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Abstract. The mean value inequality is characteristic for upper semi-continuous
functions to be subharmonic. Quasinearly subharmonic functions generalise subharmonic
functions. We find the necessary and sufficient conditions under which subsets of balls are
big enough for the characterisation of non-negative, quasinearly subharmonic functions
by mean value inequalities. Similar result is obtained also for generalised mean value
inequalities where, instead of balls, we consider arbitrary bounded sets, which have non-
void interiors and instead of the volume of ball some functions depending on the radius of
this ball.
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1. Subharmonic functions and generalisations. Some definitions and results.

1.1. Notation. Our notation is rather standard, see for example [11, 16-18] and the
references therein. If £ C R” and x € R”, then we write §g(x) :=inf{|x—y|: y € E°},
where E¢ = R" \ E. The Lebesgue measure in R” is denoted by m,,. We write B"(x, r) for
the open ball in R” with centre x and radius r. Recall that m1,,(B"(x, r)) = v, where v, :=
m,(B"(0, 1)). We denote by Int D, D and 8D the interior, the closure and the boundary of
a set D C R”, that is B"(x, r), is the closed ball with centre x and radius r. Note also that
our constants C and K are non-negative, mostly > 1, and may vary from line to line.

1.2. Subharmonic functions and generalisations. Let Q2 be an open setin R”, n >
2. Letu: Q — [—o00, +00) be Lebesgue measurable. We adopt the following definitions:

(1) uis subharmonic if u is upper semi-continuous and if

1
w0 = [ udm, ) 1)
1271 B(x,r)
for all balls B"(x, r) C 2. A subharmonic function may be = —oo on any component

of Q2 (see [8, p. 9] and [1, p. 60]).

https://doi.org/10.1017/50017089512000602 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089512000602

350 OLEKSIY DOVGOSHEY AND JUHANI RITHENTAUS

(ii) u is nearly subharmonic if ut € EIIOC(Q) and inequality (1) holds for all balls

B'(x, r) C Q. Observe that this definition is slightly more general than the usual one,
compare [17, p. 51] with the standard definition [8, p. 14].
(iii) Let K > 1. Then, u is K-quasinearly subharmonic if u* € L]

loc

(2) and inequality

up(x) <

K
/B ) dm

V"

holds for all M > 0 and for all balls B"(x, r) C Q2. Here, uy; := max{u, —M } + M.
The function u is quasinearly subharmonic if u is K-quasinearly subharmonic for
some K > 1. For the definition and properties of quasinearly subharmonic functions,
see for example [5, 9-11, 12-18] and the references therein. We write QN S(2) for
the set of all non-negative quasinearly subharmonic functions on the open set 2 C R".

PROPOSITION 1.3. (cf. [17], Proposition 2.1, pp. 54-55). The following statements
hold:
(i) A subharmonic function is nearly subharmonic but not conversely.
(i1) A function is nearly subharmonic if and only if it is 1-quasinearly subharmonic.
(iii) A nearly subharmonic function is quasinearly subharmonic but not conversely.
@iv) Ifu: Q — [0, 400) is Lebesgue measurable, then u is K-quasinearly subharmonic if
and only ifu € L} (Q) and

loc

K
u(x) < (B x. 1) e u(y) dmy(y) 2

for all closed balls B"(x,r) C Q.

Note that if u is K-quasinearly subharmonic and non-negative in €2, then (2) holds also for
every open ball B"(x, r) C Q.

Let 4 be a subset of the open half-line (0, co) such that 0 is a limit point of 4 and let
u:Q — [—o0, 400) be an upper semi-continuous function on an open set 2 € R”. The
classical Blascke—Privalov theorem, see for example [2, Chapter II, Section 2], implies that
u is subharmonic if inequality (1) holds whenever r € 4 and B"(x, r) C 2. Moreover, the
simple examples show that if non-negative u € £ (), then the fulfilment of (2) for all
(x,7r) € Q x A with B*(x,r) C L does not, generally, imply u € QNS(2). A legitimate
question to raise in this point is in finding the sets A C (0, co) for which every non-
negative u € EIIOC(Q) is quasinearly subharmonic if (2) holds for (x, ) € Q x A4 whenever
B'(x,r) C Q.

DEFINITION 1.4. Let 2 be an open set in R”. A set A C (0, co) is favourable for Q
(favourable for the characterisation of non-negative, quasinearly subharmonic functions in
Q) if for every non-negative u € L] (2) the following conditions are equivalent:

(i) ue QNS(Q).
(ii) Thereis K = K(u, A, 2) > 1 such that for all x € Q2 the inequality

u(x) <
v, 1"

K
f u(y) dima(y) 3)
B'(x,r)

holds whenever r € 4 and B"(x, r) C Q.
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We can characterise the favourable subsets of (0, co) by the following way.

