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CORRESPONDENCE.

ON THE CONVERSION OF ORDINARY ASSURANCES FOR THE
WHOLE TERM OF LIFE INTO ENDOWMENT ONES BY APPLI-

CATION OF BONTUS.
To the Editor.

Sr,~—As some Offices are in the practice of eonverting policies, originally
effected for the whole of life, into endowment assurances payable on the
life assured attaining a certain age or death, by application of the bonus,
you may possibly deem the following not unworthy of insertion in the
Journal. )

Let us assume that a person, aged =, effects a policy of £1 for the
whole of life, and that at the end of every y years a reversionary bonus, B,
is declared, the cash values of which are respectively 15, 25, 35, &c., where
15, %8, &c., represent the values of the bonus at first, second, &c., investi-
gations. It is required to ascertain at what age the policy would become
payable, by applying the values 13, %5, &c., to convert it into an endowment
assurance.

A little consideration will at once show, that, at the end of the first y
years, and assuming that the policy can be converted into an endowment
assurance payable at the age (z-+y-+#), or at the end of n years from the
present, n must be such that the whole-life preminm he at present pays,
together with the temporary annuity payable #r advance for n years, which
the surrender value of the whole-life policy at end of ¥ years and the value
of the bouns will purchase at the age (z+y), will eqnal the preminm which
a person aged {z-+y) would require to pay for an endowment assurance
payable at end of » years or death.

Now —d = premiom for a whole-life policy of £1 payable at
1+a, death of .
14a,, .
1— = surrender value of such a policy at end of ¥ years.

144,

1+al~,_yﬂ—_-;i = value of temporary annuity of £1, payable in ad-
vance, for » years to {z+ 7).

= = value of temporary annuity, payable in advance, for

1+ “ﬁu;:;\ n years, which the surrender value and value of
bonus will purchase.

—-—l-—— —d = premium for an endowment assurance of £1, for
1 T oty 7 years, to (z-+%).
‘We shall therefore have

1+az‘+'y 1
1 1- i+a, + b__ 1

— = —d,
144, + 1 +“s+v::‘ 1 +a,+,‘_1
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o1 -*-oz,_h,"___ﬂ +1+e—(1+a4,)+0(1+e)=1+4a,,
and 1+”’ﬂ;‘_—11=1+a¢+v'_ 13(14-a,).

Since, from the tables published, we can readily ascertain the value of
1+a,.,—%(1 +a,), we will get the value of 1 +“¢+!',T_ﬂ; and, by referring

to tables of temporary annuities, we will get the age corresponding to this
value, and, in consequence, the age at which the policy wonld become
payable. When we have no tables of temporary annuities, we may ascer-
tain the age by the commutation tables thus: by giving to the above formula
the D and N values, according to the notation employed by Mr. Chisholm
and other writers, we get

Ny Nopyrn N, N,

— o1y s
D.., D XD,

from which we obtain the value of

g
oty
N,

Norgpn=Doy, XX ik

and, as the values of the right-hand side of this equation are known, we

get N, 1.; and, by running the eye down the N column, the nearest value

to this will represent nearly the age at which the policy would become pay-

able by application of the bonus for the first y years.

The value of N, , may be ascertained in a different manner, thus,
B being the reversionary bonus:—

—_ N
Sinece 16:8{ - de-w} =B (Dm dl\m) ’
DH'? D=+!

substituting this value of 15 in the equation

N,
Netptn=Doyy XX =7,
we get :
D,.,—dN, N
Neypn=Dyyy x BX (—’%—;) X 5 =BX(14+6.)(Deyy—dNoy,)-
«ty z

Now, I.,,—dN,_, =M, (see Assurance Magazine, vol. vi. p. 847),
2 Nopn=B(1+a )M, ).

This formnla will be found more convenient, for practical purposes,
than that of Mr. Sprague in the Magazine referred to, when the values
allowed for surrender of bonus and the premiums are calculated at the same
rate of interest.

At the end of another y years, an investigation takes place, at which a
cash bonus of % iz declared; it is required to find the age at which the
policy wounld now become payable by application thereof.

Let us assume that the policy will become payable at the age of
{z—+2y+m), or at the end of m years from the present. It will be evident
that m must be such that the whole-life premium he at present pays,
together with the temporary annuity payable in advance for m years to
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(2 +2y), which can be purchased by the value of the bonus, the surrender
value of the endowment assurance, in the previous case, at end of y years,
and the value of the unexpired portion of the temporary anmuity (the
difference between the endowment assurance and whole-life premiums) in
the previous case, will equal the premium for an endowment assurance to
(z+2y) for m years. This, when converted into an algebraic form,

becomes
1t e 1 1
—_——— 3 1 — —_— —d— d
1 T b1+ ) (7 e T )
1t-a, 4t 1+“z+29;31 -
1
=— —d.
1+“z+2y;:11
(1"!_“:)(1_}-&?}-2%._!,_1 )
.. 1+az+21/::_q+1+a’=_ }-+a'z+y;_—ll —{—26(1-{—0,)
(A+a )1+ “z+2y._*y:q)
+ l+ﬂs+y;'__'ll —1—}-6,4.2”;:!’—_—1‘:1—}—61‘,

and 1 +zz,+2y;_—3] =14a, 97753 —%(14-a,).

Giving these values, as before, their commutation equivalents, we get

N:r+2y_Nx+21H-m — Nr+2!l — N:H-ﬂ-n 2 1& .

