5 (continuation of Examples 2.2 and 2.4) In the case of the process Xp(-)
with a flat spectrum noise as in Examples 2.2 and 2.4, (2.32) leads to (2.31). It follows
that the fundamental distortion limit in ADX with respect to Xpj(-) and a flat spectrum
noise is given by (2.31), which was obtained from (2.29). Namely, the fundamental
distortion limit in this case is obtained using any pre-sampling filter whose passband
contains [-W, W], and using an LPF is unnecessary.

In particular, the distortion in (2.31) corresponding to fs > fnyq €quals the indirect
DRF of X(-) given X.(-), which can be found directly from (2.15). Therefore, (2.31)
implies that optimal sampling for Xpj(-) under LTI uniform sampling occurs only at or
above its Nyquist rate. This conclusion is not surprising since, according to Example 2.2,
super-Nyquist sampling of Xp(-) is necessary for (2.20) to hold under any bounded linear
sampler.

The analysis above implies in particular that a distortion of D*(f;,R) is achievable
using LTT uniform sampling for any signal X(-) with a unimodal PSD in the noiseless
case or unimodal S xx,(f) in the noisy case. Therefore, Theorem 2.5 implies Theo-
rem 2.2 in these special cases. In what follows, we use multi-branch sampling in order
to show that Theorem 2.2 holds for an arbitrary S xjx, (f).

253 Multi-Branch LTI Uniform Sampling

We now consider the ADX system of Fig. 2.5 where the sampler is the multi-branch
sampler defined in Section 2.3.1 and illustrated in Fig. 2.8. This sampler is characterized
by L filters H{(f),...,H.(f) and a sampling rate f;.

The generalization of Theorem 2.5 under this sampler is as follows [27].

THEOREM 2.6 Let X(-) be a Gaussian stationary process corrupted by a Gaussian sta-
tionary noise &(-). The minimal distortion in ADX at bitrate R with a multi-branch LTI
uniform sampler is given by

L I
Ditn, o) = s,y (£ + Y, [ | minld(Phd. 2.33)
=1Y772
1 8
Ro=3 > [ | logtlacnelds. (2.33b)
=1vY~72
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where Ay,...,Ap are the eigenvalues of the matrix
— _1 \H _1
Sx(h =(87" (1) KPSy (),
with

Sy(Fij = Y Sx.(f = AmHI(f = mH(f = fm), ij=1,...,L,

nez

(K= D SXU = SmH(f = fimH;(f = fim). ivj=1....L.

nez
In addition,
Is

N 2 (S
mmsep, _u, (£) % 0% - f . r(Sx(h)df
-2

is the minimal MSE in estimating X(-) from the combined output of the L sampling
branches as T approaches infinity.

The most interesting feature in the extension of (2.29) provided by (2.33) is the depen-
dences between samples obtained over different branches, expressed in the definition of
the matrix Sy( ). In particular, if f; > fnyq, then we may choose the bandpasses of the L
filters to be a set of L disjoint intervals, each of length at most f;/L, such that the union
of their supports contains the support of this choice, the matrix Sx( f) is diagonal and its
eigenvalues are

2inez S%((f - fsn)
2nezS x+e(f = fsm)

Since the union of the filters’ support contains the support of S xx,, we have

A =Si(f)=

lsuppH[ (f)

Dy, .. .1, (fs:R) = Dxx.(R).

While it is not surprising that a multi-branch sampler attains the optimal sampling dis-
tortion when f; is above the Nyquist rate, we note that at each branch the sampling rate
can be as small as fjyq/L. This last remark suggests that a similar principle may be used
under sub-Nyquist sampling to sample those particular parts of the spectrum of maximal
energy whenever S x|x, (f) is not unimodal.