THEOREM 1.5. The following three statements are equivalent for every A C (0, 00):
(1) A is favourable for all open sets 2 C R".
(ii) The characteristic function

1 ifxel
xr(x) = .

0 ifxeQ\T
is quasinearly subharmonic for all open sets Q C R" and all Lebesgue measurable
sets ' C Q if and only if there is a constant K = K(T', Q, n) such that the inequality

my(B"(x, 1)) < Km,(I' N B"(x, r)) Oy

holds for (x,r) € 2 x A whenever B"(x,r) C Q.
(iii) There exists C = C(A) > 1 such that

[%,x]ﬂA;«éVJ

for every x € (0, 00).

We shall prove the equivalence (i) = (iii) in Theorem 2.5 below. Observe also that
the implication (i) =(ii) is trivial and that (ii) =(iii) follows directly from the proof of
Theorem 2.5. The quasidisks give the important example of the sets I such that (4) holds in
a bounded domain  C R? whenever B%(x,r) C Q. Itis a particular case of the Gehring—
Martio result that proves (4) for the so-called quasiextremal distance domains in R”, n > 2
(see [7, Lemma 2.13]).

The following result closely connected with Theorem 1.5, follows from Theorem 2.14
formulated in the second section of the paper.

THEOREM 1.6. Let f be a positive function on (0, 00). The following three statements
are equivalent.
(1) For all open sets Q C R", Lebesgue measurable functions u: Q — [0, 00) are
quasinearly subharmonic if and only if there are constants K = K(u, 2, n) > 1 such
that

u(x) <

o |
. u(y) dmy(y)
F@)" I
for all closed balls B"(x,r) C Q.
(ii) Forall open sets Q C R" and all Lebesgue measurable sets ' C 2, the characteristic

functions xr are quasinearly subharmonic if and only if there are constants K =
K(T, @, n) such that the inequality

(f(r)" = Kmy(B"(x,r)NT)

holds for all closed balls B,(x,r) C Q with x € T.

(iii) There are a set A < (0, 00) and a constant ¢ > 1 such that:
(iiiy) The inequality f(r) < cr holds for all r € (0, c0);
(ilip) In A is an e-net in R for some ¢ > 0;
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(iliz) The inequality

L < s
C

holds for all r € A.

Note that condition (iii) of Theorem 1.5 holds if and only if the set In(A4) := {Inx :
X € A} is an e-net in R for some & > 0. A characterisation in terms of porosity for the sets
A, which are favourable for bounded open sets Q2 C R”, is proved in Theorem 2.12 below.

2. Generalised mean value inequalities. Inequality (2), characteristic for
quasinearly subharmonic functions, can be generalised by some distinct ways. Our first
theorem characterises non-negative quasinearly subharmonic functions via mean values
over some sets more general than just balls.

2.1. Similarities of the Euclidean space. Let 2 and D be subsets of R” with marked
points pg € 2 and pp € D. In what follows, we always suppose that /nt D # ¢ and pp €
Int D. Denote by Sim(pp, pg), the set of all similarities 4 : R" — R”" such that h(pp) = pq
and (D) C Q. Recall that & is a similarity if there is a positive number k = k(k), the
similarity constant of /1, such that

|h(x) — h(y)| = klx — y|

for all x, y € R". The group of all similarities of the Euclidean space R" is sometimes
denoted as SM(R"), see for example [4, 5.1.14], and we also adopt this designation.
Observe that each similarity # € SM(R") can be written in the form

h(x)=k(WTx+a, xeR"

where k(h) > 0, and T : R* — R” is an orthogonal linear mapping and a € R".

THEOREM 2.2. Let 2 be an open set in R", n > 2, let D be a bounded, Lebesgue
measurable set with the marked point pp € Int D and let u: Q2 — [0, 00) be a function
from EIIOC(Q). Then, u is quasinearly subharmonic if and only if there is C > 1 such that

u(xg) <

- dm,
(D)) iy ) ®)

for every point xq and all h € Sim(pp, xq). If u is K-quasinearly subharmonic, then C =
C(D, pp, K, n) and, conversely, if (5) holds, then u is K-quasinearly subharmonic with
K = K(D, pp, C, n).

Proof. Write

Rp = sug lpp —yl, and rp := S1up)(PD)- (6)
ye

Suppose that u is quasinearly subharmonic, that is there is K > 1 such that (2) holds
for all B"(x, r) C Q. Let xq be an arbitrary point of Q and let & € Sim(pp, xq). The last
membership relation implies the inclusions

B'(xq, k(h)yrp) € and h(D) C B"(xq, k(h)Rp),
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where k(h) is the similarity constant of 4. Consequently, we obtain

1 1 /
ny, (h(D)) h(D) Vn (k(h)RD)n h(D)

n 1 -
= <;_[1))> Va(k(W)rp)" J grxa khyrp) uly) dmi(y) = <1"3_[1)))

u(y) dm,(y) = u(y) dmy(y)

nu(xq)
K

Thus, if f is K-quasinearly subharmonic, then (5) holds with

_ K(Rp)"

()
Conversely, suppose that (5) holds with some C > 1 for all xg and all / €
Sim(pp, xq). Let B"(xq, r9) C Q. Let & be an arbitrary similarity with k(%) = 1% and with
h(pp) = xq. Then, we have h € Sim(pp, xq) and B"(xq, k(h)rp) € h(D) C B"(xgq, 19).

