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INVERTIBLE BIMODULES, MIYASHITA ACTION IN
MONOIDAL CATEGORIES AND AZUMAYA MONOIDS

ALESSANDRO ARDIZZONI anp LATACHI EL KAOUTIT

Abstract. In this paper we introduce and study Miyashita action in the
context of monoidal categories aiming by this to provide a common framework
of previous studies in the literature. We make a special emphasis of this
action on Azumaya monoids. To this end, we develop the theory of invertible
bimodules over different monoids (a sort of Morita contexts) in general
monoidal categories as well as their corresponding Miyashita action. Roughly
speaking, a Miyashita action is a homomorphism of groups from the group of
all isomorphic classes of invertible subobjects of a given monoid to its group
of automorphisms. In the symmetric case, we show that for certain Azumaya
monoids, which are abundant in practice, the corresponding Miyashita action is
always an isomorphism of groups. This generalizes Miyashita’s classical result
and sheds light on other applications of geometric nature which cannot be
treated using the classical theory. In order to illustrate our methods, we give a
concrete application to the category of comodules over commutative (flat) Hopf
algebroids. This obviously includes the special cases of split Hopf algebroids
(action groupoids), which for instance cover the situation of the action of an
affine algebraic group on an affine algebraic variety.
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Introduction

0.1 Motivation and overview

The notion of what is nowadays known as an Azumaya algebra was first
formulated by Azumaya in [4, page 128] where he introduced the Brauer
group of a local ring [4, page 138], generalizing by this the classical notion
of Brauer group of a field which was extremely important in developing the
arithmetic study of fields.

For a general commutative base ring, this notion was recovered later on by
Auslander and Goldman in [3], where several new properties of Azumaya
algebras were displayed; see for instance [3, Section 3]. In [2], Auslander
extended this notion to ringed spaces, in the case of a topological space
endowed with its structural sheaf of rings of continuous complex valued
functions; Azumaya algebras' are interpreted as locally trivial algebra
bundles whose fibers are central simple complex algebras (that is, square
matrixes over complex numbers). As was shown by Grothendieck in [19,
1.1], the set of isomorphic classes of Azumaya algebras with constant rank
n? over a topological space, is identified with the set of isomorphic classes of
GP(n)-principal bundles with base this space. Here GP(n) is the projective

TOr Azumaya monoid in the abelian symmetric monoidal category of quasi-coherent
sheaves.
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group with n variables over the complex numbers. By using the classifying
space of this group, a homotopic interpretation of these Azumaya algebras
over CW-complexes, is also possible [19, 1.1].

Naturally, with a compact base space, the global sections of an Azumaya
algebra bundle give rise to an Azumaya algebra over the ring of continuous
complex valued functions (the base ring). In this way, those Azumaya
algebra bundles of rank n? lead to Azumaya algebras which are finitely
generated and projective of locally constant rank n? as modules over the
base ring. By the classification theorem [18, Théoreme 6.6, Corollaire 6.7], a
given Azumaya algebra is of this form if and only if it is a twisted form [18,
(c) page 29] of an n-square matrixes algebra with coefficients in the base ring.
The latter condition can be interpreted in the case of smooth manifolds?, by
saying that there is a surjective submersion to the base manifold such that
the induced bundle of any Azumaya algebra bundle of rank n? is a trivial
bundle.

There is no doubt then that Azumaya algebras are extremely rich objects
which, along the last decades, have attracted the attention of several
mathematicians from different areas. Unfortunately, we have the feeling that
Azumaya algebras have not been deeply investigated in the general setting of
abelian monoidal categories. However, the concept of an Azumaya monoid in
symmetric monoidal categories has been earlier introduced in the literature,
[11, 26, 30].

The main motivation of this paper is to try to fulfil this lack of investi-
gation by introducing and studying Miyashita action on Azumaya monoids
in abelian symmetric monoidal categories. Although the results displayed
here can be applied to other situations, we limit ourselves to a concrete
application concerning the category of comodules over commutative (flat)
Hopf algebroids which up to our knowledge seems not to have been treated
before.

0.2 Description of the main results

In the first part of this paper, that is Sections 1 and 2, we introduce
and study Miyashita actions in monoidal categories. To be precise, let
(M, ®, 1) be a Penrose abelian locally small monoidal category whose tensor
products ® are right exact functors (on both arguments), and consider
two morphisms of monoids R — A < S which are monomorphisms in M.

ZOr at least for almost complex manifolds.
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We first consider the set Invg r(A) which consists of two-sided invertible
(R, S)-sub-bimodules of A. These are isomorphic classes (X, ix) of (R, S)-
sub-bimodules with monomorphism ix : X <+ A such that there exists
another sub-bimodule (Y, iy) with compatible isomorphisms X ®p Y = S
and Y ®g X = R, each in the appropriate category of bimodules, which are
defined via the multiplications of A with respect to R and S (the pair (X, Y")
with the two isomorphisms is also referred to as a two-sided dualizable
datum). Section 1 is entirely devoted to the properties of these data which
will be used in the proofs of results stated in the forthcoming sections. It is
noteworthy to mention here that the set Invg g (A) is quite different from
the one already considered in the literature; see Remark 1.8 and Appendix A
where this difference is made clearer.
Our goal in Section 2 is to construct the map &:

3 Invg g (A) — Isozqyalg (Z5(A), Zr(A)),

where Z, Zr and Zg are the functors Homa (I, —), Homa, (R, —)
and Homg g (S, —), respectively (here rpMp denotes the category of R-
bimodules). The codomain of ®%% is the set of Z(I)-algebra isomorphisms
between the invariant algebras Zg(A) and Zgr(A). In particular, when
R =S, we show in Proposition 2.3 that the morphism &% := &% factors
as a composition of group homomorphisms:

IHVR (A) — AUtZR(R)-alg (ZR<A)) — Autz(ﬂ)_alg (ZR(A))

The morphism @ is known in the literature as Miyashita action.
For R=1I, we clearly have a morphism of groups :Auty,(A4)—
Autz(1)-aig(Z(A)), , v+ 2(7), where Autyy(A) is the group of monoid
automorphisms of A.

The main aim of the second part of the paper, that is Sections 3 and 4, is
to give conditions under which the map ®!, or some of its factors, becomes
bijective. Explicitly in Theorem 3.4, we show that ®! is injective when the
base category M is bicomplete and I is isomorphic to a specific submonoid
of A. If we further assume that A® A~ A (i.e., A and A® A are direct
summand of a product of finite copies of each other as A-bimodules), € is
surjective and the functor — ® A is exact, then ®! comes out to be bijective;
see Theorem 3.12 where other bijections were also established, when Z is
faithful (i.e., the unit object I is a generator).

In Section 4, we study the behavior of ®' in the case when M is
also symmetric. In Proposition 4.1, we construct a morphism of groups
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T : Invy(A) — Autey(A), and show that ®! decomposes as ®' =T o Q. After
that, in Corollary 4.9, we show that I is bijective for any Azumaya monoid
A whose enveloping monoid A=A ® A° is, as an A-bimodule, a direct
summand of a product of finite copies of A, and always under the hypothesis
that Z is faithful.

Our main application, given in Section 5, deals with the category of
(right) H-comodules over a commutative flat Hopf algebroid (R, H), where
the base ring R is assumed to be a generator. In fact, we show that the
group of H-automorphisms of an Azumaya H-comodule R-algebra which
satisfies the above condition is isomorphic to the group of all invertible H-
subcomodules; see Corollary 5.5. The particular case of split Hopf algebroid
is one of the best places where this application could have some geometric
meaning. For instance, let us consider a compact Lie group G acting
freely and smoothly on a manifold 9t. Assume that this action converts
the ring C*°(9M) of smooth (complex valued) functions into an Zc(G)-
comodule C-algebra, where Z¢(G) is the commutative Hopf C-algebra of
representative smooth functions on G. Now, consider the Hopf algebroid
(R, H) with R=C>(M) and H =C*(M) @c Zc(G). In this way the R-
module of smooth global sections of any G-equivariant complex vector
bundle turns out to be an H-comodule. Hence an interpretation of our result
in this setting can be given as follows. Take an Azumaya G-equivariant
algebra bundle (&, 6) of constant rank n? and consider its G-equivariant
enveloping algebra bundle?(€ ® £, 0 ® 6°) such that the canonical splitting
£ ® £°|€ in vector bundles is also G-equivariant?. Then we can affirm that
the group of G-equivariant algebra automorphisms of £ is isomorphic to the
group of (isomorphic classes) of all invertible G-equivariant subbundles®of £.
Analogous affirmations take place in the context of affine algebraic varieties.
In fact, we have an analogue result when G is an affine algebraic group acting
freely (and algebraically) on an affine algebraic variety X', by taking the split
Hopf algebroid H = P(X) ® P(G), where P(X) is the commutative algebra

3The fibers of £° are the opposite algebras of the fibers of £ and the action 6 ® 6° is
the obvious one.

4that is the canonical monomorphism £ @ £° < £ (n*) jg compatible with the action of
G, that is with the 0’s.

®These are G-equivariant subbundles (X, 0)x) such that there exists another G-
equivariant subbundle (Y, §jy) with X ® ¥ =M x C to the trivial line bundle endowed
with the trivial G-action.
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of polynomial functions on X, and P(G) is the Hopf algebra of polynomial
functions on G.

0.3 Basic notions, notations and general assumptions

Let M be an additive category. The notation X € M means that X is an
object in M. The identity arrow Idx of X € M will be denoted by the object
itself if there is no danger of misunderstanding. The sets of morphisms are
denoted by Homp (X, V), for X, Y € M. For two functors F and G the
notation F -G means that F is a left adjoint to G.

Let (M, ®,1,1,r) be a monoidal additive (resp. abelian) category, that
is, M is an additive (resp. abelian) category such that the tensor product ®
is an additive bi-functor. Denote by Z(I) = Hom (I, I) the commutative
endomorphisms ring of the identity object I. Clearly, each of the abelian
groups Hom (X, V) admits a canonical structure of Z(I)-bimodule. A
Z(I)-bimodule is called central if the left Z(I)-module structure coincides
with the right one.

Recall from [5, page 5825] that (M, ®, 1,1, r) is said to be Penrose if the
abelian groups of morphisms are central Z(I)-bimodules. This in particular
implies that M is a Z(I)-linear category (i.e., M is enriched in the monoidal
category of Z(I)-modules). Notice that a braided monoidal additive category
is always Penrose, cf. [5, remark on page 5825].

In this paper (M, ®, 1,1, r) is a Penrose monoidal abelian category, where
tensor products are right exact on both factors, and the underlying category
M is locally small, that is the class of subobjects of any object is a set.

For a monoid (R, mg, ug) (or simply (R, m, u) when no confusion can be
made), we denote by pM, Mpr and gRMp its categories of left R-modules,
right R-modules and R-bimodules, respectively. The category rM g inherits
then a structure of monoidal abelian (also bicomplete if M is) category
with right exact tensor products denoted by — ®pr —; the unit object is
R and the left, right constraints are denoted, respectively by [ and r.
Furthermore, the forgetful functor pMpr — M is faithful and exact. We
denote by Endg4(R) the ring of monoid endomorphisms of R and by
Autgy(R) its group of units.

Given a second monoid S, we use the classical notation for morphisms
of left, right and bimodules. That is, we denote by Homg (X, Y’) the set
of left S-module morphisms, by Hom r(U, V') the set of right R-module
morphisms, and by Homg g (P, Q) the set of (S, R)-bimodule morphisms
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(S on the left and R on the right). We will use the notation Zr(—) for the
functor Hompg g (R, —) and similarly for Zg(—).

An object X in M is called left (resp. right) flat, if the functor
— X M—->M (resp. X ® —: M — M) is left exact. Obviously, if M
is symmetric, then left flat is equivalent to right flat, and the adjective left
or right is omitted.

81. Invertible bimodules and dualizable data, revisited

Let A, R,S be monoids in (M,®,I) and let a:R— A, §:5— A
be morphisms of monoids. One can consider in a canonical way A
as a monoid simultaneously in the monoidal categories of bimodules
(RMR, @g, R, 1%, r%) and (sMg, ®r, S, 1%, 1%). To distinguish the multi-
plications of A in these different categories, we use the following notations:
m%, m5

A TTVA-

Consider A as an (R, S)-bimodule via o and . By an (R, S)-sub-bimodule
of A, we mean a pair (X, ix) where X is an (R, S)-bimodule and ix : X — A
a monomorphism of (R, S)-bimodules. Consider

P (rRAsg) == {(R, S)-sub-bimodules (X, ix) of RAS}.

