
THE ANALYTICITY OF KERNELS 

J. DE BARROS-NETO AND F. E. BROWDER 

Let F be a paracompact real analytic manifold of dimension n > 1. Following 
the terminology of the theory of distributions of Schwartz (4), 3)(F) is the 
linear space of infinitely differentiable functions with compact support in V 
with the appropriate inductive limit topology, S(F) is the Frechet space of 
infinitely differentiable functions on F, 5)'(F) is the dual space of S)(F) 
consisting of the distributions on F, (£' (F) the dual space of @(F) consisting 
of the distributions with compact support on F. Let SI(F) be the linear space 
of real analytic functions on F. 

It is our purpose in the present paper to study the nature of the distribution 
kernels on F X F, in the sense of Schwartz (5), which are analytically very 
regular. Such kernels, which we shall refer to more briefly as analytic kernels, 
are obtained by the Schwartz kernel theorem from analytic mappings. The 
latter are defined as follows: Let L be a continuous linear mapping of Î ) (F) 
into S (F ) . Its transpose (or adjoint) lL is then defined as a continuous linear 
mapping of ®'(F) into 35'(F). Then L is said to be analytic (or bi-analytic) 
if the following two conditions hold: 

(i) lL maps Î ) (F) into ®(F). (It then follows by the closed graph theorem 
that lL maps S)(F) continuously into @(F), so that by the reflexivity of the 
space S (F) and 35(F), it follows that t{tL) = L maps (g'(F) continuously 
into 3/(TOO 

(ii) If \f/ lies in (S'(F) and is analytic on an open subset G of F, then L\p 
and lL\f/ are both analytic on G. 

Associated with each such mapping L by the Schwartz kernel theorem (5), 
is a distribution kXtV on F X F, infinitely differentiable off the diagonal, such 
that figuratively 

(L*)(*) = J Ky*(y)dy, 

for all y(/ in 35(F), or more precisely, using the pairing (/*, $) between a distri
bution / o n V X V and $ 6 3)(F X V) (and similarly on F), 

for all ^, i M n 35(F). 
Our principal result is the following: 

THEOREM. The kernel kx,y of an analytic mapping L is analytic on the com
plement of the diagonal in V X V. 
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T h e corresponding result with analyt ic i ty replaced by separate analyt ic i ty 
( tha t is, analyt ic i ty in each of x and y separately with the other held fixed) 
was obtained by de Barros-Neto in (1). An essential tool in the proof of 
the above Theorem is the criterion for analyt ic i ty on V X F in te rms of the 
analyt ic properties of a function in the separate variables given by Browder 
in (2). 

Obviously our theorem has impor tan t applications to the s tudy of the 
s t ructure of the fundamental solutions and other kernels obtained from 
boundary value problems for part ial differential operators . We shall discuss 
these applications elsewhere. 

In § 2, we consider some generalizations to general kernels. 
T h e writers are indebted to Professor L. Nachbin for some s t imulat ing 

discussions of the questions dealt with here. 

1. W e shall assume as the basis of a great deal of our discussion the theory 
of topological vector spaces as exposed by Grothendieck in (3). By a s tandard 
procedure, we m a y imbed V in a complex analyt ic manifold V of dimension 
n such t h a t a t each point x° of V, there exists a complex analyt ic co-ordinate 
system {zi, . . . , zn) in a neighbourhood U of x° in V such t h a t U C\ V C {z: 
Im(z^) = 0 for 1 < 7 < n}, while Xj = Ke(zj) are the co-ordinates of a 
co-ordinate patch in V a t x°. We shall refer to V, which we shall ûx, as the 
s tandard complexification of V. 