Consequently,
< Cm,(h(D))
(B e ) dmy(y) > dm,
m(B"(xq, 10)) Ji(x,r) 1)) = my(B"(xq, ro))ma(h(D)) Jup) 1) )
- i, (h(D))
> u(xgq)

my(B"(xq, r0))
Since

my(B"(xq, 1)) Vn(ro)” vu(k(h))"(Rp)" v, R}

my(h(D))  my(h(D)) — (k()"my(D) ~— my(D)’

inequality (1) holds with

0

REMARK 2.2.1. The standard notion of quasinearly subharmonicity is defined by the
condition (5), where D = B"(0, 1), pp = 0 and the considered similarities / are of the form
h(x) = rox + xg. The point of Theorem 2.2 is that the definition and its consequences are,
however, much more general: instead of just D = B"(0, 1) and pp = 0, one may consider
arbitrary bounded sets D with non-void interior /n¢ D and an arbitrary pp € Int D

REMARK 2.2.2. Inequality (5) remains valid for each non-negative quasinearly
subharmonic function if we use bi-Lipschitz mappings / instead of similarities, but in
this more general case the constant in (5) depends on the Lipschitz constant of / (see
Lemma 2.1 in [6]).

Inequality (5) remains also valid for unbounded sets D if m,,(D) < oo.

PROPOSITION 2.3. Let Q2 be an open set in R", n > 2, D a Lebesgue measurable
set with m,(D) < 0o, pp a point of Int(D) and let u: Q — [0, 00) be a K-quasinearly
subharmonic function. Then, there is a constant C = C(D, pp, K, n) such that (5) holds
forall xq € Q and h € Sim(pp, xq).
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Proof. If D is bounded, then this proposition follows from Theorem 2.2. Suppose D is
an unbounded. Let # > 1 be a constant. It is easy to show that there is a ball B"(pp, r;) with
a sufficiently large radius r, such that

tm,(D N B"(pp, 1)) = m,(D). (7
Write
D,:=DnNB"(pp,r;) and pp, == pp.

Note that D; satisfies all conditions of Theorem 2.2 and that pp, € Int(D,). Consequently,
there is K > 1 such that the inequality

K
u(xq) < D) Do u(y) dmy,(y)

holds for all xg and & € Sim(pp,, xq). If h € Sim(pp, xg), then we have h € Sim(pp,, xq)
and i(D;) C h(D). Since

mn(Dt) — mn(h(Dt))
my(D)  my(h(D))

for all h € SM(R"), (7) implies the inequality

t

1
T o~ d n E T~ d n .
n(iD,) /hw,) “OY A = G Sy MO )

Thus, (5) holds for all & € Sim(pp, xq) with C = tK. O
REMARK 2.3.1. If Sim(pp, xo) = ¥ for all xq, then Proposition 2.3 is vacuously true.

Let ¢ : SM(R") — (0, co) be a function such that the equality

@(h) = ¢(is o h)

holds for all # € SM(R") and for all isometries is : R* — R". Then, we have ¢(h) =
@(hy) whenever k(h;) = k(h;), that is there is a function f : (0, co) — (0, 00) such that the
equality

p(h) = f(k(h)) ®)

is fulfilled for all 7 € SM(R") with k(%) equals the similarity constant of /. For instance,
if D is a bounded non-void subset of R”, we can put ¢(h) = diam(h(D)). Other examples
can be found in the final section of the paper.

Let D be a measurable subset of R” with a marked point pp € Int D. For every open
set Q@ C R", define a subset O(f, D, Q) C L] .(Q) by the rule:

ue Qf, D, Q) if and only if u > 0 and u € L}, (Q) and there is K = K(u) > 1 such
that the inequality

u(y) dmy(y) €))

u(xg) <

)
(f (k(h))" Jwp)
holds for every xq € Q and all h € Sim(pp, xq).
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It is clear that QN S(2) = QO(f, D, Q) if D satisfies the conditions of Theorem 2.2 and
S Ue(h)) = k(h)(m, (D))

PROPOSITION 2.4. Let D be a bounded, Lebesgue measurable subset of R" with
a marked point pp € IntD and let ¢ : SM(R") — (0, 00), f:(0,00) — (0, 00) be
functions such that (8) holds for all h € SM(R"). Then, the inclusion

ONS(Q) < O(f, D, Q) (10)
is valid for all open sets Q C R" if and only if there is ¢ > 1 such that the inequality
Sk) < ck (11

holds for all k € (0, 00).