Since the base category M is locally small, Z(rAg) is a skeletally
small category, where a morphism f:X — X’ is a morphism of (R, S)-
bimodules satisfying ix: o f =ix. We will not make a difference between
the category #(rAg) and its skeleton set, that is, between an object
X and its representing element (X,ix). In this way, an element (or an
object) (X, ix) € Z(rAg) will be simply denoted by X, where the (fixed)
monomorphism of (R, S)-bimodules ix is implicitly understood. Similar
conventions and considerations are applied to the set & (sAR).

Given X € & (rAs) and Y € & (gAR), one defines

(1) fx =mjo(ix ®5A): X 95 A— A,

(2) gy ;=m0 (A®giy): ARsY — A.

Using this time the multiplication mﬁ, one analogously defines fy : Y ®pg
A—Aand gx: ARr X — A.

Recall the following two definitions which will play a central role in this
section.

DEFINITION 1.1. A right inverse for X € #(rAg) consists of an element
Y € #(gAR) such that
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e there are morphisms mx =mxy: X ®sY - R in gMpr and my =
myx Y ®r X = 5 in g Mg fulfilling
(3) aomyx :mio(ix ®siy),
(4) Bomy =m%o (iy Qrix),

e my is an isomorphism.

We also say that X is a right invertible sub-bimodule. Left and two-sided
inverses are obviously defined.

DEFINITION 1.2. An (R, S)-bimodule X is called right dualizable if there
exist an (S, R)-bimodule Y and morphisms

ev:Y®pX — S and coev: R— X ®gY,

of S-bimodules and R-bimodules respectively, such that the following
equalities hold true

(5) % o (X ®g ev) o (coev @p X) o (lf})_l =X,
(6) Iy o (ev®gY)o (Y @pcoev) o (r§)71 =Y.
We will also say that (X, Y, ev, coev) is a right dualizable datum in this
case. Notice, that the same definition was given in [27, Definition 2.1] with
different terminology, where condition (ii) in that definition always holds
true under our assumptions. If R =.5, then of course we have that Y is a

(left) dual object of X in the monoidal category of bimodules g M g. In such
case, if Y exists, it is unique up to isomorphism.

The following standard diagrammatic notation will be used in the sequel.
U e
ev:= coev :=

In terms of these diagrams, equations (5) and (6) are represented as
follows (notice that several kinds of tensor products are involved)

Y R Y R

Y R X RX X
Y X S XS X

S Y SY
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which we use in the following form, where, as customary, we get rid of the
unit constraints.

1.1 Right inverse versus right dualizable datum, and adjunc-
tions

The main aim of this subsection is to check that the right inverse, if
it exists, is unique up to isomorphism. To this end, we first show that
the existence of a right inverse leads in fact to a right dualizable datum.
The converse holds true under some more assumptions; see Section A.l.
Secondly we show, as it might be expected, that a dualizable datum entails
adjunctions.

PROPOSITION 1.3. LetY € P(sAR) be a right inverse of X € Z(rAs),
as in Definition 1.1. Set

evi=my:Y Qr X — S and coev:=(mx) ':R— X ®gY.
Then

(i) (X,Y,ev,coev) is a right dualizable datum;
(ii) we have that

(8) m4 o (ix ®giy) o coev = q,
(9) mﬁo(iy ®Rix):BoeV.

Proof. (i) Assume that there is another X' € P(rAg) with right
inverse Y’ € P(gAgr). Then, for any pair of morphisms (f,g)€
Hom g a6) (X', X) X Hom p(impozgay) (Y, Y'), we define

Y X'

(10) o(f) = Y(g) ==
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Explicitly, ¢ and 9 are given by

bvy (f) =150 (myx®@sY')o (Y ®@r fRsY')o (Y Qr (mX',Y’)il)

(11) o (rf) ",
Yxr x(g) =15 0 (X ®gmyr x1) o (X ®sg@p X')
(12) O(m},ly ®r X')o (1%)!

Therefore, we have

Y % Y % %
b ®
iviog(f) = | D | = @@@@@x@@ =iY
® @
®
A A A A A

Similarly, one obtains the equality ix o 9(g) =ix/. Now, for X = X' Y =
Y and f =1dx, we get iy o @(Idy) =iy which implies that ¢(Idyx) =Idy,
since iy is a monomorphism. Taking now g = Idy, we obtain ¥ (Idy ) = Idx.
Both equalities 9 (Idy ) = Idx and ¢(Idx) = Idy form precisely equation (7),
and this finishes the proof of this item.

(ii) Equalities (8) and (9) are just (3) and (4) rewritten with respect to
ev and coev. [

The following result is inspired by the equivalence between (ii) and (iii)
in [22, Theorem 2.6]; see also [27, Proposition 2.2]. For the reader’s sake we
give here a diagrammatic proof.

PROPOSITION 1.4. Let (X, Y, ev, coev) be a right dualizable datum, as
in Definition 1.2. Then the assignments

p:(f:VRrX—W)

(TR) ! V® rcoev f®sY
(V Y V®RR L Vor X @Y — > W®Sy)

V:i(g:V—WgRsY)

IR W®gev Tgv
(V@RX O WeosY OrX — s Wes S — s W)
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yield a natural isomorphism
Hom_ g(V @ X, W) =2 Hom z(V,W ®gY).

In other words the functor (—) @ X : Mg — Mg is left adjoint to the
functor (=) ®sY : Mg — Mp. We also have that Y ®p (=) : pM — sM
is a left adjoint of X ®g (=) : gM — pM.

Proof. The naturality of both ¢ and % is clear. Now, for f as above we

have
vVooX v X Vo oX
vo(f) = ¢>(f)J = @ = f
W W W

If we reflect horizontally the diagrams above and we apply the substitu-
tions Y <> ¢, f—> g,V < W, X =Y, we get the diagrammatic proof for the
equality ¢(1(g)) = g. The last adjunction is similarly proved. 0

As a consequence of Propositions 1.3 and 1.4, we obtain the desired
uniqueness of the right inverse, since we know that a right adjoint functor
is unique up to a natural isomorphism.

COROLLARY 1.5. Let X € #(rAg). Then a right inverse of X, if it
exists, is unique up to an isomorphism in P(sAr). More precisely, assume
that Y,Y' € P(sAR) are two right inverses of X. Then

’L'Y7y/ = ¢y7y/ (IdX) Y — Y,, and Z'y/7y = ¢y/7y (Idx) : Y/ —Y

are mutual inverses in & (sAr), where ¢ is as in (11). Moreover, if o and
B are monomorphisms, we also have

(13) myr x o (iy,y' ®r X) = my,x,

(14) mx,yr o (X ®giyy) =mx,y.

Proof. We only show the last statement. The equality (13) is shown as
follows:
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—
N2

Bomyrxo(iyy ®@r X) = mo(iys ®pix) o (¢yy (Ildx) ®r X)

= mfo ((iyr o pyy (Idx)) @rix)
. ., (4
= mfo (iy Qpix) @ Bomyx.
Equality (14) follows similarly. 0

We finish this subsection by giving more properties of dualizable datum
which in fact lead to a characterization of right invertible sub-bimodules.

PROPOSITION 1.6. Let (X, Y, ev, coev) be a right dualizable datum such
that X € P (rAs) andY € P (sAR) with associated monomorphisms ix, iy
satisfying equations (8) and (9). Then the morphisms fx and gy of
equations (1) and (2) are isomorphisms with inverses

fi' = (X ®smh) o (X @iy @5 A) o (coev @g A) o (1F) 7,

g;l = (mf} Rg Y) 0o (A®Rrix ®sY)o(A®pgcoev)o (rﬁ)il.

Proof. Let us prove that fx and (X ®g mf}) o (X ®giy ®rA)o

(coev @p A) o (lﬁ)f1 are mutual inverses (the proof for gy is analogous).
One composition can be computed by means of the following tangle

diagrams.
A A A A A
® 0| 0O
€ - B - -
A A A A A

The other composition is computed as follows.
X A XA X A X A
® &) @) &) @)
- - ® ®
@)
X A X A X A X A
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Combining Proposition 1.3 with Proposition 1.6, we obtain

COROLLARY 1.7. LetY € & (sAr) be a right inverse of X € & (rAg).
Then the morphisms fx : X ®s A— A and gy : AQRgs Y — A defined in (1)
and (2) are isomorphisms.

REMARK 1.8. Corollary 1.7 says that, if X € & (rAg) has a right
inverse, then fx is an isomorphism. Implicitly, an analogous statement holds
true for left invertible elements in &2 (sAg). At this level of generality
the converse of this implication is not at all a trivial question. However,
once assumed that X belongs to a right dualizable datum (X, Y, ev, coev)
with Y € #(rAg) such that fx is an isomorphism and that ev, coev satisfy
equations (8) and (9), then one can construct a new submonoid R’ of A in
such a way that X € & (rrAg) is right invertible. The complete proof of
this fact is included in the Appendix; see Theorem A.4. On the other hand,
one can define a right invertible (R, S)-sub-bimodule as a sub-bimodule X
of A whose associated morphism fx is an isomorphism. This was in fact
the approach adopted in [8, 12, 21]. It is noteworthy to mention that these
arguments show in fact that our approach runs in a different direction.

1.2 The group of invertible sub-bimodules

Before introducing the set of two-sided invertible sub-bimodules, which
will be our main object of study in the forthcoming sections, this lemma is
needed:

LEMMA 1.9. Let X, X' € & (grAgs) have right inverses Y, Y' € & (sAR)
respectively, as in Definition 1.1. Then the maps @y y' and Px x given by
the formulas (11), (12), yield an isomorphism

Hom g, a4) (X', X) 2 HomZ (sAg) (Y,Y).
Moreover, we have
ox x(Idx) =1Idy, Pyy (Idy) =1dx,
() od(f)=0(f'of),  ¥(g)ov(y)=%(d 0y),
where in the last two equations different ¢’s and ¥ ’s are employed.

Proof. First note that the required isomorphism is obtained, using the
adjunctions of Proposition 1.4, as follows:

Hompg, s (X', X) = Hompg, 5 (R ®r X', X) = Hompg, g (R, X ®g Y')
=~ Homg, g (Y ®r R, Y’) 2 Homg, i (V,Y”).
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By (7), it is clear that ¢ x x (Idx) = Idy and 9y y (Idy) = Idx. The following
diagrams show that

o(f)oo(f) = @ = @(f'o f).

If we reflect horizontally the diagrammatic proof above we get ¥(g) o9 (¢') =
P(g' og). [
<_

DEFINITION 1.10. Let (A, m,u) be a monoid in M and a: R — A
S : 8 two morphisms of monoids. We define

Inv ¢ (A) :={X € & (rAs) | X has a right inverse, as in Definition 1.1} .

Similarly, one can define Inle g(A); interchanging R by S, one defines
Invi r(A) and InVZS’R(A).

The following lemma establishes a functorial relation between the left-
and right-hand sides versions of the previous definition.

LemMA 1.11. Consider Invy, g (A) and Invfgﬂ (A) as full subcategories
of P(rAs) and P(sAr), respectively. Then there is an isomorphism of
categories

¢ :Invi 5 (A) = Invl p (A).

Proof. First notice that both Invf ¢ (A) and Invls’ r (A) are regarded
as skeletal categories, in the sense that any two isomorphic objects are
identical [20, page 91]. Therefore, in view of Lemma 1.5, if X € & (rAg) has
a right inverse, then this inverse is unique and denoted by X". Thus to each
object X € Invl, ¢ (A) it corresponds a unique object X" € Invls’ r (A). This
establishes a bijection at the level of objects. By Lemma 1.9 we know that
the maps ¢ of equation (11) induce isomorphisms Homy,,r, s(A) (X,U) =
HomIanS a(A) (U™, X7), which, by the last equations of that Lemma, give the

desired contravariant category isomorphism . 0

The image of an element X € Inv} g (A) by the functor ¢ of Lemma
1.11 will be denoted by X". The set of two-sided invertible sub-bimodules
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is then defined in the following way:
Invg 5 (A)
(15) = {X € Inv ¢ (A) | mxr is an isomorphism; see Definition 1.1}.

One shows the following equivalent description of this set
Invg, s (A) = Inv 5 (A) () Invh g (4),

where the intersection is that of two subsets of Z(rAg).
Let X € # (rAs) and X' € & (sAr), where v: T — A is another mor-
phism of monoids. The image of the morphism

mio(ix ®SiX/):X®SX/—>A,

will be denoted by (XX’ ixx/: XX’ — A), which will be considered as an
element in & (rAr).

ProprosiTION 1.12. Let a:R—A,B:S— A and v:T — A be mor-
phisms of monoids in M. Let X € Inv}, ¢ (A) and X' € Inv - (A) with right
inverses Y and Y', respectively. Then

(i) mi o(ix ®gix’) and mi o (iyr ®g iy) are monomorphisms that is

X@s X' 2XX andY' @Y 2Y'Y, as (R, T)-bimodules.
(i) X ®s X' €Invi 1 (A) and its right inverse is Y' ®g Y.

