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Abstract

We introduce a sequence of polynomials which are extensions of the classic Bernoulli polynomials. This
generalization is obtained by using the Bessel functions of the first kind. We use these polynomials to
evaluate explicitly a general class of series containing an entire function of exponential type.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 30D10, 33C10, 12E10.

1. Introduction

We denote by E. (&) the class of all entire functions of exponential type 7 (7 > 0)
such that f(x) = O(|x|™%), as x — 200, for some & > &, The indicator function of
an entire function of exponential type is defined as
1 i0
) hy(6) = lim sup L€
’

The following results are proved in [4].

THEOREM A. Given an integern > 2, let f € E.(1 —n) be such that hy(r/2) < 0.
We have, forc > tand0 <x <1 -rt/o,

n 2kmix 2k n . X
R B

k=— j =i
k0 =0
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308 C. Frappier [2]

Here B;(x) is the jth Bernoulli polynomial defined by the generating function

Z
e

exz o0 Zn
3) 1 = ;B"(x)n—!’ Iz| < 2m.

It is well known [1, p. 267] that

—n! 0 e2k7rix

Qriy &~ k*
k#0

) B,(x) =

which is a very special case of (2).

THEOREM B. Given an integern > 2, let f € E_.(1 —n). We have, foroc > 2t and
O0<x<1-2t/o,

&)

n © 2kmi(x+1/0) n
() o (2':,”) =>(%) B (s + 2) im0,

k=—00 j=0

The special cases 0 = t of (2) and 0 = 27 of (5) have been investigated previously
in [3]. The numbers B;(0) = B; are the Bernoulli numbers.

In this paper we generalize (2) and (5). In order to do that, we construct a sequence
of polynomials which are direct extensions of Bernoulli (and Euler) polynomials.
These generalized Bernoulli polynomials turn out to have some properties similar to
the classical ones.

2. Generalized Bernoulli polynomials

Let g,(2) 1= 2°T (@ + 1) Jo (2) /2%, where J,(2) = Y ;o (— )k z*+ /% kT (a +
k + 1)) is the Bessel function of the first kind of order «. The function J,(z)/z* is
an even entire function of exponential type one. We assume that « is not a negative
integer. The zeros j; = ji(a) of J,(z)/z* may then be ordered in such a way that
Jua=—jrand 0 < |jl = [jo| £....

We define a sequence of polynomials B, ,(x) by the generating function

=172z o)

z" .
E Bn,a(x)_" |ZI < 2“!'
n

6 - =
© 82/ L

It is clear from (6) that B, ,(x) is a rational fraction in . We call the polynomials
B, .(x) the @-Bernoulli polynomials and B, ,(0) =: B,, the a-Bernoulli numbers.

https://doi.org/10.1017/51446788700039185 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700039185

[3} Representation formulas and Bernoulli polynomials 309

Equation (6) reduces to (3) for o = 1/2 since J1,2(z) = +/2/mzsin(z). In the case
a = —1/2 we have J_y,,(z) = 4/2/mz cos(z) and (6) becomes

2e*
et + 1

o0 Z,,
7 = ; Bypt) o, kl<m

So, B, _1,2(x) = E,(x) is the Euler polynomial of degree n. For @ = 3/2, Equation
(6) reduces to

(8) 1 z3exz 2‘0: B ( )Zn
- = n X)—.
6 -2+ (z+2) A A"

For an arbitrary ¢ (not a negative integer) we have By,(x) = 1, B, (x) = x — 1/2,
Byo(x) = (x —1/2)* = 1/8(a+ 1), B3 o(x) = (x —1/2)* = 3(x — 1/2)/8(c + 1), 50
that B, =1, By, = ~1/2, By, = Qu+ 1)/8(ax + 1), B3, = (1 — 2a)/16(x + 1).

REMARK 1. It follows from the asymptotic relation [7, p. 225]

Jo(2) 1 e
z* V2ra Qa)’

o —> o0 (real),

that
) lim B, ,(x) = (x — 1/2)".

The following result contains some basic properties of the a¢-Bernoulli polynomials
and numbers. We omit the details of the proof since it follows exactly the same line
as in the case o = 1/2 (see [1] or any of the numerous books on the subject).

PROPOSITION. For any complex number o (not a negative integer), we have
(10)
B::,a(x) =an~l<a(-x)» n=1,2,3,...
(1)
B,o(1 —x) = (—=1)"B, ,(x), n=012,...
(In particular, B, (1) = (=1)'B, o and By, 11 ,(1/2) =0,m =0,1,2,...)
(12)

n

B, .(x+y) :Z(';)Bj‘,,(y)x"_", n=0,1,2,...

=0

(In particular, B, ,(x) = Z (”) Bjax")
J

=0
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REMARK 2. The third part of the proposition contains, as a limiting case, the bi-
nomial formula. Indeed, if we let @ — o0 in (12) then we obtain, in view of (9),

4y =1/ =5, (3) 0= 127 5.

Our first theorem is the extended version of (4).