Proof. Suppose that inclusion (10) holds for all open sets 2 C R”. Let Q2 be an open
half-space of R”. Then, for every k € (0, 00), there is a similarity Ay with the similarity
constant k(/y) = kg such that sy(D) C Q. The constant function u;, u;(x) =1 for x € Q,
belongs to QN.S(£2). Hence, by (10), u; € O(f, D, 2) and it follows from (9) that

Kny(hy(D)) _ K(ko)'my(D)
(f (ko))" (f (ko))"

K
1=mm@wnﬁﬁgyéwﬂm@wmm:

Consequently (10) implies (11) for all k£ € (0, co) with
¢ = (K@u)my(D)7 v 1.

Conversely suppose that (11) holds for all k£ € (0, 0o). Then, using Theorem 2.2, we
obtain the following inequalities for every open set Q C R”, every u € QN S(L2), every
xq € Q and every i € Sim(pp, xq):

CO) [ v amy —  COUGY

D)) Sy ) = ey mn DY KDY
C(u)c"

R i — dm,(x).

fm@mmwﬁwwwﬂm

Hence (9) holds with

u(xq) <

/ummM)
(D)

_ Cu)”
= D)

Thus, (10) is valid for all open sets 2 € R”. O

Before passing to the equality

O(/. D, 2) = ONS(Q)
we consider one relevant question.

THEOREM 2.5. Let A be a subset of (0, 00). Then, A is favourable for all open sets
Q C R" if and only if the following statement holds.
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(s) There exists C = C(A) > 1 such that
X
[E,x]ﬂAqéﬂ (12)

for every x € (0, 00).
The following lemma will be used in the proof of Theorem 2.5.

LEMMA 2.6. Let A C (0, 00). Statement (s) of Theorem 2.5 does not hold with this
A, if and only if there are disjoint open intervals (a,, by,), @y < by, m=1,2,..., in
(0, 00) \ 4 such that

lim & — o (13)
m— 00 bm
and either
lim a, = lim b,, =0 (14)
m—0o0 m—00
or
lim a, = lim b,, = co. (15)
m—00 m— 00

Proof. If statement (s) holds, then using (12), we obtain that
a 1

>
b= C(A)

for every open interval (a, b) in (0, co) \ 4. This inequality contradicts (13).
Conversely, suppose that statement (s) of Theorem 2.5 does not hold and that 0 and co
are limit points of A. Then, for every natural i > 2, there is x € (0, c0) such that

(?,x)ﬂA:@.

Let A be the closure of 4 in (0, co). Write (a;, b;) for the connected component of (0, 00) \
A which contains (%, x). Since both 0 and oo are the limit points of 4 we have

0<a <b <oo.

Passing to convergent, in [0, co], subsequences {a;, }men and {b;, }uen, it is easy to see that
limits lim,,_, o0 @;,, and lim,,,_, o, b;,, are 0 or co and that the equalities

Im

lim ¢;, =0 and lim b; = o0

m—00 m—00

cannot be true simultaneously. Renaming a,, := a;, and b,, := b; , we obtain the desirable
sequence of intervals in (0, 00) \ 4.

If at least one of the points 0 and oo is not a limit point of A, then there is ¢ > 0 such
that

AcC(0,e] or AC]Je, ).
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Each of these inclusions implies evidently the existence of desired intervals in

(0, 00) \ 4. O

Proof of Theorem 2.5. We shall first prove that A4 is favourable for all open sets 2 € R”
if statement (s) holds.

Suppose that (s) is true. Let €2 be an open set in R” and let u € £] () be a non-
negative function, which satisfies condition (ii) of Definition 1.4. It is enough to show that
u € QNS(L2). To prove this, consider an arbitrary B*(xq, ro) C 2. By statement (s), there
is 11 € A such that

o
ESFISF(L

where the constant C = C(A4) > 1. Using this double inequality and condition (ii) of
Definition 1.4, we obtain

KC"
u(y) dmy(y) <
Va(r1)" J grg,m) Va(r0)" J Br(xg,ro)

u(xg) <

u(y) dm,(y).

Statement (iv) of Proposition 1.3 implies that u € QN S(2).

Conversely, suppose that A4 is favourable for every open set 2 € R”. We must show
that (s) holds. If (s) does not hold then, by Lemma 2.6 there is a sequence of disjoint open
intervals in (0, oo) satisfying (13) and (14) or (13) and (15). Suppose that (13) and (14)
hold. Then, for every integer Ny > 2, there is a sequence of open intervals (a,,, b,,) such

that
1
0 <bur1 <ay <2a, <—>b, <b, (16)
Ny
and
(@, b)) NA =0 (17)
form=1,2,... and
bn
lim =2 = co. (18)
m—00 ,,

Moreover, passing, if necessary, to a subsequence we may assume that

me < 00. (19)

m=1

For the sake of simplicity, we shall describe our constructions only on the plane but in such
a way that a generalisation to the dimensions n > 3 is a trivial matter.