Moreover, we have a functor Inv ¢ (A) x Invg 1 (A) = Invy 7 (A).

Proof. (1) By Proposition 1.4, the functor X ®g (—) is a right adjoint
and hence left exact so that X ®g ix/ is a monomorphism. By Corollary
1.7, the morphism fx : X ®g A — A is an isomorphism. Thus mi o(ix ®g
ix)=fxo(X®gix): X ®g X' — Ais a monomorphism. Similarly, using
the fact that the functor (—) ®g Y is a right adjoint (Proposition 1.4) and
that gy :=m?% o (A ®giy) is an isomorphism (Corollary 1.7) one gets that
m%, o (iy: ®g iy) is a monomorphism too.

(2) Define mxg¢x’ and my gy diagrammatically by setting

X X’ Y'Y Y'Y X X’
MX@sX' = M my'gsy = \LJJ

Now, using equation (3) for X’ and X, one gets the same equality for
X ®g X' as follows.
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X X' Y’ XX’ Y’ XX’ Y’ Y’Y

The same diagrammatic proof, once applied the substitutions X <
Y'Y < X' and a7, yields (4) for Y/ ®gY using the corresponding
equality for Y and Y’. The last statement is clear. 0

COROLLARY 1.13. Assume that 5:S — A is a monomorphism. Then
Invy ¢(A) is a monoid where the multiplication of X, X' € Invg (A) is
gwen by X ®g X' with monomorphism ixg,x' = mi o(ix ®sixr). The
neutral element is S € Invg ¢(A) via 8. Moreover, Invg s(A) is the group
of units of this monoid.

Proof. Let X, X' € Invly g(A). By Proposition 1.12, we have X ®g X' €
Invg g(A), with monomorphism m¥ o (ix ®sixs), so that ®g is a well-
defined multiplication for Invi ¢(A). It is clearly associative. Note that
X ®sS=X=5®g X as sub-bimodules of A (these equalities make sense
as the definition of subobject is given up to isomorphism, cf. [20, page 122]).
Thus S is the neutral element for this operation.

Let us check the last statement. For this consider X € Invig ¢(A4) and Y
its right inverse (as in Definition 1.1). Then, by equation (3), we have

iX®SY = mi o (iX ®g iy) :ﬁomx.

This means that X ®sY =5 €Invg ¢(4), as mx: X ®sY — S is an
isomorphism. Therefore, any element in Invlg 5(A) is already right invertible
w.r.t. to the multiplication ®g. Thus an element X € Inv ¢(A) belongs to
the group of units if and only if it has a left ®g-inverse. Note that, in this
case, the left and the right inverses should coincide as we are in a monoid.
Therefore, the element X is ®g-invertible if and only if Y ®¢ X = S. Now,
Y ®5 X is sub-bimodule of A via m3 o (iy ®g ix) = 3 o my by equation (4).
Thus, the equality Y ®g X =S holds if and only if there is an isomorphism
£:Y ®g X — S of bimodules over S such that 8o & = o my. Since we are
assuming 3 to be a monomorphism, this equality is equivalent to say that
my is an isomorphism. This entails that X is ®g- invertible if and only if
X e InVS’ S(A). N
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The group Invg g(A), considered in Corollary 1.13, will also be denoted
by Invg(A).

PROPOSITION 1.14. Let X, X' € Invg, 5(A) be two-sided invertible sub-
bimodules of A with inverses Y,Y' € Invg r(A), respectively. Consider the
category isomorphism & of Lemma 1.11, and assume that there is a
monomorphism i: X — X' of bimodules in P(rAg) (i-e., satisfying ix: o
i = ix).

(1) The morphism i is an isomorphism if and only if $(i) is.

(2) Assume further that there is a monomorphism of bimodules j:Y —»
Y in P(sAR) (i.e., satisfying iy oj = iy ). Then both i and j are
isomorphisms that is X = X' and Y =YY" as elements in Invg g (A)
and Invg g (A), respectively.

Proof. (1) is trivial.

(2) From Lemma 1.11 we know that iy o ¢ (i) = iys. Thusiys o jo Pp(i) =
iy o ®(i) =1iys. Since dys is a monomorphism, we get jo ¢ (i) =Idy-.
Similarly one proves that ¢ (i) o j = Idy. Thus j and ¢ (i) are isomorphisms.
By (1), the morphism i is an isomorphism too, and this finishes the proof.

i

§2. Miyashita action and invariant subobjects

In this section we assume that our base monoidal category (M, ®, L, 1, 1)
is also bicomplete. In what follows let A, R and S be three monoids in M
and o : R — A+ S : 3 be morphisms of monoids which are monomorphisms
in M. We denote by Z: M — Modzq the functor Homag (I, —), where
Modz 1y denotes the category of Z(I)-modules. Analogously, we denote by
ZRr(=): RMR — Modz, (k) the functor Homg g (R, —), and similarly we
consider Zg(—).

2.1 Miyashita action: Definition

In this subsection we introduce the Miyashita action in the context of
monoidal categories. This is a map (group homomorphism) which connects
Invy p (A) (vesp. Invg g (A)) with the set of (iso)morphisms of Z(I)-algebras
from Zg(A) to Zr(A). The latter can be seen as the invariants (subalgebra)
of A with respect to S and R, respectively (usually they are denoted by A°
and A respectively in the classical case).

Let M be a left S-module and let N be an A-bimodule. Consider the
action Zg(A) x Homg (M, N) — Homg (M, N) : (z, h) — z>g h defined by
setting
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S

2Qgh P
S@gM — " s Awg N — N)

Gl

(16)  2pgh:= (M

Similarly ~ one  defines the action Hom g(M,N)x Zr(A4)—
Hom p(M,N): (f,z)— f<rz. When S=R=1 we omit the subscripts
and write f <z and z > f.

LEMMA 2.1. Let (M, ®,1) be a monoidal category. Let (C, Ac,ec) be a
comonoid in (M, ®,1) and let (A, ma,uns) be a monoid in (M, ®,1). Then

(B=Homu (C, A),mp, 1p)
s a Z-algebra where, for all f,g€ B
frgi=mpo(f®g):=mao(f®g)oAc and lg:=ugo0ec.

Proof. Straightforward. 0

Since (R, (lg)_l, Idg) is a comonoid and (A, mﬁ, a) is a monoid, both
in (rRMR,®p, R), we have that Zr(A) is a Z-algebra by Lemma 2.1.
Furthermore, since the base category is assumed to be Penrose, we have that
R®t=t® R for every element ¢ in Z(I) which in fact defines an algebra
map Z(I) - Zr(R) so that Zr(R) becomes a commutative Z(I)-algebra.
In this way, the map Zgr(«) clearly induces a structure of Z(I)-algebra
on Zr(A). Explicitly, the unit a: Z(I) — Zg(A) of this algebra maps an
element t € Z(I)toao (R®t) = ao (t® R) which is an element in Zx(A).
Similarly, one constructs 3: Z(I) — Zg(A). On the other hand, one shows
that the map

(17) or:2Zr(A) = 2(A), [ foug

is multiplicative and satisfies o o @ = Z(u), so that it is a Z(I)-algebras
map. Moreover, by using that morphisms in Zr(A) are of R-bimodules, one
also gets that ¢g is always injective. In this way, both Zr(A) and Zg(A)
become Z(I)-subalgebras of Z(A).

PROPOSITION 2.2.  For any g€ Zs(A) and X €lnvi g(A) let
o-}g(’R(g) =0x(g): R— A be defined by

(18) ox (g) =m0 (ix ®s (gmsiy)) o (mx) ™,
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where Y is a right inverse of X. Then, ox does not depend on the choice
of Y and the map

ot =0 Invi ¢ (A) — HOmZ(H)_alg<ZS(A), ZR(A)), {X — Ux}

is well defined.

Proof. First note that the right inverse Y of X is unique up to
isomorphism as shown in Lemma 1.5. Let us check that ox (g) does not
depend on this isomorphism. Thus, given another right inverse Z of X, we
want to check that the formula (18) is the same for both Y and Z. That is,
we need to check the following equality

oxy (9) =m0 (ix ®s (grsiy)) o (mx) "

= mf o (ix ®s (g>siz)) o (mx) = ox.z (9).

The map o x y(g) can be represented by the following diagram:

@
ox,y(g) = () | @)
A

Using the isomorphisms stated in Corollary 1.5, we then have

G | Q
) |
@ @
ox,z(9) = (x) | (2) W (x) | () =(x) | (2 = (x) | @) =0ox,v(9)
A A

A A

By a similar argument, one proves that the definition of this map does
not depend on the representative of the equivalence class (X, ix). In other
words if X = X’ (i.e., there is an isomorphism f : X’ — X such that ix o f =
ix), then ox (9) = ox (9). On the other hand, the morphism o x (g) is a
morphism in p M g being the composition of morphisms in p M . Therefore,
ox (g) is an element in Zr(A).
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We have to check that ox is a Z(I)-algebra map. To this aim, given
g, h € Z5(A), we first show that ox (g9) *ox (h) =ox (g*h). Using the
diagrammatic notation, we have

Y

(19) ox(g)Prix =ix <5 g.

so that we get

Using this equality, we obtain
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which means that o x(g) *x ox(h) = ox(g * h). Moreover, we have

ox(1z44) = ox(B) =mf o (ix ®s (Brgiy)) o coev

. . 8
= mi o (ix ®giy) OCOGV(:) o= 1ZR(A)'

We still need to check that ox o E = «. To this aim, given t € Z(I), we

have
» & @@ » S o
oxoby = |G| - - lo| = ©W To=ad
\ \ \
A A A A A
(20)
and this completes the proof. [

The map defined in the following proposition is an extension, to the
general framework of monoidal categories, of the so-called Miyashita action
which was originally introduced by Miyashita in [23, page 100]. Further
developments on this action appeared in various studies: Hopf-Galois
extensions, H-separable extensions, comodules over corings with grouplike
elements and so forth; see [8, 15-17, 21, 29]. Our general definition aims to
provide a common and unifying context for all these studies.

ProprosITION 2.3. The map
o Invg g (A) = Homz ).y (Z25(4), Zr(A))
of Proposition 2.2 induces a map
5 Invp s (A) —= Isozy -y (Z5(A), Zr(A)).

In particular, when R=S we have a morphism of groups ®f .= o E,

Moreover, ®F factors as the composition

(21)  Invg (A) — Autz,(r)-ay (Zr(A)) = Autz(n)_ay (Zr(A)).
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Proof. Consider both

AN Invqlq%, S (A) — HomZ(H)—alg (Zs(A), Zr(4))
o5 Invy p (A) = Homz gy e (Zr(A), Z5(A)).

Take X € Invp g (A) as in (15). Since mxr is an isomorphism, we have
that X" € Invi i (4). Hence we can consider both aiR and ag’rs. Let

us check that these maps are mutual inverses. For g € Zg(A), we have

(a’f}ﬁg o U§R> (9) is equal to

ol @904 @ %

@ ® ©) ®)

T

(22)
Thus Uf},fg o a";( =Idzg4(a). Similarly one gets U}g{R o o-f},« =Idz, )
Therefore, aiR is an isomorphism. This proves that ®%% is well defined.
Now assume that R=S5. By Corollary 1.13, we know that
(Invg(A), ®g, R) is a group. Let us check that ®% is a group morphism.
Take X, X’ € Invg (A) with two-sided inverses Y and Y”, respectively. We
have
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where ¢ is as above. The second equality in diagram (22) implies
that ox(ox/(9)) = o xe,x(g). In other words ®f(X @r X') = ®F(X) o
®F(X"). Moreover,

OR(R)(g) = onlg) = mfio(a@n (gora))o (ri)~!

*) _
= mho(a®rg)o(rf) ' =arrg=g

—

so that ®%(R) =1dz,(4), where in () we applied the definition of bg.

Let us check that ®F factors as stated. Take p € Zr(R) and set g:=
Zr(a)(p) = a0 p. Since we already know that ox is multiplicative, in order
to conclude that ox is Zg(R)-bilinear, it suffices to check that ox(g) = g.
As p is an endomorphism of the unit R of the monoidal category r Mg,
we have R ®gp p = p ®p R. Hence, by using the same arguments of diagram
(20), we get the desired equality. 0

REMARK 2.4. Submonoids of A are 0O-cells in a bicategory Inv"(A),
where for any two 0-cells R and S the associated hom-category from R to
S is given by Invj ¢(A) with horizontal and vertical multiplications given
by the functors of Proposition 1.12. Similarly, one defines the bicategories
Inv'(A) and Inv(A). Now, if we restrict to submonoids R of A for which
the functor — ® g A reflects isomorphisms and denote this new bicategory
by Invf"(A), then any morphism in the hom-category Invfy ¢(A4) is an
isomorphism. Indeed, given a morphism h: X — X’ in Invi g(A), then
fxro(h®r A)= fx, where f_ is as in equation (1). Therefore, by Corollary
1.7, we have h ® g A is an isomorphism and hence h is an isomorphism as
well.