If u is a function from 91(F), there exists a neighbourhood U of V in V 
such t h a t u may be extended to a holomorphic function on U. We shall 
denote the linear space of holomorphic functions on U by § ( £ / ) , topologizing 
the la t ter space by the usual topology of uniform convergence on compact 
subsets of U. We then define the topology on 21(F) as the induct ive limit of 
the topologies induced by the mappings of &(U) into 21(F) obtained by 
restricting functions from § ( £ / ) to F (3, chapter iv, pp. 255-256), where U 
runs over the neighbourhoods of F in F. Similarly, if A is a compact subset 
of F, 21(^4) will denote the space of equivalence classes of functions analyt ic 
on a neighbourhood of A in F, and topologized as the inductive limit of 
&(Uk) where Uk runs through a fundamental sequence of neighbourhoods 
of A in V. I t follows t h a t 21 (.4) is the inductive limit of a sequence of Frechet 
spaces. Grothendieck has shown (3, Theorem 1, Corollary 2, pp. 268-270) 
t h a t if every bounded closed subset of a generalized (Sg)-space E is complete 
and if {Ej} is a sequence of definition for the space E, then each bounded 
subset B of E is contained and bounded in one of the spaces Ej. By (3, 4(6) , 
p. 315), for a compact set A in F , 21(^4) is complete, and hence quasi-complete 
( tha t is, bounded closed subsets are complete in the induced uniformity). I t 
follows then t h a t we have : 

L E M M A 1. For each compact subset A of F, if B is a bounded subset of 21 ( / l ) , 
then each function f in B can be extended to a fixed neighbourhood U of A in V 
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{depending of course upon B), and there exists a constant M such that for the 
extended function f(z), 

1/(2)1 < M 
for z in U. 

Proof. The proof follows from the above remarks together with the familiar 
form of the bounded subsets in § ( £ / i ) , where U\ is a neighbourhood con
taining the compact Û in its interior. 

L E M M A 2. A necessary and sufficient condition that a subset B of %{A) should 
be bounded in 21 (.4), A compact, is that there exists a finite family of co-ordinate 
patches on A such that in each of the co-ordinate patches there exists a constant 
Co such that 

I(5-)"(É)"-(S)'>«I<^'«') 
Proof. This is an easy consequence of the Cauchy integral formula for 

polycylinders as far as necessity is concerned, and of an obvious majorization 
of the power series of / as far as sufficiency is concerned. 

By another result of Grothendieck (3, first Corollary on p. 36), it follows 
t h a t if £ is a Frechet space which is also a Schwartz space, then its dual 
E! is a complete bornological space. By (3, Proposition 5, p. 336), for every 
open subset G of the separable manifold V, S(G) is a Schwartz space and 
obviously a Frechet space. Hence (&'(G) is a complete bornological space. By 
(3, Theorem 2, p . 271), every closed mapping of a complete bornological 
space E (hence strictly bornological) into a generalized (8%) -space F is con
t inuous. Applying this result to the spaces E = ©'(G), F = 21(^4) with A 
compact , we obta in : 

LEMMA 3. Let T be a closed linear mapping of ®'(6r) into 21(^4) with G open 
in V, A compact. Then T is continuous. In particular, this is true if T is the 
restriction of a continuous mapping of S'(G) into Î ) ' ( F ) . * 

Proof. The first assertion of Lemma 3 was established in the remarks 
preceding the s ta tement of the Lemma. For the second assertion, it suffices 
to show tha t if T is the restriction of a continuous mapping of S r(G) into 
® ' ( F ) , then T is closed as a mapping of S'(G) into 2104). However, the 
topology of 2104) is consistent with the induced topology from 35 ' (F) , so 
t h a t the last conclusion follows immediately. 

L E M M A 4. Let f be a distribution on V X V such that f is separately analytic 
off the diagonal in V X V (that is, f(x,.) is analytic for fixed x in y for y ^ x, 

*By this we mean precisely the following: There exists a continuous mapping T1 of fë'(G) 
into 2)'( V) such that for all u, T\U is analytic on a neighbourhood of A and Tu is the equiva
lence class of T\u taken as an element of 21(^4). 
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while f(„y) is analytic for fixed y for x 9e y). Suppose the mappings 3>i, and 
$2, with 

*i(*) = / ( * , . ) , *2(30 =/ ( . ,y ) 

are continuous mappings of an open set G\ into 21 (G2) /or another open set G2 

(G2 into 21 (Gi)) in V, G\ C\ G2 = </>. FAera / w analytic on G\ X G2. 