Define the points z,, € C, m = 1,2, ..., as
0 ifm=1
Zm =
" e e itm =2

and write

R :={z€ C:0 < Re(z) < 2by, |Im(2)| < a3}
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Figure 1. Domain € is an infinite sequence of balls B*(z,,,, fv—”;’)) united by the thin
rectangles R,,.

and
m—1 m
R, = {z eC: 2Zbi < Re(z) < ZZbi, [Im(z)| < am+1}
i=1 i=1

for m > 2. Using (16), we see that B*(z,,, b,,) are open, pairwise disjoint balls and that R,,,
are open, pairwise disjoint rectangles. The desired domain €2 is, by definition, the union

[_OJ (Bz (Zm’ %) ) Rm) ,
0

m=1

(see Figure 1). Let us define now a function u as the characteristic function of the set

o0
X = B, an), (20)
m=1
that is
)=l HzEX 1)
0 ifzeQ\X.

It is clear that > 0 and that u € £'(£2). Moreover, since

1 4N3(a,,)*
[ e = T 22)
my (B (2, 33)) B2 21 (bm)

statement (iv) of Proposition 1.3 and limit relation (18) imply u & QN S(€2). It remains to
show that there is K such that (3) holds whenever r € 4 and B*(x,r) C Q. If x € Q\ X,
then (3) is trivial and we must consider only x € X. The last membership relation implies
that there exists m = m, such that

x € B(z,,, ay). (23)
Let us consider all r € A such that
BX(x,r) C Q. (24)

From (17) follows that either r > b, or r < a, . If r > b, , then we have

B*(x,r) D B? (zmx, 11’:10 ) (25)
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Indeed, the triangle inequality and (16) imply

my

Ny

|y—x|§|X—Zm,\,|+|2m,\.—y|§amx+ <mex<}"

for all y € B%(z,, bNLO‘) Inclusion (25) and definition of €2 show that Bz(x, rZQifr>
by, Consequently, if (24) holds, then

r<ap,. (26)
Using the last inequality, (23) and (16) we obtain

- bm
Bz(xv r)ng (Zma FO>7 m = my,

for these x and r. Hence, the equality

1 mZ(BZ(Zma am) N Bz(x’ V))
R — u(y)dm = (27
(B2, ) Sy 4 (B (x, )
holds for such x and r. Write
BZ m» m m Bz £
¢ inp 2B G ) 0 B(x. 1) o8

my(B*(x, 1)) ’

where the infimum is taken over the set of all balls B>(x, r) with x € B*(z,,, a,,) and with
r < a,. If ris fixed and x|, x; € B*(Z,, an), then the inequality |x; — z,,| > [x2 — zp,]
implies

m2(BZ(Zma am) N Bz(xl 1) < mZ(BZ(Zm, am) N BZ(XL ),

(see Figure 2). Thus, we have

. mZ(Bz(Zm, am) N Bz(zm + am, }’))
C = inf .
r<dy, my(B2(zy + ap, 1))

The right-hand side of the last formula is invariant under the similarities. Consequently,
using the similarity

CBZ!—)%(Z—ZW,)EC,

we see that

2 m 2 ((dm 5 )
C o inp BO ) NB(P ) L ma(B0, 1) 0 B 1)
r<dp, le(Bz(%, 1)) r>1 my(B2(r, 1))

(29)

2%

1 1
== infmz(Bz(O, NN B 1) = —ma(B*(—1,1) N B0, 1)) =
T r= g

Wl N

The last equality, (26) and (28) imply that
1
(3 = F)ma(B(x. 1)

/ us(y) dma(y) = us(),
B2(x,r)
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Figure 2. The centre of the fixed small ball B lies on the boundary spheres of the large
balls B,,. The volume of the intersection B N B, grows together with the radius of the
ball B,,.

whenever r € 4 and B%(x, r) C Q.
Thus, the theorem is proved in the case, where limit relations (13) and (14) hold.
Similar constructions can be realised if (13) and (15) hold and we omit them here. O

Statement (s) of Theorem 2.5 has a useful reformulation. For 4 C (0, oo) define
In(4) :=={lnx:x € A4}

with In(@) := @. Then, In(4) is a subset of R. Recall that a set X C R is an g-net in R,
e>0,if

R=]JB'(xe).

xeX

PROPOSITION 2.7. Let A be a subset of (0, 00). Then, statement (s) in Theorem 2.5 is
valid with this A if and only if there is ¢ > 0 such that In(A4) is an e-net in R.