In this way, the bicategory Invf(A), corresponding to Inv(A), can be
regarded as a 2-groupoid, that is, a bicategory where 1-cells and 2-cells are
invertible (i.e., each 1-cell is a member of an internal equivalence and any
2-cell is an isomorphism). However, Inv(A) viewed as a small category with
hom-sets Invgr g(A) and composition given by the tensor products ®pg, is
clearly a groupoid.

On the other hand, there is another 2-category with O-cells given by
Z(I)-subalgebras of Z(A), and hom-category from E and E’ given by the
set Hom z(q).a1g (E, E' ) (objects are edges and arrows are squares). Clearly,
one assigns to any l-cell R in Inv"(A) a 1-cell Zr(A) in this 2-category,
by using the map ¢g of (17). However, it is not clear to us whether the
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family of maps {o°%}g g defined in Proposition 2.2 together with this
assignment, give rise to a family of functors and thus to a morphism of
bicategories. Nevertheless, using the maps {@S’R}& r given in Proposition
2.3, one shows, as in the classical case [23, Theorem 1.3], that ® establishes
a homomorphism of groupoids.

2.2 Invariant subobjects
Let (A, m,u) be a monoid in M and consider o, : Z(A) — Z(A) two
Z(I)-linear maps. For each element ¢t € Z(A), define the following equalizer:

o (1), 5(t) o(t)>A
A

A

Eq(o(t)> A, Aad(t))

A< d(t)

Now, since M is an abelian and bicomplete category, we can take the
intersection of all those equalizes:

oJs = () Ealo(t)>A, Acad(t)) | < Eq(o(t)> A, Aad(t)),
teZ(A)

(23) for every t € Z(A)
with structure monomorphism denoted by

eqa‘,&

(24) 0 o s

We view ,J5 as an element in & (1A;) with monomorphism i, j; = eq, 5 as
in Section 1. The pair (,.Js, ¢4, s) is in fact an universal object with respect
to the following equations:

(25) (A<é(t)) oeqys=(o(t)> A)oeq,s, for every t € Z(A).
In other words any other morphism which satisfies these equations (param-
eterized by elements in Z(A)) factors uniquely throughout the monomor-

phism eq,, 5. For every t € Z(A), equation (25) will be used in the following
form
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For simplicity we write 1.J1, J1 and 1J5 when one or both the involved
Z(I)-linear maps are identity.

PROPOSITION 2.5. Let (A, m,u) be a monoid in M and let o, §, v and
A be in Endz ) (Z(A)). Consider the family of subobjects (;Jy, eq,,) of A,
forz,y €{o,d,v, A\}. Then

(i) There is a morphism
ml .t ods @ sy — oy
such that

(27) eqa,'y 0 mg,'y =mo (eqa,é ® eq&v)'
(ii) We have
(28) ml)\ o (m‘;7 ® ~4Jy) = m‘;/\ o (sJs ® mgA).

(iii) There exists a unique morphism uy : 1 — ,J, such that ¢, 5 O Uy = U.
Furthermore (5Jy, My, uy) is a monoid, for every Z(I)-linear map o,
where we set my :=mg .

(iv) The morphisms mg s and mg’(; turn ,Js into a (,J5, §Js)-bimodule.

(v) There is a unique morphism

§

(29) mfm ods) ®s5 (5Jy) — oJy such that m“ﬁ o X?m =mg .,

g

where xgﬂ Lods @ 5dy = (0d5) @405 (5Jy) denotes the canonical mor-
phism defining the tensor product over the monoid sJs.

Proof. (i) Fixing an element ¢ € Z(A), we have
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oJs  ody oJs  sdy oJs 5~y oJs sy ods  sdy
e 2
A A A A A

which shows that

(o(t)> A)omo (edss @ eds,) = (Aay(t)) omo (eqys @ eds ).

Hence, by the universal property, the desired morphism is the one which
turns commutative the diagrams

eqa,6®eq5,"/
UJ(S & 5ny A ® A
|
mgﬁ | lm
Y quy’y O'(t) >A
JJ’y A A
Aan(t)
(30)

for every t € Z(A).
(ii) The equation follows from the fact that eq,, 5 is a monomorphism and
the computation:

(27)
e 0 g\ © (o Js @) "= Mo (edys @ edsp) © (55 MY,

(27
= mo (A ® m) o (eqa,é ® eqé,’y ® eq'y)\)
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= mo(m® A)o(eq,s® eqs, @ edq, y)

27 5

= mo (eqo','y ® eq'y,)\) o (mo,'y ® 'yJ)\)

(21)
= e,y 0m] 0 (Mg, ®4Jy).

(iii) The associativity follows by (28). Denote mg , :=m, and ,J, := J.
Now, we show that there is a morphism u, such that the following diagrams

commute
I
U _ — -
_ — - lu
- - [ o(t)> A
O'JO' A A
A<o(t)
(31)

We compute

mo(A®o(t))ou=mo(u® A)o(I®oa(t))=lao(I®c(t))
=o(t)oly=0(t)orp
=rqo(c(t)@T)=mo(A®u)o (c(t) 1)
=mo (o(t) ® A)ou.
We now prove that the multiplication of J is unitary:
(27)
eqo,a © Mg O (J ® U’U) = mo (eqa,o ® eqa,a) o ('] ® U’U)
— mo(A® U)o (edy, @ 1)

= r40(eqy, ®1) =ceq,, 07

Since eq, , is a monomorphism we obtain m, o (J ® u,) =r;. In a similar
manner one gets my o (uy @ J) =1;. We have so proved that (J, my, us) is
a monoid.

(iv) It follows by (28).

(v) From (28) one gets that m‘; is balanced over 5.Js. [

~
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83. The bijectivity of Miyashita action

The aim of this section is to seek for conditions under which the Miyashita
action, that is the map of Proposition 2.3, or some of its factors are bijective.
We work, as before, over a Penrose monoidal abelian, locally small and
bicomplete category (M, ®, 1, [, r), where the tensor product is right exact
on both factors.

3.1 The case when ® is a monomorphism of groups

Take R =S5 =1 in Proposition 2.3 and consider an invertible subobject
X € Invy(A) with two-sided inverse Y. The image of any ¢t € Z(A) through
the map ®x of equation (21) is given by
(32) Ox(t) = mo(ix ® (t>iy)) o coev,
where, coev = m)_(1 is as in Proposition 1.3.

LEMMA 3.1. Let (A, m,u) be a monoid in M and let X € Invy(A) with
inverse Y. Consider the associated automorphism ®x € Autz(.qy(Z(A))
defined as in Proposition 2.3 with R =S =1. Then we have monomorphisms

L L

satisfying ede, 1 0 Lx = ix, and eqy g, Oly = iy.
Proof. By applying equation (19) to our situation we obtain
(33) Ox(t)>ix =ix <t, foreveryte Z(A).

Equivalently (®x(t)>A)oix = (A<t)oix for every t € Z(A), which by
the universal property of ¢, Ji gives the desired monomorphism. Replacing
X by Y one gets the other monomorphism. 0

Notice that for any Z(I)-algebra automorphism 6 of Z(A), we have that
for each s € Z(A), there exists a unique t € Z(A) such that §(¢t) = s. Hence
(34) odo= () Eq0(t)>A A<b(t)= ()| Eq(s>A Ads)=1Jy.

teZ(A) s€Z(A)
This observation is implicitly used in the foregoing.

PROPOSITION 3.2. Let (A, m, u) be a monoid in M and assume that u is
a monomorphism. Let X € Invy(A) be an invertible subobject with associated
automorphism ®x as in (32). Then ¢, J1 is a two-sided invertible 1.J;-sub-
bimodule of A, that is an element of Inv, j, (A) with inverse 1Jg .
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Proof. Along this proof we abbreviate ®x to ¢. The morphisms m

¢J1
méw and m, j, = mf,l defined in Proposition 1.3 for the pair (4.J1,1J4), are
given by Proposition 2.5(v), where the compatibility constrains are shown
using equations (28) and (29). Consider the morphism
Qtx mﬁ 1

¢J¢ ®¢J1

X
w::¢,J¢®X ¢J1

where ¢y was defined in Lemma 3.1. Now let us check that m oJ1 18 invertible
with inverse v defined as the following composition of morphisms:

¢J¢,®m YPRY »J1®Ly Xl

6,6
¢y ——= ¢JgQ X QY —— 4 1QY —— ;1®1Jy — 4J1®, 51y

We have

¢Jo

oJo oJo oJo oJo oJo

where the last equality is given by Proposition 2.5(iii), while equality (x) is
proved as follows:

@7 . .
€g,5 0 Mg 0 (Lx @uy) = mo(eqy; @eqy)o (tx @ y) =mo (ix @iy)
@ _ -1
= womx = ey 4 O Up O COEV
This proves that m}b sOV is the identity. A similar computation, which uses
composition with the epimorphism Xé, & shows that v o m}m o 18 the identity
too so that b 1S invertible. Replacing ¢ by ¢! will show that m,_yg is an
isomorphism which means that m, s , s an isomorphism, since 4-1.J1 = 1Jy.

i

LEMMA 3.3. Let (A, m,u) be a monoid in M. Assume that the unit
uy 1 — 1J1 is an isomorphism and consider a two-sided invertible object
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X € Invi(A) with inverse Y and associated automorphism ®x as in (32).
Then, we have X = ¢,J1 andY = 1Js,.

Proof. Under the assumption made on w1, the unit v is a monomorphism
by Proposition 2.5(iii). Hence, by Proposition 3.2, we know that ¢, .J; is
invertible with inverse 1.Js, . Therefore, we have that ¢, J1 ® 1Jo, =1 and
1Jo ® o, J1 =1 Now, by Lemma 3.1, we know that X is injected in ¢, J;
while Y is injected in 1Jg, . Summing up, we have shown that the elements
X and ¢ Jq satisfy the assumptions of Proposition 1.14(2) so that we obtain
the equalities X = ¢, J; and Y = 1Jp,.. N

Given a monoid (A, m, u) in M, we define the set Gz(1)(Z(A)) as follows:

Gzm(2(4))
(35) = {0 € Autz(n.aig(Z2(4))| 9J1 is two-sided invertible subobject}.

Here by ¢J; invertible we mean that the morphisms méﬂ and mfl given in
equation (29) are isomorphisms, which, in view of equation (34), shows that
9J1 € Inv, j,(A). In this case, the two-sided inverse of ¢Jy is 1Jp = g-1J1.
As we will see below the set Gz (Z(A)) is in fact a subgroup of the
automorphisms group Aut z(1).a15(Z(A)).

The following is one of our main results.

THEOREM 3.4. Let (M, ®,1) be a Penrose monoidal abelian, locally
small and bicomplete category with right exact tensor products functors.
Let (A,m,u) be a monoid such that the morphism uy:1—1J; is an
isomorphism. Then the map ® of Proposition 2.3 induces an isomorphism
of groups (/I\):IDV]I(A) —Gzm)(Z2(A)) which makes the following triangle
commutative

Invy(A

AUtZ alg )

\ J

where ¢ denotes the canonical injection. Moreover, 6_1(9) =¢J1, for every
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Proof. In view of Proposition 3.2, it is clear that & corestricts to a map
® such that cod =® and, by Lemma 3.3, we have that d is injective.
Let us check that it is also surjective that is that ®,; = 6, for every 0
Gzm(Z(A)). Recall that, for a given t € Z(A), we have

@, (1) = mo(A®m)o(eqpy ® AR edyg) o (91 @t ©1Jg) 0 (mgg) ™" 0 ug.
The desired equality can be checked by diagrams as follows

|
(36)

A

We have so proved that the map ® : Invy(A) — Gzm(Z(A)) is bijective.
As a consequence, since ® is a group morphism, we have for free that
Gzm(Z(A)) is a subgroup of the automorphisms group Autzr)_ae(Z(A))
and that both ® and ¢ are group morphisms. 0

3.2 The case when ¢ is an isomorphism of groups

Let M and N be two A-bimodules. Consider the action Z(A) x
Homp (M, N) — Homp (M, N):(z, f)— z> f, defined by (16) for S =1,
and its right-hand version f < z. These actions turns in fact the Z(I)-module
Hompg (M, N) into a Z(A)-bimodule. Note that for f € Homp (A, A) one
easily checks that
(37) f€Homg (A, A) if and only if f=A<(fu).