THEOREM 1. Let n be a non-negative integer and @ a complex number such that
Re(@) <n—1/2, a # —1,-2,.... We have, for0 < x < |,

—n! o Lx-ij

22T (o + D) &= jr I (o)
k#0

(13) B, (x) =

COROLLARY 1.1. Let m be a non-negative integer and « a complex number such
thatRe(a) <2m — 1/2, ¢ #£ —1, -2, .... We have, for0 < x <1,
2(=D"12m)! &S cos((2x — 1) i)

14 By o(x) = .
( ) 2m, ( ) 2ar(a+ 1)22,” — jkzm_a+1J(;(jk)

COROLLARY 1.2. Let m be a non-negative integer and o a complex number such
thatRe(a) < 2m +1/2, ¢ # —1, -2, .... We have, for0 < x < 1,

(=)™ 2m + 1)! i sin((2x — 1) ji)
20T (a + )22 &= proet2 iy

Equations (14) and (15) follow from (13) and the relation [7, p. 75, Formula (1)]
J.(ze'™) = e VI ] (2), for integral I. Equation (14) may also be deduced from
(15) and (10).

(15) Bomy1a(X) =

PROOF OF THEOREM 1. Given g € E,(Re(a) + 1/2) we have [5], for all z,

(16) 8(2)

_JelrD) §_itaGu/)
(t2)* £ (tz— jJ.Gy)'
k#0
If f € Exx(Re(a) + 1/2) and hs(m/2) < O then the function g(z) := e7'™ f(z) is
an element of E.(Re(x) + 1/2); this result is a consequence of [2, Theorem 6.2.4].
Applying (16) we obtain, for all z,

itz Ja(TZ) - ]]‘:f(.]k/f)
(t2)” 2—; (rz — e J. (i)

k#0

amn f@=e

In(17),let T = 1 and f(z) = ¢***,0 < x < 1. This gives us

(18) 25Dz _ J.(2) i jE e
¢ = =Gy’
k#0
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for Re(a) < —1/2, whence

1 g (n) 0 @ —Diji
(19) _ (e(Zx-l)lz ) —_ § —_—
n! L@/ | SR 00

forRe(a) < n—1/2.
On the other hand, it follows directly from (6) that

20

e(Zx—l)z/2(_iZ/2)a () i\" e&—Dizza (n)
Pra®) = <2ar(a+1>fa<—iz/2>> :(_5) (2°r<a+1>1a<z>) ’

z=0

which gives the result by comparison with (19).

3. Representation formulas

The results given in this section contain Theorem A and B as the special case
a=1/2.

THEOREM 2. Let n be a non-negative integer and o a complex number such that
Re(@) <n—-1/2, ¢ # —1,-2,.... Forall f € E.(Re{) + 1/2 — n) such that
hi(m/2) <0, we have, foro > tand0 <x <1-—1/o,

—nl(o/2)" eV f(2i/0) _i

21 =
@D D & Gy =
k#0

(:’) B; . (x)(ic) £"=)(0).

PROOE. We first prove the result for 0 = 7. In view of the theorem of Paley and
Wiener [2, p. 103], the entire function f is of exponential type 7 and belongs to
L?(—00, 00) if and only if

(22) f)= / e (1dt,

where ¢ € L*(—1,t). If h;(w/2) < O then the representation (22) takes the form
(see [6, p. 387])

(23) f @) =/ e (t)dt,
0
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where ¢ € L?(0, ). In that case, we have

f(zjk/r) j 2ijit/T
‘; ]k—a+leu;,J/(]) - Z n— a+1e'lk]’(]) ¢(t)dt

k_—eo .]k
k20

—2°T' (e +1)( 2

/r B, .(t/T)(1) dt,
0

by Theorem 1. The interchange in the order of summation and integration is easily
justifiable for Re(r) < n — 1/2. Using (12) with x = t/t, y = 0, we may thus write

00 fCi/vy L, »
k_zw Jreteii 1 () = 2T / _ ( )Bj.a(t/r) igt)dt
—2°T'(x + 1)( 2 Z <;l) j,a(if)j_"f(n_j)(())
!

by (23). Hence,

—nl(T/2)" & QR NP\ o i s
@9 2“F(a+1)z jomet! 'u;(jo‘z(j)B""(”)jf O

b Ji j=0

Thus, Equation (21) is proved for 0 = 7 whenever f belongs to L?(—o0, 00). If f
does not belong to L2(—00, 00) then we need only apply (24) to a function of the form
f:(2) == (€2 — 1)/ie2)" f(2), € > 0, for some positive integer N, and let ¢ — 0.
The passage to the limit is easily justifiable.

We now prove the general result. We have, using (12) with y = 0,

n

> (’J’) B (x)(ig) f"(0)
j=0
n J
= Z ( ) ( ) By x'7*(io) f"(0)
=0

j=

22 (5 () mtimtr e
. 7 ) Biux (o) fO0(0)
_,0k=0(k+] J !