Proof. If (s) holds, then In(A4) is an e-net with ¢ = In C, where C is the constant

in (12). If (s) does not hold, then Lemma 2.6 implies that In 4 is not an e-net for any
e>0. O

Using this proposition and analysing the first part of the proof of Theorem 2.5, we
obtain the following.

PROPOSITION 2.8. Let A be a subset of (0, 00). The following three statements are
equivalent.

(1) A is favourable for all domains of R".
(ii) A is favourable for all open sets of R".
(iii) There is ¢ > 0 such that In(A) is an e-net in R.

The condition for the set A C (0, 00), to be favourable for all bounded domains 2 can
be presented in terms of porosity of A, so recall a definition.
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DEFINITION 2.9. Let A C (0, 0o). The right-hand porosity of A4 at zero is the quantity

h, A
po(A) := lim sup it h ),

h—0+

where I(h, A) is the length of the longest interval in [0, #] \ 4, & > 0.

REMARK 2.9.1. It is easy to see that 0 < po(A4) < 1 for each 4 € R. A variety of
computations directly related to the notion of porosity can be found in [19, pp. 183-212].

DEFINITION 2.10. Let 4 C (0, c0). The right porosity index of A at 0, iy(A4), is
defined to be the supremum of all real numbers r for which there is a sequence of open
intervals {(ay, b,)}nen, @n < by, such that lim,_. . @, = lim,_ o b, =0 and (a,, b,) C
(0, 00) \ 4 and
b, — a,

r <
Ay

for each n € N.

If no such numbers r exist, then following the usual conversion we define ip(A4) := 0.
The following lemma is a particular case of Lemma A> 13 from [19, p. 185].

LEMMA 2.11. The equality

po(A)

R e

holds for each A C (0, 00).

THEOREM 2.12. Let A be a subset of (0, 00). Then, A is favourable for all bounded
domains Q € R" if and only if po(A) < 1.

Proof. 1t follows from Lemma 2.11 that py(A4) = 1 if and only if i(4) = co. Using
the definition of porosity index iy(A4), we can prove that the equality iy(A4) = oo implies
the existence of disjoint intervals (a,, b,) C (0, 00) \ 4, n = 1,2, ..., such that equations
(13) and (14) hold. It was shown in the proof of Theorem 2.5 that if (13) and (14) hold,
then there are a domain 2 € R” and a non-negative u € ﬁlloc(Q) \ ONS(£2) such that (3)
holds whenever r € 4 and B"(x, r) C €. It remains to observe that inequality (19) implies
diam(€2) < oo. Thus, if A4 is favourable for all bounded domains 2 C R”, then po(4) < 1.

Now note that if po(4) < 1, then the set (—oo, R) N In(A) is an e-net, ¢ = &(R), in
(—o0, R) for each R € R. Hence, reasoning as in the first part of the proof of Theorem 2.5,
we can prove the implication

(po(A4) < 1) = (A is favourable for every bounded domain 2 C R").

0

REMARK 2.12.1. As in Proposition 2.8, it is easy to prove that A is favourable for all
bounded domains of R” if and only if A4 is favourable for all bounded open subsets of R”.
Theorem 2.12 remains valid even for unbounded domains and open sets 2 € R” if

sup(fa(x)) < oo.

xeQ
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REMARK 2.12.2. In complete analogy with Definition 2.10, we may define the
quantity ix(A), the left porosity index of A at o0, after which Proposition 2.8 can be
reformulated as:

Let A C (0, 00). The following statements are equivalent:

(1) A is favourable for all domains Q C R";
(ii) The indexes iy(A) and i (A) are less than infinity,

io(A) V ix(A4) < 00;
(iii) There is & > 0 such that In(A) is an e-net in R'.

Theorem 2.5, Proposition 2.7 and Theorem 2.12 imply the following.

COROLLARY 2.13. Let A be a subset of (0, 00) and let a, B be positive constants.
Then, the set A is favourable for all domains Q@ € R" (for all bounded domains 2 € R")
if and only if the set

aAd? = {ax? i x € A}
has the same property.

Proof. One just directly observe that if condition (s) holds for the set 4 with a constant
C, then condition (s) holds for the set « A? with the constant C' > CP. O

Now, we are ready to characterise the function f : (0, co) — (0, co) for which the
equality

O(. D, 2) = ONS(Q) (30)

is fulfilled for all open sets 2 C R”.

THEOREM 2.14. Let D be a bounded, Lebesgue measurable subset of R" with
a marked point pp € IntD and let ¢ : SM(R") — (0, 00), f:(0,00) — (0,00) be
Sfunctions such that (8) holds for all h € SM(R"). Then, equality (30) holds for all open
sets 2 C R" if and only if there are A C (0, 00) and ¢ > 1 such that:
(1) the inequality f (k) < ck holds for all k € (0, 00),
(i1) In(A) is an e-net in R for some ¢ > 0,
(iii) the inequality

%k < /(k) 31)

holds for all k € A.