Here the notation fu stands for the composition. Given o, 7: Z(A) — Z(A)
two Z(I)-linear maps, we set
MA,Z(A)(Mm NT)
= {f €Homy (M, N)| fo(Mao(2)) = far(z),vz€ Z(4)}.
For every f € My z(a)(As; A7), 2 € Z(A), we have

oo f s (Aa(fu) = (21 A) < (fu)

37)

(38) = (A< (fu))o(z>A) =" fo(zpA).
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Let p be another Z(I)-linear endomorphism of Z(A). We then compute

(p(t)> A)o foeq,, = (p(t)> f)oed,, = fol(p(t)> A)oed,,

®) fo(Aao()oeq,,
(far() o eqpy = (Aar(t) o foeq,

for any f € My z(4)(As, A7) and t € Z(A). Using the universal property of
eq,,, We so get a unique morphism ,f : ,Jo — pJr such that eq, o ,f =
J oeq,, which in diagrammatic form is expressed by

pJo pJo
¢
(39) —
O )
A A

In this way we have defined a map
(40) MA,Z(A)(Am AT) — Hom g (pJa’ pJT) D fr— pf-
DEFINITION 3.5. Let M and N be two A-bimodules.

(1) For o,7:Z(A) — Z(A), we will write M,|N; whenever there is k > 1
and morphisms f; € My z(4) (Mo, N;), i € My z(4) (N7, M), for i =
1,...,k, such that ), g; o fy = M. We will write M, ~ N, whenever
both M,|N; and N;|M,.

(2) If there is k>1 and morphisms f;€Homga (M, N), ¢;€
Homa o (N, M), for i=1,...,k, such that ), g;o f;= M, then
we will write M|N. Since our base category M is an abelian category,
this is equivalent to say that M, as an A-bimodule, is direct summand
of a finite direct sum of copies of N. We will write M ~ N whenever
both M|N and N|M. The same notation was used for bimodules over
rings by Miyashita in [23] which in fact goes back to a Hirata [13],
although with different symbols.

The possible relation between the items (1) and (2) in the previous
Definition will be explored in Proposition 3.8 below. Part of the following
Theorem can be compared with [25, Theorem 5.3].
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THEOREM 3.6. Let (A, m,u) be a monoid in M. Let 0,0,v: Z(A) —
Z(A) be Z(I)-linear maps and assume that Ay|As. Then the morphism mgﬁ
is a split epimorphism. If we further assume that A is right flat and that

ug : 1 — 5Js5 is an isomorphism, then mgﬁ 18 an isomorphism.

Proof. Let g; denote the resulting maps from the assumption A,|As.
Since each g; is left A-linear, we have

(41) me(giou):ZgiO(fNU):ZgiOfi:A-

We set fgﬁ =3 0fi ®56i) 0 (0Jy @ ug) © r:}w, where ,f; and s5g; are
defined as in equation (39). By its own definition the morphism 5377 satisfies

oty o
|

& )

= S0 @

oJs sy oJs sy

where the summation is understood. So we compute

aJ'y
I

5
Y

Since ¢q,, ., is a monomorphism, we conclude that mgﬁ o fgﬁ =5J, and

J
O’?’Y

ug : I — 5Js5 is an isomorphism and A is right flat, that m,

hence m? . is a split epimorphism. Now let us check, under the assumptions

0
o,y

isomorphism. Using diagrams, with summation understood again, we have

is indeed an
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0J5 O'J"r on 5y sJy

5
Mo,y ‘ @ @ @ @ @

EM —
O ® W @0
@ @ @
A A A A A

where in the first equality we have used simultaneously equations (42), (39)
and the fact that the unit us of 5Js satisfies eqs50us = u the unit of A.
We continue then our computation

5y oJs sy oJs sy oJs sy
» OO DO OO
@ ¢ds.5
D= | Y- - | -
@) @) @) @)
A A A A A A A A
If eq, 5 ® ¢q;., is a monomorphism, then we get 507 mg =,J5 ® s/,
and so m‘jv is an isomorphism.

The fact that eq, s ® eq;,, is a monomorphism is proved as follows. First,
using Proposition 2.5 and that A,|As, one shows that (,Js, 5.J5, T} 4, Efsm)
is a right dualizable datum between the monoids ,.J, and 5Js, where Z‘;W =
X% o fgﬁ is a splitting of m%. Secondly, by Proposition 1.4, we obtain
that 5./, is left flat as [ = 4J;5. In this way, we deduce that eq,; @ eqs., =
(A® eqs,) 0 (eq,5 ® s5Jy) is a monomorphism since A is right flat. [

As a consequence of Theorem 3.6, we have

COROLLARY 3.7. Let (A, m,u) be a monoid such that A is right flat
and uy :1— 1J1 ds an isomorphism. Take 0 € Autzry_q4(Z(A)) such that
Ag~ Ar. Then 0 € Gz1y(Z(A)) the subgroup defined in (35).

Under the assumptions of Corollary 3.7, we do not know if the invertibility
of ¢J1, for some 6 € Autz(p).qay(Z2(A)), is a sufficient condition to have
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that Ag ~ Ay. This is why at this level of generality it is convenient to

distinguish between the subset of elements 6 for which »J; is invertible

and those for which Ay ~ A;. However, as we will see below, for Azumaya

monoids in M where Z is faithful, these two subsets coincide as subgroups

of Autz(1).aig(Z(A)). Thus, under these stronger assumptions one obtains

the converse of the previous corollary, as in the classical case (see e.g., [23]).
The following result collects useful properties of Definition 3.5.

PROPOSITION 3.8. Let L, M, N be A-bimodules and let p, o, T: Z(A) —
A) be Z(I)-linear maps. Then we have the following properties:

(

) Homa 4 (M, N)QMAZ(A)(MJ,NU).
2) M]|N implies My|N,.

) M =N implies M, ~ N,.

) MI|N implies M ®4 LIN ®4 L.

) Maza) (Mo, Ni) o My z(a)(Lp, My) € My z(a)(Lp, Nr), where o is
the composition in A M.
(6) Lp|My and My|N, implies Ly|N-.
(7) If My|N;, then My,|Ny,.

Proof. (1) Let f € Homy 4 (M, N). Then fe€ Homy. (M, N) and, for
every z € Z(A), we have

fo(M<o(z))=foono(M®ao(z)=omo(f@A) o(M®o(z))=f<0(z).

(2) It follows by (1).

(3) Let f: M — N be an isomorphism of A-bimodules. Set k:=1, f; := f
and g := f~!. Clearly Zle gi o fi = M so that, by (2), we get M,|N,. If
we interchange the roles of M and N we get also N,|M,.

(4) Let k>1 and let f;€Homya (M, N), g¢; €Homy 4 (N, M),
for ¢=1,...,k such that > ,.giofi=M. Then f/l:=fi®sL¢c
Hom g 4 (M®as L, N®yL), g; =g; ®a L € Homy 4 (N®a L, M®4L).
Moreover, Y. gjo fl=M ®4 L.

(5) Let fe MA,Z(A)(Mm N;) and g € MA,Z(A) (Lp, My,). Then foge
Homy (L, N). Moreover,

fogo(L<ap(z))=fo(g<o(z))=fo(M<o(z))og
= (far(2))og=(fog)ar(z).
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(6) By assumption there is k > 1 and morphisms f; € My z(4)(Msy, N;),
9i € My z(4) (N7, My), for i=1,...,k, such that }_; g; o f; = M. More-
over, there is k' >1 and morphisms fj € My za)(Lp My), g;€
My za) (Mo, Ly), for i=1,... Kk, such that >, gjo fi=L. Set f;;:=
fio fiand gij:=gjog;. Then}’; i gijo fii=22;;9i°9;° fjofi=Land,
by (5), we have that f; j € My z(4)(Ly, N;) and gij € My z(a)(Nr, L)

(7) It follows from the obvious inclusion My za)(Ms, N-)C
MA,Z(A)(Mo,m NTP)' [

Take M, N, L to be three A-bimodules, and let o, 7: Z(A) — Z(A) be
Z(I)-linear maps. We define

My za)(L® My, L® N;) :=
{f eHoma(LO M, LON) | fo(L® (Mao(2)) = fa7(2),Vz € Z(A)}

where fa7(z)=(L® (N<7(2)))of as the right A-module structure of
L ® N is the one coming from N. Using this set we define as in Definition
3.5, the relations L ® My|L ® N; and L ® M, ~ L ® N;.

PROPOSITION 3.9. Let M be an A-bimodule and let o, 3 be two monoids
automorphisms of A. Set 0 := Z(«) and 7:= Z(8). Then M @ Ay ~ M &
Ar.

Proof. Set k:=1,fi:=M®Ba"! and g := fl_l. Clearly fi €
My (M ® A, M® A). Moreover,

fio(M®A)<o(2)) = (M@ B)o(Meal)o(Me(Ad10(2))

so that f1 € My z4) (M ® Ay, M ® A;). A similar argument shows that
g1 EMy zn(M® A, M@ As). Since ) ;gi0 fi=M® A, we conclude
that M ® A,|M ® A,. If we interchange the roles of M and N and the
ones of 0 and o we get also M @ A;|M ® A,. N
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THEOREM 3.10. Let (A, m,u) be a monoid in M and assume that A ®

A~ A. Let a, B be two monoids automorphisms of A and set o := Z(a) and
7:=Z(B). Then Ay, ~ A;.

Proof. We split the proof in three steps.

(1) Since A= A®4 A, by Proposition 3.8(3), we get Ay ~ (A®4 A)y =
ARy A,

(2) Since A~ A® A, in view of Proposition 3.8(4), we have A®4 A ~
A® A®4 A and hence ARy A, ~ AR A®4 Ay, by Proposition 3.8(2).

(3) Since A® A4 A= A® A, by Proposition 3.8(3), we get A ® A ®4
A ~A® A,.

Now, if we glue together (1), (2) and (3) using Proposition 3.8(6),
we obtain A, ~ A ® A,. Similarly one gets A, ~ A® A,;. The conclusion
follows by Propositions 3.9 and 3.8(6). [

COROLLARY 3.11. Let (A, m,u) be a monoid in M with a right flat
underlying object A. Assume that AR A~ A and uy : 1 — 1J1 is an isomor-
phism. Let « be a monoid automorphism of A and set o:= Z(«). Then
oJ1 € Invi(A) with inverse 1J,. Moreover, o =®_; € Gz1)(Z(A)), where
® is the morphism of groups ®! given in Proposition 2.3. In particular we
have a group homomorphism

w:Autgy(A) — gz(ﬂ)(Z(A))a {7 = 2(7)}’

where Autgg(A) stands for the automorphisms group of the monoid A inside

M.

Proof. By Theorem 3.10, we have that A, ~ A;. Henceforth, we apply
Corollary 3.7 to obtain that o € Gzr)(Z(A4)), which means that ,J; €
Invy(A) with inverse ;J,. By applying now Theorem 3.4, it is clear that
o= Cfﬂi)*l(a) = ®_j, . The particular statement is immediate. [

The following main result gives conditions under which the Miyashita
action is bijective.

THEOREM 3.12. Let (M, ®,1) be a Penrose monoidal abelian, locally
small and bicomplete category with right exact tensor products functors. Let
(A, m,u) be a monoid in M with a right flat underlying object A. Assume
that AQ A~ A and uy : 1 — 1J1 is an isomorphism. Consider the map w as
in Corollary 3.11 and ¢, ® as in Theorem 3.4.
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(1) If the map Q: Autyyy(A) = Autzmy.ag(Z(A)), v+ Z(7) is surjective,
then ¢ and ® are bijective.

(2) If Q is surjective and Z is faithful, then both Q and w are bijective. In
this case, we obtain a chain of isomorphisms of groups:

IDV]I(A) = Autz(ﬂ)_alg(Z(A)) = Alltalg(A) = gZ(H) (Z(A))

Proof. (1) Since Q =g ow is surjective, it is clear that ¢ is surjective,
and so bijective as it is by construction injective. Therefore, by Theorem
3.4, this implies that ® =g o D is bijective as well. (2) If Z is faithful, then
clearly € is injective, hence it is also bijective. Thus w=¢ !0 is also
bijective. The stated chain of isomorphisms of groups is now immediate. []

REMARK 3.13. Under the assumptions made on A in Theorem 3.12, if
we further assume that Z is full and faithful, then clearly we obtain the
chain of isomorphisms stated there. As we will see below, part of those
isomorphisms are also obtained in the special case of certain Azumaya
monoids.

84. Miyashita action: the Azumaya case

The main aim in this section is to apply the foregoing results to a certain
class of Azumaya monoids (see Definition 4.3 below) when the base category
in symmetric. The novelty here is the construction of a homomorphism of
groups I' from Invy(A) to Auteg(A), which is shown to be bijective when
A is an Azumaya monoid (with a certain property) and Z is faithful; see
Corollary 4.9.

In all this section (M, ®,I) is symmetric monoidal abelian, locally small
and bicomplete category with right exact tensor products functors. We
denote by Ty, v : M ® N — N ® M the natural isomorphism defining the
symmetry of M.