D;{+2y D=+2y D: i
7 N,
s Nz‘+2y+‘m=Nz+y+n+Dx—[-2yx bx 5 .
It has already been shown that N, =B(14-a,)M_,..
dN
Now, F=B (1— ’“*'),
D =+2y

o+ Dayay X5 X (1+-0.)=(D, 45— AN, 15)B x (1-+0,)=B(1 +-a,)M,5,;
" Nopopim=B(1+a) Moy +B(1+a) Mo, =B+, )Moy +Moys,)-

The age corresponding to the value of N, g, Will be the age at which
the policy would now bheecome payable.

In a precisely similar manner we may ascertain the age at which
another y years’ bonus will make policy payable. Assume that it will be
at the end of ¢ years from the present, we shall therefore get

Notape=BA+a ) (M, 1, +M, 10, +M,15.)5

and so om, until the difference between the ages corresponding to the values
of Ny s and M, is less than y, ¢ representing the number of investiga-
tions that have taken place.
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If the bonus is declared annually, instead of at the end of every y years,

Nopps=B(1+a){ By —Roy i b

It will be evident from the foregoing, that when we know the age at
which the whole-life policy would become payable by application of the
bonus, and the age at entry, we can ascertain the rate of reversionary
bonus necessary for this purpose.

Since N\, 1 e=B(14-a, )i M ,+M, o +M 5 4. .. .M, 1, dividing
both sides of the equation by (1-+a, (M ., +M_ 154 . .. . M, 5, We get

B= N1+l‘!/+3 .
(A +a)(Meyy+ Mayoy+ Moygy + - - Mayy)

. B .
As B represents the reversionary bonus for y years, — will represent
y

the rate for each year.
The above formulze will only apply when the reversionary bonus declared
at each investigation is the same, when it is different we get

N, ss=(1 +a){BM, |, +BM, 5, +3BM, 5+ .. . .'BM, ., },

where 1B, ?B, &c., represent the reversionary bonuses declared at first,
second, &c., investigations. This formula will also enable us to find the
age at which the policy would become payable when the preminms and cash
values of bonus are caleulated at different rates of interest, as we can readily
find what reversionary bonus can be given, at the same rate of interest as
that on whieh the premiums are based, for the cash values of the bonus.

In this latter case, however, possibly the formula, a modification of that
of Mr. Sprague,

Npppe={14a){8.D,, +3.D,5,+....5.D,}

would be better, 15, %5, &c., being the cash values.

As an example of the preceding, let it be required to find the age at
which a whole-life policy for £1 on the life of a person aged 20, would be
converted into an endowment assurance, by application of the reversionary
bonus, declared quinguennially, at the rate of £2 per cent. per annum,
Carlisle 4 per cest.

At the end of the first five years we shall have

sz:B(l +‘12€3)(Mzs)5
B="1, 14a3=198617, and M,;=623-86064.
Nos, =1 x193617 X 623°-86064=1207-9.

On referring to the N column, we find that 699 is the mearest age
corresponding to this value, which is the age at which the whole-life policy
would become payable by application of the first five years' bonus.

At the second investigation we shall have

Naopn=B(1 + a9 )}{ Ma5+ M5 }=1207"9+ 193617 x 545°1327

=2263-3705,
from which we find that policy wounld now beeome payable at (say) 64°8.
At the third investigation we shall have
VOL. XIIIL U
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N5, =B(1 + 29)(Mas + Mgy -+ My5)=2268-3705 + 193617 x 468:2037
= 8169-8931,
from which we find that policy would now become payable at (say) 61-6.
At the fourth investigation we shall have
Nyote=B(1 + 10 }(Ma5 + Mo + M5 + My0)
=3169°893+1-93617 x 403-57=238951-2746,
from which we find that poliey would now become payable at (say) 59-3.
As the fifth investigation we shall have
Nys1e=B(1 + @0 )(Ma5 + Mo + Mas -+ Myo+ My5)
=8951-27+1-98617 x 339-12=4607-8712,
from which we find that policy would now become payable at (say) 57°7.
At the sixth investigation we shall have
Nsoy =B(1 + tg0)(Mas -+ Mag -+ Mas + Mo+ Mys -+ Myo)
=4607-871 + 193617 X 288-67=>5166-7987,

from which we find that policy would now become payable at (say) 56-3.
At the seventh and last investigation, as the difference between the
ages corresponding to values Nys,, and Ms; is now less than 5, we get

Nss1s=B(1 3 @90 )(Mas + Mgg + Mys + Mg+ My + Myo + Mys)
=5166-7987 4193617 X 248-22=5647-3987,

from which we find that the whole-life policy would, on the assamptions
stated, become payable at nearly age 55°8.

This result may obvionsly be verified by ascertaining what endowments,
payable at this age, could be purchased by the cash values of the bonus at
each investigation, and adding thereto the surrender value of the whole-life
policy on the life of 20 at end of 35-8 years.

This rule is derived from the formula

Noygre=(1+a ){ibDﬂg D yopF -« - BDopy b

Dividing both sides of this eguation by Dﬁ,ﬁ_s and 1+«,, changing
the signs and adding 1 to each, we get

1D Noyre 4 {imee Doyt . . - ~’3’Dx+xy}
- 2
Ne Dz+:y+s Dopiyys
Nevipas 1} %D .80
S ]; Thrtt 4 B0yt 0Dy + = 1 (the sum assured).
N Dopuis Doyes
D:t Nz+tu+s _ - .
Now, 1— = -~ —suarrender value of policy on life of z at the

TN, Dy
13D 25D, .. 8D
age (.’E + ty +.§‘), and z—}»y+ z+2y+ iy

a+igts
at the age (x4 fy-+s), which the values of the bonus at each investigation
will purchase.

=-endowments payable

I remain, your obedient servant,
Glasgow, October 24th, 1866. T. M.
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