(j) Bj‘a(ia)j (eiaxwf(w))(n-j) (w - 0),
0

2

Jj=

by Leibniz’s formula. The relation (kij) ("J;j) = (%) ("2’) has also been used. We

apply (24) where f(z) is replaced by €'°** f(z), x > 0, which is of exponential type
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<oifx <1—1/0. We obtain

n

@ Y ('J’) B, (x)(io) f"(0) =

Jj=0

—nl(o/2)" X X f(2ji /o)
22T+ 1) = e ten g G’

which is the general result.

As a consequence of Theorem 2, we are now able to prove

THEOREM 3. Let n be a non-negative integer and o a complex number such that
Re(a) <n—1/2, a« # —1,-2,.... Forall f € E.(Re(e) + 1/2 — n), we have, for
o>2tand <x <1-21/0,

(26)
—n!(a/2)" X pRUtt/o)=Dij f(zjk/o—) _ n n . . \j pn—j)
et D > TG0 = ,Zo: (1) Bjo(x + /o)) f"(0).

PROOF. We apply Theorem 2, where 7 is replaced by 27, to the function g(z) :=
€™ f(z); we have h,(7/2) < 0 since [2, Theorem 5.4.11 hf(0) <17, -7 <8 < 7.
We obtain, using Leibniz’s formula,

—nla/2)" K et /NVik £(2j, [o)
2T(+1) &= TG

n n-j 3
= ZZ(?) (n k ) Ja(x)(ld)l(l.[)n j kf(k)(o)
j=0 k=0
n n—k )
B Z (’]l) (n ; J) Ja(x)(la)J(l‘L')" J kf(k)(o)
k=0 j=0
n n—k n n—k
B (k) ( i )Bla(x)(w)’(tr)" 7=k £®(0)
k=0 j=0
n n o
= (k) kaXx FT/O)({O)T f(0)
k=0

where the last step uses the addition formula (12). The result follows by replacing k
by (n — k).

REMARK 3. Theorem 1 is a special case of both Theorems 2 and 3 where 0 — o0

or f(z) = 1.
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4. Other remarks and examples

4.1. We take, in Theorem 3, 0 = 2t and f(z2) = J,(rz)/(rz)*. The resulting
formula reduces to a trivial identity if 2 is odd since B, ,(1/2) =0, =0,1,2,....
However, if n = 2m is even then we are led to the recurrence relation

i 2%By o (1/2)

27 Qk)!m —k)'T(@+m —k+1) =0

m=12 ...,
=0

which is useful to compute B,,, ,(1/2). Note that (27), being obtained as a consequence
of Theorem 3, is first valid only for Re(a) < 2m — 1/2. This relation is in fact
valid for all @ # —1, —2,... since its left-hand member is a rational fraction in
. As a consequence of (27) we obtain B, ,(1/2) = —1/8(a + 1), Bs.(1/2) =
3(a+3)/64(@+1)2(@+2), Bo(1/2) = —15(a*+8a+19)/512(c+1)* (@ +2) (a+3),
and so on. The relation B, o(x) = Y} _, (:') B;.(1/2) (x — 1/2)"™/ may then be used
to compute the a-Bernoulli polynomials explicitly.

4.2. Assume that @ > —1 is real. The zeros of J,(z)/z* are then real and simple [7,
p.- 479]. It follows from Theorem 1 that, forO < x < 1,x # 2€+n+ D) /4, +1/2,
for integral ¢,

—n! (e(Zx—l)iju + (_1)"6_(2X_l)ijl)
22T (o + 1)) T ()

(28) B, o(x) ~

asn — o0o. For @ = 1/2(j, = m) the asymptotic relation (28) gives

—n!

Qni)

(29) B,,(X) ~ (e27'rix + (l)ne»ZNix) , n—> 00,

which makes sense for all 0 < x < 1 except for x = 1/4,3/4 if n is even. The
relation (29) reduces itself to the well-known [1, p. 267] asymptotic relation

N 2(=D)™1(2m)!

(30) Bom G

m— oo,

in the particular case x = 0.

4.3. Leta =3/2and x = 0in (13). We obtain, forn > 3,

—-n! & a—-ij)
31 B3, = ,
©D T30y Zm Jr
k#0
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where tan(ji;) = ji since [7, p. 54, Formula (3)] J;/2(z) = +/2/mz(sin(z)/z — c0s(2)).
It follows that

—n! &1
32 B,3p=—— —
2 = 300y 2

k#0

if n is even, while

int! & 1
33 B, =
oY " Sy

k#0

if n 1s odd. If n is even then (n 4+ 1) is odd and the summation in (33) is the same as
in (32). Thus, if we replace n by (n + 1) in (33) and compare with (32), we obtain

—(n+1)
2

Also, since J5/2(z) = +/2/mz((3/2*> — 1) sin(z) — 3 cos(z)/z) by Formula (2) of [7,
p. 53], we have

(34) B30 = B, 3,2, n>4, even.

1l $S 3= D) = 3ij
15Q2iy" &~ Jr ’

k#0

35) B,s;p =

where tan(ji) = 3i/(3 — j2), and we deduce similarly that
(36) 12B, 115 = —6(n + 1)B, 5, — (n + DnB,_; 52,

for all even integers n > 6.
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