Our goal now is to prove Theorem 2.2 by showing that, for any PSDs S x(f) and
S &(f), the distortion in (2.33) can be made arbitrarily close to the fundamental distor-
tion limit D* (s, R) with an appropriate choice of the number of sampling branches and
their filters. Using the intuition gained above, given a sampling rate f; we cover the set
of maximal energy F*(f) of (2.18) using L disjoint intervals, such that the length of
each interval does not exceed f;/L. For any & > 0, it can be shown that there exists L
large enough such fAS xix.(f)df < &, where A is the part that is not covered by the L
intervals [28].
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From this explanation, we conclude that, for any PSD S xx.(f), fs > 0, and & > 0,
there exists an integer L and a set of L pre-sampling filters H{(f),...,Hr(f) such that,
for every bitrate R,

Dy,....1, (fs;R) < D*(f,R) +&. (2.34)

Since Dy, .. n,(fs,R) is obtained in the limit as 7 approaches infinity of the mini-
mal distortion in ADX under the aforementioned multi-branch uniform sampler, the
fundamental distortion limit in ADX is achieved up to an arbitrarily small constant.

The description starting from Theorem 2.6 and ending in (2.34) sketches the proof
of the achievability side of the fundamental ADX distortion (Theorem 2.2). Below we
summarize the main points in the procedure described in this section.

(i) Given a sampling rate f;, use a multi-branch LTI uniform sampler with a sufficient
number of sampling branches L that the effective passband of all branches is close
enough to F*, which is a set of Lebesgue measure f; that maximizes (2.18).

(ii)) Estimate the signal X(-) under an MSE criterion, leading to )?T(‘) defined in (2.10).
As T — oo this process converges in Ly norm to Y(') defined in (2.25).

(iii) Given a bitrate constraint R, encode a realization of fT(') in an optimal manner
subject to an MSE constraint as in standard source coding [7]. For example, for
o > 0 arbitrarily small, we may use a codebook consisting of 217 )] waveforms
of duration T generated by independent draws from the distribution defined by
the preserved part of the spectrum in Fig. 2.10. We then use minimum distance
encoding with respect to this codebook.

2.6 Gonclusion

The processing, communication, and digital storage of an analog signal requires first
representing it as a bit sequence. Hardware and modeling constraints in processing ana-
log information imply that the digital representation is obtained by first sampling the
analog waveform and then quantizing or encoding its samples. That is, the transforma-
tion from analog signals to bits involves the composition of sampling and quantization
or, more generally, lossy compression operations.

In this chapter we explored the minimal sampling rate required to attain the funda-
mental distortion limit in reconstructing a signal from its quantized samples subject to a
strict constraint on the bitrate of the system. We concluded that, when the energy of the
signal is not uniformly distributed over its spectral occupancy, the optimal signal repre-
sentation can be attained by sampling at some critical rate that is lower than the Nyquist
rate or, more generally, the Landau rate, in bounded linear sampling. This critical sam-
pling rate depends on the bitrate constraint, and converges to the Nyquist or Landau rates
in the limit of infinite bitrate. This reduction in the optimal sampling rate under finite bit
precision is made possible by designing the sampling mechanism to sample only those
parts of the signals that are not discarded due to optimal lossy compression.
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The information-theoretic approach to analog-to-digital compression explored in this
chapter can be extended in various directions. First, while we considered the minimal
sampling rate and resulting distortion under an ideal encoding of the samples, such
an encoding is rarely possible in practice. Indeed, in most cases, the encoding of the
samples is subject to additional constraints in addition to the bit resolution, such as
complexity, time delay, or limited information on the distribution of the signal and the
noise. It is therefore important to characterize the optimal sampling rate and resulting
distortion under these limitations. In addition, the reduction in the optimal sampling rate
under the bitrate constraint from the Nyquist rate to fz can be understood as the result
of a reduction in degrees of freedom in the compressed signal representation compared
with the original source. It is interesting to consider whether a similar principle holds
for non-stationary [29] or non-Gaussian [30, 31] signal models (e.g., sparse signals).
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