4.1 The map I
Let (A, m, u) be a monoid in M with v a monomorphism. Consider X €
Invy(A) with inverse Y. Define the morphism

=] TRY

ARXR®Y XRAQY

F(X,Y) : A

Ix QAR mo(A®m)
A9 A®A
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An argument analogue to the one used in Proposition 2.2 for oxy,
shows that this morphism does not depend on the choice of Y (nor on
a representing object of the equivalence class of (X, ix)) so that we can also
denote it by I'x. This, in fact, defines a map to the endomorphisms ring
of A with image in the automorphisms group as the following result shows.
First we give the following diagrammatic expression of I'x

A

PROPOSITION 4.1. The map
I: IHV]I(A) — Autalg(A), (X — Fx)

1§ a homomorphism of groups. In particular we have ® = QoT', where )
is as in Theorem 3.12 and ® := ®' as in Proposition 2.3.

Proof. In view of Corollary 1.13 (here the assumption u is monomor-
phism is used), it suffices to prove that we have a morphism of monoids

T (Invi(A), ®,1) — (Endgy,(A), o, Id4), (X |—>FX>.

First we have to check that this map is well defined, that is I'x is a monoid
endomorphism of A. Let us check that I'x is unitary

FXOUI 0 = U

A A A

Let us check that I'x is multiplicative. We start by computing m o (I'x ®
I'y) =
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@ w

It is clear that I't = Id 4. Let now X, X’ € Inv{(A) have right inverses Y, Y’
respectively. Then, we compute I'xg x/ =

A

It is now clear that, for X € Invy(A) with inverse Y, one has I'y! = I'y. The
particular statement is clear, and this finishes the proof. 0
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4.2 Central monoid with a left internal hom functor

Let (A, m,u) be a monoid in M we denote by A° the monoid A ® A°
where A° is the opposite monoid (i.e., A with the multiplication morphism
twisted by the symmetry 7). Since our base category M is symmetric, we
can as in the classical case, identify the category of A-bimodules with the
category of left (or right) A°-modules. Assume that the functor A ® —:
M — M has a right adjoint functor, which we denote by [A4, —] : M — M.
In this case, we say that A has a left internal hom functor. Consider as in
Appendix B the functor ge[A, —|: 4e M — M which is the right adjoint of
A® —: M — geM with the canonical natural monomorphism ge[A, —] —
[A, O(—)], where O : 4e M — M is the forgetful functor. On the other hand,
notice that & is faithful and exact.

The monoid A is said to be central provided that the canonical map
I — 4e[A, A] is an isomorphism (this is the counit at I of the previous
adjunction).

PROPOSITION 4.2. Let (A, m,u) be a monoid in M and consider the
submonoid 1J1 of equation (23) with structure given by Proposition 2.5(iii).
Assume that A has a left internal hom functor. Then

(i) there is a commutative diagram of monoids:

A A Al A

S

11

(ii) Assume that 1= 1Jy via the unit given in (31) (thus u is a monomor-
phism). Then ae[A, A] =1 and so A is central.

(iii) If A is central and the functor Z reflects isomorphisms, then 1= 1.J;
via 1ts unit.

(iv) When Z is faithful (i.e., 1 is a generator), then A is central if and
only if 121J;.

Proof. (i). By [10, Proposition 3.3.], we can identify 4e[A, A] with the
equalizer
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[A;m]o¢ )
A [A, A],

[A,mO‘r]oCﬁ

(43) 0 ae[A, Al

where ¢4 is the unit of the adjunction A® —[A, —]. Now, using the
universal property of 1.J; given by equation (25), one shows the existence of
the triangle. We leave to the reader to check that the stated diagram is in
fact a triangle of monoids.

(ii) It follows from the fact that the diagram in (i) commutes and that
the morphisms involved are unitary.

(iii) The definition of the functor 4e[A, —] obviously implies the isomor-
phism Z(4¢[A, A]) =2 Homge (A, A) of Z(I)-algebras. On the other hand,
under the assumption made on the functor Z a tedious computation
gives a chase to an isomorphism Z(;J;) = Homye_ (A, A) of Z(I)-algebras.
Combining these two isomorphisms shows that Z()\) is an isomorphism.
Therefore, 1.J; = 4¢[A, A] 21, since A is central.

(iv) We only need to check the direct implication since the converse follows
by the second item. This implication clearly follows from part (iii), since a
faithful functor, whose domain is an abelian category, reflects isomorphisms.

i

4.3 The Azumaya case

The notion of Azumaya monoid in a monoidal category of modules over
a commutative ring (see [18, Théoreme 5.1] for equivalent definitions), can
be extended to any closed symmetric monoidal additive category; see for
example [11, 30]. However, one can droop the additivity and the closeness
conditions on the base monoidal category, as was done in [26], and the
definition of Azumaya monoid still makes sense in this context. In our setting
M is a symmetric abelian category which is possibly not closed, so we can
follow the ideas of [26, 30].

DEFINITION 4.3. [11, 26, 30] A monoid (A4, m, u) in the monoidal cat-
egory M is called an Azumaya monoid if the functor A® —: M — 4 M
establishes an equivalence of categories and the multiplication m splits as a
morphism of A-bimodules (in other words A is a separable monoid). This,
in fact, is the notion of 2-Azumaya in the sense of [26].

It is convenient to make some comments and remarks on the conditions
of the previous definition.
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Remarks 4.4. Consider an Azumaya monoid (A4, m,u) in M as in
Definition 4.3.

(i) It is noteworthy to mention that one cannot expect to have for free
that A is a dualizable object in M, that is dualizable as in Definition
1.2 with the trivial structure of (I, I)-bimodule. This perhaps happens
when I is a small generator in M. However, as was shown in [30,
Proposition 1.2], A is in fact a dualizable object in a certain monoidal
category of monoids whose dual object is exactly the opposite monoid
A°. On the other hand, one can show as follows that A forms part of a
two-sided dualizable datum in the sense of Definition 1.2 by taking
I and A° as base monoids. Following the proof of [30, Proposition
1.2] since A can be considered either as an (I, A°)-bimodule or as an
(A€, I)-bimodule, A ® —: M — 4eM is an equivalence of categories
if and only if A®ge —:4eM — M is so. In this way, by applying
twice [25, Proposition 5.1] or [30, Proposition 1.3|, we obtain the
existence of two objects: [A,I] and [A, A] together with the follow-
ing natural isomorphisms Homa (A ® —, I) = Homa (—, [4,1]) and
Homp (A® —, A) =2 Homp (—, [A, A]). Furthermore, there are iso-
morphisms: [A, I] ® A= A of A®-bimodules, [ = A ® 4¢ [A, 1] of objects
in M and A° = A® A° = [A, A] of monoids. Thus, the pair (4, [4,1]),
within these two first isomorphisms, is a two-sided dualizable datum
relating the monoids I and A€ in the sense of Definition 1.2, as claimed
above.

(ii) Since A ® —: M — 4 M is an equivalence of categories, it has a right
adjoint functor which, as in Appendix B, is denoted by 4c[A, —]:
AeM — M. In contrast with Proposition B.1, here we only know that
Ac[A, —] exists and there are no indications about its construction.
Indeed, at this level of generality, it is not clear whether A has a left
internal hom functor in M. Thus a very interesting class of Azumaya
monoids consists of those for which the underlying object has this
property. This is, of course, the case of the usual class of Azumaya
algebras over commutative rings.

REMARK 4.5. Let (A, m,u) be a monoid in M. In Definition 4.3 we
cannot drop the separability condition in general as it happens in the
classical case. This is due to the fact that I is not always projective in M.
However, if we assume that I is projective in M and A® —: M — 4 M
is an equivalence, then A must be an Azumaya monoid. Indeed, since
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Ac[A,m]: ge[A, A®] — 4e[A, A] =1 is an epimorphism being the image of
m by the equivalence ge[A, —], then 4e[A, m] must split as I is projective.
Therefore, m itself must split in 4e M, that is, A should be separable.

On the other hand, observe that A is separable if and only if it is projective
relatively to all morphisms in se M which split as morphisms in M; see
for example [1, Theorem 1.30 and equality (5)]. Since this does not mean
that A is projective in 4e M, then I is not projective in M provided that
A® —: M — 4eM is an equivalence. Hence if A is Azumaya, we cannot
conclude that I is projective in M.

Before giving more consequences of Definition 4.3, we give here conditions
under which Z(A) is an Azumaya Z(I)-algebra. Recall from [9, Proposition
1.2] that an object X in M is said to be a Kinneth object if it is a direct
summand of a finite product of copies of I. In the notation of Section 3.2 this
means that X |I in M. In case M is closed, any Kiinneth object is obviously
a dualizable object cf. [9].

PROPOSITION 4.6. Let (A, m,u) be an Azumaya monoid in M with
underlying dualizable Kiinneth object A. Then Z(A) is an Azumaya Z(I)-
algebra in the classical sense.

Proof. 1Tt is clear that Z(A) is a finitely generated and projective Z(I)-
module. Using the characterization of Azumaya algebras (see for example
[7, 16]), we need to check that Endzg)(Z(A)) is isomorphic as a Z(I)-
algebra to Z(A) ®z(1) Z(A)°, which is proved as follows. Following the ideas
of [9, Proposition 1.2], for any object X in M, we know that Z(X) ®z)
Z(I") 2 Z(X @ I"). Thus, the same isomorphism is inherited by any direct
summands of some I". Therefore, we have an isomorphism Z(X) ®z)
Z(A) = Z(X ® A) and by symmetry Z(A) ®@zq) Z2(X) = Z(A® X), for
any object X in M. In particular, we have

Z(A) @z Z(A) 2 Z(Ac A), and Z(A) ®zq Z([A, 1) = Z(A® [4,1)).

Therefore, Z([A,I]) = Z(A)* as Z(I)-modules, where Z(A)* is the Z(I)-
linear dual of Z(A), since [A,I] is a dual object of A in M. By Remark
4.4(i), we have a chain of isomorphisms A¢ = [A, A] = A ® [A, I], from which
we deduce the following isomorphisms

Z(A)@za) 2(A)° =2 Z(A® A°) = Z([A,A4]) = Z(A) @zq Z(A)°
= Endz( (Z2(A)),

whose composition leads to the desired Z(I)-algebra isomorphism. 0
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In view of Remark 4.4(ii), in what follows we only consider an Azumaya
monoid (A, m,u) for which the underlying object A has a left internal hom
functor in M. This is the case, for instance, when A is a left dualizable
object in M (in the sense of Definition 1.2 with R =5 =1). Obviously,
the strong assumption of M being left closed automatically guarantees the
existence of left internal hom functor for any object; however, this is not
the case of our interest.

COROLLARY 4.7. Let (A, m,u) be an Azumaya monoid in M. Then A
s flat, central and the unit u:1— A is a section in M.

Proof. The functor A ® —: M — M is clearly the composition of the
functor A® —: M — ge M with the forgetful functor & : g4e M — M, so
that it is left exact. Thus A is a flat object.

We know that the unit and the counit

ev i A® ge [A, M] — M, Cx: X — 4[4, A® X],

of the adjunction A® —: = peM: 4e[A, —] are natural isomor-
phisms, for every pair ofobjects (X, M) in M x 4eM. Thus, {;:1—
Ac[A, A] is an isomorphism, and so A is central. The retraction of wu is
given by the following dashed arrow

Ae[A’m]
4[4, A Al ac[A, Al 21
CAT /////
A//

i

Next we apply the results of Section 3, specially Theorem 3.12, to the
case of Azumaya monoid. Most of the assumptions in that Theorem are
in fact fulfilled for an Azumaya monoid (A, m, u). Indeed, from the fact
that m splits in 4eM, we have that A[(A® A) as in Definition 3.5(2).
By Proposition 4.2 and Corollary 4.7, we know that w;:I—1J; is an
isomorphism and that A is flat. Henceforth, the only condition on A, which
one needs to check is (A ® A)|A.

However, even under the assumption that Z is faithful, one can not expect
to have for free this last condition, as was given in the classical case of
modules over a commutative ring. In our setting, it seems that this condition
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depends heavily on the fact that A and A® should be “progenerators” in the
category of A®-bimodules. To be more precise, as was argued in Remark
4.5, the projectivity of A in 4. M is, for instance, linked to that of I in M
as the following natural isomorphism shows: Homge (A, —) = Z 0 4¢[A4, —];
see Appendix B.

Recall from Proposition 1.6 that, for any element 6 € Gz (Z(A)) the
group defined in (35), there is, by Propositions 1.3 and 1.6, an isomorphism
of left A-modules f,7 : A®gJ1 — A. Considering A®J1 as left A°-
module, we also have 4¢[A, A ® gJ1] = ¢J; via the unit (.