Proof. Let Q be an open set in R”, 4 C (0, c0) and ¢ > 1. Assume that In(A4) is an
e-net in R for some ¢ > 0 and that (31) holds with this ¢ for all k € A. Then, using (9) and
(31), we obtain

"K(u)

u(xq) < W

/ u(y) dima(y) 32)
WD)
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for every u € Q(f, D, Q) and every xg whenever i € Sim(pp, xg) and k(h) € A. As in the
proof of Theorem 2.2 write

Rp =sup|pp — yI.
yeD

Let B"(xq, r9) be a ball such that ro = Rpko, with kg € A and B*(xq, r9) C Q2. Then,
each similarity 4 such that k(h) = ko and h(pp) = xq belongs to Sim(pp, xq) and satisfies
h(D) € B"(xgq, r9). Consequently, (32) implies

c"K(u)(Rp)*vy,

U(XQ) = (kORD)nvn w/l;”(xg,ro) u(y) dmn(y) =

"K(u)v(Rp)"

mu(B"(xq, 10)) JBr(xg.r)

u(y) dmy(y)

for every u € Q(f, D, ) and every B"(xgq, r9) € Q2 whenever ry € RpA. Corollary 2.13
implies that the set RpA is favourable for Q. Hence, Q(f, D, Q) € QN S(L2). Taking into
account Proposition 2.4, we see that conditions (i)—(iii) of the present theorem imply
equality (30) for all open sets 2 € R”.

Conversely, suppose that (30) holds for all open sets 2 € R” but for every ¢ > 0 the
set In A,, where

A, = {k € (0, 00) : f(k) > %k} (33)

is not an g-net for any ¢ > 0. Itis clear that A, € A4,, if #; > t,. Applying Proposition 2.7
and Lemma 2.6 to the sets 4>, 43, ..., we obtain a sequence {a,,}._, of positive numbers
a,, such that A,, N (a,,, ma,,) = ¥ for each m > 2, that is

1
fk) < —k, (34)
m
if a,, < k < ma,,, and that
(@m,, M1am,) N (Qmy, M28y) = 0, (35)

whenever m; # m;. Passing, if necessary, to a subsequence we may assume that {a,,}_,
and {ma,,},, _, are monotone and convergent in [0, oo] sequences. This assumption and
(35) imply either the equalities

lim a,, = lim ma,, =0 (36)
m—0o0 m— o0

or the equalities

lim a, = lim ma,, = oco.
m—o0 m—0o0

As in the proof of Theorem 2.5, we consider only the case when (36) holds and the
dimension n = 2. We shall construct a domain Q@ € R? and a non-negative u € L] .(Q)
such that

ue Qf,D,R2)\ ONS(Q2).
To this end note that (30) implies (10), so using Proposition 2.4 we can find ¢ > 1 such that

Sk) < ck (37)
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for every k € (0, 00). Let us define a function f : (0, co) — (0, co) by the rule

k .
£ ifa, <k <ma,, m=273,...
Silk) :=={"

ck ifke (0, OO) \ Ufnozz(amv mam) , (38)

where ¢ > 1 is the constant from inequality (37). Inequalities (34) and (37) imply f(k) <
fi(k) for all k € (0, c0). Hence, from the definition of the set Q(f, D, 2) follows the
inclusion

o(f, D, ) 2 O(/, D, Q).

Thus, it is sufficient to find a domain £ C R? and a non-negative u € L] .(£2) such that

ue Q(fi, D, Q2)\ ONS(2).

Let us define

o0 .
. 5 may,, . lif xeX
Q= U (B <zm, N())UR,,,), u(x).—{oif e\ X’

m=Ny+1
where
o m—1
X = U Bz(zrnv am)s Zpy =2 E ia;,
m=Ny+1 i=1

m—1 m
R, = {z eC: ZZnan < Re(z) < 2Znan, [Im(z)| < amﬂ} .

n=1 n=1

The parameter Ny is free here and we will specify this parameter later. It is relevant to
remark that the domain €2 is obtained from the domain depicted on Figure 1, by deleting
of the balls B*(z, ]b\,—lo), B(z5, b—zo), ooy B2z, %) and the rectangles Ry, ..., Ry, and
putting b,,, := ma,, in the rest of balls and rectangles. As in the proof of Theorem 2.5, we
have u & QN S(Q). It still remains to prove that u € Q(f1, D, 2). The last relation holds if
and only if there exists K(#) > 1 such that

(k)Y < K@) fh , 10dm0) (39)

for all & € Sim(pp, xq) with xq € X.
Let xq € X. It follows from the definitions of €2 and X that there is m > Ny + 1 for
which

XqQ € Bz(zma am)'
We claim that the inequality

2mayy,

k(hyrp < To’ (40)

holds for every & € Sim(pp, xo) with rp = 81,.(p)(Pp)
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Let us prove it. Since & € Sim(pp, xq), we have
h(B*(pp. rp)) € Q.
The last inclusion implies
AQNW(B*(pp, rp)) = ¥,
because 2 N 92 = @ for the open sets. The intersection

9B (2, 2m ) Mo = {ze@:|z—zm| - %]masz
N() NO

is not empty (see Figure 1). Consequently, there is & € 3B%(z, %) \ (B*(pp, 1p)).
Hence,

|xq —&| = k(h)rp.