Proof. It suffices to consider compact subsets Ai and ^42 of Gi and G2, 
respectively. Since 3>i and <ï>2 are continuous, <bx(A\) is bounded in 21 {A2) 
and $2 04 2) is bounded in 21 (^41). Hence, by Lemma 1, there exist neigh
bourhoods Ui of A i in V and Z72 of ^42 in F such that / (#, . ) may be extended 
for fixed x in A i to a function /(x, z) holomorphic for z in A 2 with |/(x, s) | < if, 
while /(.,y) may be extended to a holomorphic function f(z, y) on U\ for 
fixed y in ^42 with |/(z, y)| < Af for all s in t/i, y in ^42. However, these are 
precisely the hypotheses of Theorem 1 of Browder (2) in order t h a t / should 
be analytic on G\ X G2, and thus the Lemma is established. 

LEMMA 5. Let kXtV be a distribution on V X V, infinitely differentiable off the 
diagonal. Let G\ and G2 be two open subsets of V with disjoint compact closures. 
Then for each x in Gu y in G2, 

kXtV = L(ôy)(x), 

kXtV = 'L&Ky). 
Proof. Since kXfV is infinitely differentiate off the diagonal, k is infinitely 

differentiate on G\ X G2. It follows that 

L(by)(%) = (kX,yi, dy(yi)) = kXty 

The other equation follows similarly. 

Proof of the Theorem. Let G\ and G2 be any two open subsets of V with 
disjoint compact closures. It suffices to prove that kXtV is analytic on G\ X G2. 
Let ®'(Gi) be imbedded in @'(F) in the natural way. Then for each u in 
(§'(Gi), u realized as an element of (§'(F) is analytic (in fact identically zero) 
on G2. Thus lLu restricted to G2 lies in 21 (G2). Let T be this restriction. By 
Lemma 3, J1 is a continuous mapping of @'(Gi) into 21 (G2). Consider 

*!(*) = (lL)(ôx). 

$i is a continuous mapping of Gi in 21 (G2). Similarly, if <i>2 is given by 

<S>2(y) = L(5,), 

<ï>2 is a continuous map of G2 into 2ï(Gi). But kXtV = $i(x)(;y) = $2(;y) (x), 
by Lemma 5. 

Hence, by Lemma 4, kXiV is analytic on Gi X G2, and the proof of Theorem 
1 is complete. 

The above proof of Theorem 1 may be applied with purely formal changes 
to establish the following: 
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THEOREM 2. Let V and W be two paracompact real analytic manifolds, L a 
mapping of ®'(W) into @(F), lL the dual map of ®'(V) into (S(W). Suppose 
that L(&'(W)) and 'L(S'(F)) are composed of real analytic functions. Then 
the kernel kXtV of L is analytic in V X W. 

2. We state without going into detail a simple generalization of the results 
of § 1 to general kernels, which may be used in particular for the integral 
kernels associated with hyperbolic boundary value problems. We shall 
return to this question in another place. 

If A is an open set of the real analytic manifold, V, we designate by &A'(V) 
the subspace of @' ( V) of distributions which are analytic on some neighbour
hood of A in V. 

We shall consider a distribution kernel kXtV on V X W, L and lL the 
associated mappings, with L mapping T)(W) into 33r(F), lL mapping T)(V) 
into ®'(W). 

DEFINITION. Let y be a point of W. The closed subset A of V is said to be a 
domain of dependence for y with respect to lL if there exists a neighbourhood U 
of y in W such that lL can be extended to a continuous mapping of &A'( V) into 
£)'(U) (restricting the values of lL to U), such that the image ^L(@A

r(F)) is 
composed of functions analytic in U. A similar definition may be given for a 
domain of dependence A ' for x in V with respect to L. 

DEFINITION. The point (x, y) in V X W is said to be regular with respect to 
L provided that there exists a domain of dependence A for y with respect to lL 
which does not contain x and a domain of dependence A' for x with respect to 
L which does not contain y. 

THEOREM 3. Let kXjV be a distribution kernel, R the set of points in V X W 
which are regular with respect to kXtV (that is, regular with respect to the corre
sponding mapping L of which kXfV is the kernel). Then R is an open subset 
of V X W, and kx,y is analytic on R. 

The proof of Theorem 3 is a simple variant of the proof of Theorem 1. 
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