For an element 6 as above, we denote by 0 := I, ;, the image of ¢J; by the
morphism of groups I' stated in Proposition 4.1 (recall here that i, = eqq ;;
see (24)). In this way, to each A-bimodule M, we associate the A-bimodule
Mj whose underlying object is M where the left action is unchanged while
the right action is twisted by 0. Precisely, we have PM; i= pM © (M ® 5),
where ppr: M ® A — M is the right structure morphism of M.

Now, given another element o € Gz1)(Z(A4)) and another A-bimodule N,
we have two Z(I)-modules under consideration. Namely, the first one is
My, z(4)(Mg, Ny) defined in the same way as in Section 3.2, and the other
is the module of A-bimodules morphisms Homy4 4 (M(;, Ng;).

PROPOSITION 4.8. Let (A, m,u) be an Azumaya monoid in M. Con-
sider elements 0,0 € Gz1)(Z2(A)) and their respective associated images

5, o € Autyy(A). Assume that the functor Z is faithful. Then

(i) Foreveryte Z(A), we have Z(0)(t) = ®,;,(t) = 6(t), thatis, Z(0) =
0.

(ii) The homomorphism of groups w stated in Corollary 3.11 is surjective.

(iii) There is an equality Homa 4 (Ag, Ag) = My za)(Ag, A5).

Proof. By Corollary 4.7, we know that A is central, hence 12 ,.J; by
Proposition 4.2(iv).

(i) It is a direct consequence of Proposition 4.1 and Theorem 3.4 (see
equation (36)).

(ii) It follows by item (i).

(iii) The direct inclusion follows as in Proposition 3.8(1). Con-
versely, take an element f & My z(4)(Ag, As). This element belongs to
Homy (A0~, Ag) if and only if

(44) mo(f®c)=fomo(A®H).
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By the equalities mo (f® o(t)) = fomo(A®O(t)), t€ Z(A) derived
from the definition of f, we have, using part (i), that

o(f©5)o(A®t)=fomo(A®0)o(A® 1),

for every t € Z(A). Using these equalities and the fact that I is a generator
we are able to show that mo (f ® &) o (A®T4) = fomo(A®6)o(A®
mA), where 74 : I — A is the canonical epimorphism. Now, equality (44)
follows since A ® 74 is an epimorphism, which completes the proof. 0

Now, with notations as in Definition 3.5, we set

Hzm(Z2(4)) = {9 € Autz()-ay(2(A))[Ag ~ Al}-

Using Proposition 3.8(7), we easily check that this is a subgroup of
Autz(1)-aig(Z2(A)). Now, it is clear from Corollary 3.7, that under the
assumptions of A being Azumaya and u; : I — 1J; is an isomorphism, we
have an inclusion Hzr)(Z(A)) € Gzx)(Z(A)) of groups.

COROLLARY 4.9. Let (A, m,u) be an Azumaya monoid in M such that
A® A|A. Assume that the functor Z is faithful. Then the maps w and T
are bijective so that we have the following commutative diagram

Alltalg(A)

®
Aut zny_q9(Z(A))

\\/

=Hzm (2

Invy(A

of homomorphisms of groups.

Proof. The map w is bijective since by Proposition 4.8(ii) it is surjective
and it is injective as Z is faithful. We know from Proposition 4.1, that
QoI = ®. Therefore, Theorem 3.4 implies that gowoI'=¢o (TD, and so
woT =& which implies that I' is bijective as well. Lastly, the inclusion
Gzm(Z2(A)) CHzm(Z(A)) is deduced from Proposition 4.8(i) in combina-
tion with Theorem 3.10. N
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85. Application to the category of comodules over a flat Hopf
algebroid

All Hopf algebroids which will be considered here are commutative and
flat over the base ring, for the axiomatic definitions and basic properties,
we refer the reader to [28, Appendix 1].

Let (R,H) be a commutative Hopf algebroid with base ring R and
structure maps s,t: R—H,e: H >R, A:H > H®rH and .¥: H— H.
An H-comodule stands for right H-comodule, we denote the category of
H-comodules by Comody. It is well-known, see for instance [5] or [14], that
any H-comodule P whose underlying R-module is finitely generated and
projective is a dualizable object in the monoidal category of comodules
with dual the R-module P* = Homp (P, R). The comodule structure of P*
is given by

P s PropH,  {pr— e Grtlplen) S (e},

where {e;, ef} is a dual basis for Pr and op(p) = po ®r p1 is the H-coaction
of P (the summation is understood). Notice that the converse also holds
true which means that any dualizable object in Comody is a finitely
generated and projective R-module. This is due to the fact that the forgetful
functor Comody — Modp is a strict monoidal functor and the unit object in
Comody is R[1], that is R with structure of comodule given by the grouplike
element 1p, via the target mapt: R— H = R®pr H.

Next we want to apply the results of Section 4.3 to the category of
comodules Comody;. Observe that this category is a symmetric monoidal
Grothendieck category with respect to the canonical flip over R, where the
tensor product is right exact on both factors. Moreover, the forgetful functor
Comody — Modp, is faithful and exact. So the category Comody fits in the
context of that subsection.

In the previous notations, the functor Z is identified with Z(M) =
M) for an H-comodule M, where

MeH) = {m e M| op(m) =m ®p 1}

is the submodule of coinvariant elements. Therefore, the condition that R[1]
is a generator in Comod g, means that the sudmodule of coinvariant elements
M) is not zero, for every right H-comodule M. For simplicity we denote
by Re°(H) .= (R[1])°°(!) the subalgebra of R of coinvariant elements, which
is explicitly given by RH) = {r € R|s(r) =t(r)}.
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LEMMA 5.1. Let A be an H-comodule with coaction o4 : A— AQgr H.
Then A admits a structure of monoid in Comody if and only if pa is a
morphism of R-algebras, where H is considered as an R-algebra via its
source map s.

Proof. Straightforward. 0
We refer to such an object as an H-comodule R-algebra.

COROLLARY 5.2. Let A be an Azumaya H-comodule R-algebra.

(i) If A is finitely generated and projective R-module, then A is an
Azumaya R-algebra.

(ii) If the underlying comodule of A is a direct summand of finite products
of copies of R[1], then A°°H) is an Azumaya R -algebra.

Proof. (i) Since A is a dualizable H-comodule, the right adjoint of
the functor A ® —: Comody — Comody is given by the functor [A, —] =
— ®p A* defined using the tensor product of two H-comodules. Using this
adjunction and equation (41), we can show that the underlying R-algebra of
the H-comodule algebra 4¢[A, A] coincides with the centre of the underlying
R-algebra of A. Therefore, the centre of A coincides with R = 4¢[A, A] as
A is a central H-comodule R-algebra. From this we conclude that A is a
central separable R-algebra, that is, an Azumaya R-algebra.

(ii) It follows directly from Proposition 4.6, since A is a dualizable

comodule. [

EXAMPLE 5.3. Assume that R[1] is a projective H-comodule and take
P an H-comodule such that Ppg is finitely generated and projective module.
Consider in a canonical way Endg(P) = [P, P] as an H-comodule R-algebra.
Assume that the evaluation map P ®gpq,py P* — R[1] is an isomorphism
of H-comodules. Since R[1] is projective this isomorphism implies that P
is a progenerator in Comody in the sense of [26, page 113] whence, by [26,
Theorem 14], Endg(P) is an Azumaya H-comodule R-algebra.

EXAMPLE 5.4. Assume that (R, H) is a split Hopf algebroid, that is
H =R ®g B, where B is a flat commutative Hopf algebra over a ground
commutative ring K and R is a (right) B-comodule commutative K-algebra.
Let A be an Azumaya H-comodule R-algebra which finitely generated and
projective as an R-module. Then, by Corollary 5.2(i), A is an Azumaya R-
algebra. If R =K, then A is in particular an B-comodule Azumaya algebra
in the sense of [6, page 328].
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The fact that A is an H-comodule R-algebra leads to different groups
so far treated here. On the one hand, we have Invr(A) and Autg_q4(A),
where A is considered as an R-algebra that is a monoid in the category of
R-modules. On the other hand, we have Invi (A4) and Autg_alg(A), where
A is considered as a monoid in the category of H-comodules. Obviously we
have the following inclusions of groups

Invg (A) CInvg(A), Autg_alg(A) C Autpg.qig(A).

By a direct application of Corollary 4.9, we obtain the following.

COROLLARY 5.5. Let A be an Azumaya H-comodule R-algebra such
that A®p A|A simultaneously in the category of H-comodules and of A-
bimodules. Assume that R[1] is a generator in Comody. Then there is an
isomorphism of groups

Invii (A) = Autj_,,(A).

REMARK 5.6. Consider an Azumaya H-comodule R-algebra A which is
finitely generated and projective as R-module. One can expect to deduce
Corollary 5.5 directly by using Corollary 5.2(i) in conjunction with [23,
Corollary of Theorem 1.4]. This could be so simple if one succeeds to show,
for instance, that the following diagram is commutative

P
vl (4) —> Autf,,(4)

[

Invp(A4) —— Autpg.qy(A4)

where the map 9 is the isomorphism of Corollary 5.5 while ¢ is the
isomorphism of [23, page 100] which for any element X € Invgp(A) with
inverse Y and decomposition of unit 1p =3, z;y; (v; € X,y; €Y), the
associated automorphism is given by ¢y (a) = >, x;ay;, for any a € A. That
is, to show that the map 9 is the restriction of . However this is not clear
at all. Or perhaps by showing that the map ¢y is H-colinear whenever
X belongs to the subgroup Invf (A). This is also not clear at all. In any
case, both ways will only lead to the injectivity and one has to check the
surjectivity which is perhaps much more complicated by using elementary
methods.
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Appendix A. More results on invertible and dualizable bimodules

In all this appendix (M, ®, 1, [, r) will be a Penrose monoidal abelian,
locally small and bicomplete category, where tensor products are right exact
on both factors. Let (A, ma, ua), (R, mg, ur), (S, mg, ug) be monoids in M
with two morphisms of monoids a: R — A+ S: 5. In the sequel, we will
use the notation of Section 1.

A.1 From right dualizable datum to right inverse
This subsection is devoted to discuss the converse of Proposition 1.3, that
is, trying to give conditions under which a right invertible sub-bimodule can
be extracted from a right dualizable datum in the sense of Definition 1.2.
The following corollary is complementary to Proposition 1.6.

COROLLARY A.1. If in Proposition 1.6, we assume ev and coev are
isomorphisms, then so are the following morphisms
fy ;:mf}o(iy ®RA):Y®RA—>A,
gx ::mﬁo(A(@Rix):A@RX—)A.
Proof. Since (X,Y,ev,coev) is a right dualizable datum then

(Y, X, (coev)™*, (ev)™!) is a right dualizable datum. By Proposition 1.6,
we get that fy and gy are isomorphisms too. 0

PROPOSITION A.2. Consider a right dualizable datum (X,Y, ev, coev)
which satisfies equations (8) and (9). Assume that gx is an isomorphism
and the functor A®g (=) : pM — aM is faithful. Then X is a two-sided
invertible sub-bimodule.

Proof. By Proposition 1.6, gy is an isomorphism with inverse

gyt = (mE@sY)o(A®Rix ®sY)o(A®gcoev)o (1)~

= (gx ®sY) o (A®gcoev) o (rf)_l ,
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Therefore, we get that
A ®p coev = ((gx)_1 ®s Y) o g{,l orft

is an isomorphism. Hence, since the functor A @ (—) is faithful, then coev
is an epimorphism as well as a monomorphism, so that it is an isomorphism.
By (5), we have

7“39( o (X ®gev)o(coev®r X)o (lﬁ)_l =Idx.

Since coev is an isomorphism, we get that X ®g ev is an isomorphism too.
Now, from the equality

(9x ®sS)o (A®r X ®sev)=(A®gev)o (gx RsY Qg X)

we deduce that A ®g ev is an isomorphism. Therefore, we conclude as above
that ev is an isomorphism. 0

A.2 Base change and dualizable datum
Keep the notation of Section 1, and assume that «, 8 are monomorphisms
in M. The main aim here is to prove that an (R, S)-bimodule X such that
X ®g A= A and which fits into a right dualizable datum admits a right
inverse if we change the ring R by a suitable extension R’ of it. First we
need to prove the following technical result.

PROPOSITION A.3. Let (X,Y,ev,coev) be a right dualizable datum
(Definition 1.2) such thatY € & (sAr) and X € & (rAs). Assume that the
morphism fx = mf, o(ix ®sA): X ®s A— A is an isomorphism. Define

(f) "

Y —1
yi= (V25 YerR 8 Yera Ol

eviygA li
YorX 05 A% g @g A —>A).
Then

(A1)  fxo(X ®g7)ocoev=a (i.e., m3 o (ix ®g ) o coev = ),

(A2) mk o (y@rix)=fBoev.