Using the triangle inequality, we obtain

ma,,
|xQ _E| =< |xQ _Zml + |Zm _§| = |XQ _Zm| + T
0

Consequently,

ma,,
k(h)yrp < — Zp| + —.
()VD_|xS2 Z1|+ NO

Since xq € B2(z,,, a), we have |xq — z,,| < a,,. It follows directly from the definition of
Q that m > N,. Hence,

ma,, 2ma,
k(h <dauy+— <
Brp < am+ == < =0

Inequality (40) follows.
Since /(D) 2 h(B*(pp, rp)), the inequality

(fi(k())* < K(u) u(y) dmy(y) (41)

B (xq.k(h)rp)

implies (39), so it is sufficient to prove (41). The following two cases are possible: k(%) €
(0, a,,)] and k(h) € (a,,, 00). Before analysing these cases note that f(k) < ck for every
k € (0, 00) because % < % and ¢ > 1 in definition (38). Hence, in the first case, we can
replace (41) by

2 < K(u)2
(k(h))* J B2 khyrn)

u(y) dmy(y). (42)

It is clear that

K(u)
(k(h)? J (g kiyrn)

K@ (rp A1) /
7w (k(h)(rp A 1)) J g (xo khyrpnt))

u(y)dma(y) = u(y)dmy(y).  (43)
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Since k(h) € (0, a,,], we see that
k(h)(rp A1) < am.

Hence, as it was shown in the proof of Theorem 2.5, in the case under consideration we
have

1 » A
Tk (rp A 1))2 u(y)dmr(y) > = — ——.
Tk (rp A D) g ktinemnd) ) dmy(y) = 1

The last estimation and (43) show that (42) holds if
2 3
S =Kuwnrp Al = — £ .
3 2m

Consider now the case k(h) € (a,,, 00). Inequality (40) shows that

2ma,,
Norp ’

k(h) <

Let us specify Ny as the smallest positive integer N satisfying the inequality NL’D > 1.
Then, we obtain the double inequality

an < k(h) < may,.

This inequality and (38) show that

k
ﬁ(k(h)) = — < ap.
m
Consequently, we can prove (41) as in the case k(h) € (0, a,]. O

Let us consider now some examples of functions ¢ and f for which equality (8) holds.

EXAMPLE 2.15. Let ¥ be a positive bounded periodic function on R. Write

1 1
for x > 0 and define
S (k) = kyr (u(k)). (44)

Using some routine estimations, we see that conditions (i)—(iii) from Theorem 2.14 are
satisfied by the function /" if we take

A=p! {xe(O,oo):w(x)Z%M}, c:Mv%,

where

M = supy(y).
yeR
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An important special case of the preceding example is the constant function . Then,
£ is linear on (0, 0o) and conditions (i)—(iii) from Theorem 2.14 are evidently hold. In this
simplest case, the function ¢ : SM(R") — (0, co) connected with f* can be obtained in
distinct ways depending on the geometrical properties of the set D.

In all following examples, D is a bounded Lebesgue measurable subset of R” with
IntD # Wand h € SM(R").

EXAMPLE 2.16. Let d-dimensional Hausdorff measure H¢, n — 1 < d < n, of the
boundary 3D be finite and non-zero, 0 < H(dD) < oo. Write

o(h) = (HAA(h(D))))7.

EXAMPLE 2.17. Let D be a set with the finite Caccoppoli—de Gorgi perimeter P, see
for instance [3, Chapter 3, Section 3]. Write

@(h) = (P(h(D)))7T.

EXAMPLE 2.18. Let D C R? be a simply connected domain with the rectifiable
boundary dD, 0 < H'(dD) < oo. Suppose that the domain D is not a disk. Write

p(h) = (H' (WO D)))* — 4mma(h(D))):

In this case, the inequality ¢(4) > 0 follows from the Classical Isoperimetric Inequality,
see for instance [3, Chapter 1, Section 1].

This list of examples can be simply extended by involving the analytic capacity, the
transfinite diameter, the Menger curvature etc. for the definition of the function ¢. The
homogeneity under dilatations x —> ax, x € R”, « > 0, the invariance under isometries,
finiteness and positiveness are sufficient for this purpose.
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