Proof. Using the diagrammatic convention of Section 1, we have
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(@
] Ix! @
? : ﬂ/ Cw ]
= = ® -
—
A A

A A A

which gives equality (A1). On the other hand, we have

X X X X X X
® @
ST © ®
1 = | @= — [ &7
A A A A X A X A

Using this equality and the fact that f);l is right A-linear (being the
inverse of a right A-linear morphism) we compute

IEAERIY

A A

which gives the desired equality (A2). [

Next result extends a result by Miyashita, see [23, Proposition 1.1,
implication (ii) imlies (i)].

THEOREM A.4. Keep the assumptions and notations of Proposition A.3.
Let (Y, iy : Y — A):=TIm () be the image of v in (S, R)-bimodules, and
let (R,o': R — A):=Im(m/y) be the image of m'y in (R, R)-bimodules,
where

. . . S
mly = (X@SY’ eV xoga 1%, A) - (X@SY’ B Agg A A A).
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Denote by py':Y =Y’ the canonical projection so that =iy o py.
Similarly denote by mx : X ®gY' — R’ the canonical projection such that
o omx =mly. Then

(1) R’ is a monoidin (R, R)-bimodules such that o/ : R' — A is a morphism
of monoids therein;
(2) X € P(rAg) has a right inverse given by Y' € & (sAgr).

Proof. Unfortunately it not possible to present here a smart proof
using diagrammatic notation, since we are dealing with different type of
multiplications m/y, mx,mx and it could be difficult to distinguish them
properly.

(1) Set my := (X ®gpyr)ocoev: R— X ®g Y’ and 0 := mx o myx. Note
that

oo =d omyxomx=m'yomyx =fxo (X ®siy)o (X Qg pyr) o coev
45
= fx o (X ®g ) o coev ) Q.

so that o/ o 8 = a. Hence we have a commutative diagram

R X®SY/

So the unit of R’ is 6 o ug. The construction of the multiplication is more
involved. Let (Q,ig:@Q —Y') be the kernel of py+. Tensoring by X on the
right we get the exact sequence

IQRORX Py1QrX

Y®RX Y/®RX

Q®rX

We then have

46 . .
1) B o (v ®p ix) o (io g X)

= mf o (iy' ®pix) o (py: ®r X) o (ig ®r X) = 0.

Boevo (ig®r X)
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Since § is a monomorphism we get evo (ig ®r X) =0 so that there is a
morphism of S-bimodules ev’ : Y’ ® g X — S such that

(A3) ev' o (pys @ X) =ev.
Let us check that there is a morphism mg, which turns the following diagram
commutative
m’X ®Rm'X
(X®sY')®r (X ®sY") ARp A
X®sev'®sY’ R ®gr R’
\
\
XQ®sS®sY’ | mE, mh
\
Y
r}g(@SY’ = / R’
X ®g v/ \ A

On the one hand we have

mly o ((r% o (X @sev')) @5 Y') o (X @5 pyr @r X @5Y")
47
& mx o ((r¥ o (X @s ev)) @5 Y').
Since X ®g pyr ®r X ®g Y’ is an epimorphism, it suffice to check that

m'y o ((r¥ o (X ®sev)) ®sY)
=mf o (m’y @rmly) o (X ®spy' Or X ®@5Y’),

which follows from definitions by using equation (A2). From this, one proves
that m% o (o/ ®p o) factors through a map m¥%, (R’ is a kernel) such that
o/ omB, =mB o (o/ ®p /). We have
a o mg, o (mg, QR R') = mff o (o/ QR 0/) o (mg, R R/)
=mfo (mf{‘ ®rA)o (o' @pd @ra)
=mfo (A ®R mf}) o (o/ ®r o @R a/)

=a' om0 (R @pmb),
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o omg, o (9 QR R’) = mﬁ o (o/ QR o/) o (0 RR R')
mio(a@RA)o<R®RO/)

:lﬁo(R®Ra’):a'ol§,

and hence m¥, o (0 ®@p R') =1F,. Similarly o/ om%, o (R’ @ 0) =o' ork.
Since o’ is a monomorphism we conclude that mﬁ, is associative and unitary.

(2) We have to prove that X € & (r/Ag). First, let (K, ix) be the kernel
of m/y. By definition of mx we have the exact sequence

(A4) 0 —= K —> X®3Y —> R —= 0.
and hence
Ik®rX mxQ@rX
KorpX X®sY' @r X R @r X 0.

Now, using the unitality of mi, the definitions of the morphisms involved
and equation (A2), we get

’L'X OT‘)S( o (X Xg eV/) o (X Xs py’ Qr X)
=mj o (A®g mﬁ) o (ix ®siy'py’ ®Rix)
so that
ix orf( o (X ®s ev/) = mi o (A ®s mi) o(ix ®giy Qrix)

=mfo (m) ®r A)o(ix ®siy ®prix)

= mﬁo (m/X ®Rix).

Hence
(A5) iXor‘)g(o(X@JSeV/):mﬁo(m/X(X)RiX).
Therefore,
ix ory o (X ®@sev') o (ix ®p X) =mf o (my ®pix)o (ix ®g X) =0

and so 75 o (X ®g ev’) o (i ®r X) =0. By exactness of the last sequence
displayed above, there is a morphism ,ug}/ : R ®r X — X such that uf}/ o
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(mx ®pr X) =15 o (X ®gev’). Let us check it is unitary. First, we have

ix o ul o (mx ®r X) = ix 013 o (X @5 ev’) D mb o (m ®rix)
=m%o (¢/ ®rix) o (mx ®r X).

Since mx ®pr X is an epimorphism, we obtain

(A6) z'XoM?:mio(a'(@RiX).

We get

(50 m% o (o/ ®Rix) o (0l ®r X)

= mBo(a®prA)o(ROpix)

ixoul o (A ®p X)

= lﬁo(R@Rix):iXol§

and hence ,ug o (0 ®@p X)=1%L. Let us check that uf}/ is associative:

iXo,uX (R' ) 9 mfzo (a QR ZX) o (R/ QR ,ug)
(1) mf}o (A@RmA) (O/ ®p o ®Rix)
= mf}o (mA ®RA) (Oé, ®RO/ ®RiX)
= mfo (o) ®pix)o (mf @rX)

(50) ix o,u,;;—/ o (mg, QR X)

so that pf o (R @gr pll) =k o (mf, ®@r X). The properties we proved
imply that (X,ix) € & (rrAs).

Next aim is to check that Y € & (sAp/) and it is a right inverse of X. We
need a morphism ,u{?’, 1Y ®@r R — Y. Consider again the exact sequence
(A 4) and the induced one

Y’®R’L'K Y’®Rmx

Y' @r K Yopr X @gY’ Y'®@r R 0.

As before using the unitality of mi, the definitions of the morphisms

involved and equation (A2), we get
iyrol§ o (ev' @5 Y") o (pyr ®r X ®@gY")

= mi o (mﬁ ®S A) o (Z‘y/pyl ®R ZX ®S iy/)
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and hence
iyroli o (ev' @gY') = mf o (mf ®s A) o (iyr @pix @giyr)
= mﬁ o (A KR mi) o (iy/ Rrix g iy/)
= mf} o (iy/ RRr m/X)
Thus we get
. S / N _ R . /
iy oly o (ev RsY ) =my o (Zy/ QR mX).
Coming back to the exact sequence, we compute
. S ' ' ' . (B poo / ' SN
iyrolyo(ev'®@sY')o (Y @rix) = mifo (iyr®@pmly) o (Y @rix)=0.

Therefore, there is a unique morphism ,ugl, 1Y’ ®r R’ — Y’ such that ,u{?l, o
(Y ®@gpmx) =15 o (ev' ®g Y’). Using this equality we compute

. / . 51 .
iy’ O ,ug/ o (Y’ QR mX) =1iyr o0 Z)S/ o (eV’ ®s Y’) (Y mi o (Zy/ QR m'X)
= mﬁ o (iy/ QR O/) o (Y’ QR mX).
Since Y/ ® mx is an epimorphism, we obtain
(A7) iy ol =mf o (iyr @r ).

Using this formula, as above, one proves that ug, is unitary and associative
and hence Y' € Z(sAp).
Let us check that Y’ is a right inverse for X. Consider the coequalizer

/
/»‘5/ ®rX Y/®9X

Y/®RR/®RX Y/®RX Y’@R/X

Y'@rull
We have
ev’ o (u{% ®R X) o (Y ®rmx @r X)
=ev'o (If ®p X) o (ev' ®sY' ®@p X)
=ev olfig yo (v ®sY ®p X)

:lgo (S ®s ev’) o (ev' ®sY' ®pr X)
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=rdo (ev' ®gS) o (Y @r X ®gev')
=ev orﬁq//@RX o (Y’ ®r X Qg ev’)

=ev o (Y’ QR T}S;) o (Y/ Rr X ®g ev/)
=ev o (Y’ ®R M%) o (Y @pmx ®p X)

so that ev’/ o (uff @ X) =ev' o (Y @g u¥) and hence there exists my :
Y' ®@p X — S such that my o (Y ®9 X) = ev’. Therefore,

Bomyr o (Y ®yX) o (py @r X)
:ﬁoev’o(py/ ®@r X)=pBoev
46 , . .
@ mfo(y@rix)=mko (iys ®gix)o (py ®r X)
=mf o (A®y A) o (iy' ®rix) o (pyr ®p X)
—m¥ o (iys @p ix) o (Y @ X) o (pyr @ X)

/ . .
and hence 8o my =m% o (iyr @ ix). Moreover, o/ o mx =m’y =m? o

(ix ®s iyr).

It remains to check that mx is an isomorphism. It is an epimorphism
by construction. Since o' omx =m/y and o' is a monomorphism by
construction, we have that my is a monomorphism if and only if m/y is.
Now m’X = fx o (X ®giys) and fx is an isomorphism by assumption. Thus
m/y is a monomorphism if and only if X ®g ¢y is a monomorphism. Since
by Proposition 1.4, we know that the functor X ®g (—) is a right adjoint,
hence X ®g iy is a monomorphism. Thus mx is both an epimorphism and
a monomorphism and hence it is an isomorphism, and this completes the
proof. N

Appendix B. Internals hom for modules and bimodules in
monoidal categories

In this appendix we show the main steps to construct the internal homs
functors which were implicitly used in Sections 4.2 and 4.3. To this aim,
consider a symmetric monoidal abelian bicomplete category (M, ®, ) with
right exact tensor products. Let (A, m,u) be a monoid in M and denote
by A¢:= A ® A° its enveloping monoid, where A° is the opposite monoid.
Assume that the functor A ® —: M — M has a right adjoint functor [4, —] :
M — M with unit and counit

e AR [AY]—YeEM, (4 M3X —[A A X].
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The functor [A, —] is referred to as the left internal hom functor. 1t is
clear that [A® ---® A, —] also exists and so is in particular for [A€, —].
We will use similar notation for the unit and counit of the corresponding
adjunctions. Given any two objects X, Y in M, one can define a morphism
[m, X]:[A, X] = [A® A, X] which naturally turns commutative the follow-
ing diagram:

(I)A®A
Homp (A® A® X, V) = Hom (X, [A® A,Y])
Hompa(m®X,Y) T 4 Hom (X, [m,X])
Uiy |
Hompy (A® X, Y) Homy (X, [4,Y])

On the other hand, for any object X in M we can define the following
morphism:

A, X] == ——— - e e m = e ~ [A°® 4, 4° @ X]

ﬁxx m;

[A,X]
[A€®A,AE®A® [A,X}] .

Clearly Qﬁef is a natural transformation as a composition of natural
transformations.

Now, for every left A°-module M (i.e., an A-bimodule) with action Ap; :
A® ® M — M we can consider the morphism x4 a :=[A°® A, Ay] o QﬁfM,
and so the following equalizer:

eq [m,M]

Ae[Av M]

[A, M] [A® A, M|,

XA, M

which leads to a natural monomorphism 4e[A, —] < [A, O(—)], where O :
AeM — M is the forgetful functor.

The following result whose proof is similar to that of [24, Proposition
3.10], summarize the relation between the functors constructed above.
Indeed, its shows that, if the functor A ® —: M — M has a right adjoint,
then sois A® —: M — 4 M.
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ProposiTION B.1.  Let (A,m,u) be a monoid in a symmetric
monoidal abelian and bicomplete category (M, ®,1) whose tensor prod-
ucts are right exact. Assume that there is an adjunction A® ——[A, —],

where A® —: M —= M :[A, —]. Then there is a commutative diagram

of natural transformations:

CI)}A(, M
HOIDM (A@)(7 M) - HOI’HM (Xa [AaM])
J L
Homge (AQ X, M) — — - —— - —— — — — > Homp (X, 4[4, M])

where the wvertical arrows denote the canonical injections and X € M,
M € g4e M. That is, we have an adjunction A ® — - ge[A, =], where

A®_: :AeM:Ae[A,—].
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