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1. Introduction

The complex Stiefel manifold Wnk, where n^fc^l, is a space whose points are
fc-frames in C. By using the formula of McCarty [4], we will make the calculations of
the Whitehead products in the groups nJWnk). The case of real and quaternionic will be
treated by Nomura and Furukawa [7]. The product [[j/ljji] appears as generator of
the isotropy group of the identity map of Stiefel manifolds. In this note we use freely the
results of the 2-components of the homotopy groups of real and complex Stiefel
manifolds such as Paechter [8], Hoo-Mahowald [1], Nomura [5], Sigrist [9] and
Nomura-Furukawa [6].

2. Preliminaries

We identify WnJl with SU(n)/SU(n — k) in the usual way, and consider the boundary
homomorphism A:nr+l(Wnk)->nXSU(n — k)) in the homotopy sequence of a fibration
SU(n)^>WnJi. A homomorphism P°k is defined by requiring that the diagram

yn,k)
c2n-2k+l\

n,(SU(n-k))

commutes where Jc is given by the McCarty product [4], Jc(y)-(,y, i2n-2fc+i> f°r

yenr{SU(n-k)). Since the inclusion jk-1:S
2n~2k+1->Wnk is St/(n-fc)-equivariant, we

have

Lemma 1. Let aenr+1{Wn,k). Then we have [a,;fc_1i2n_2t+1]= ±jk-1P
c
k(a) =

±jk-1EJiA(a), where i:SU(n — k)->R2n-2k IS the map into the group of rotations.
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Proof. By McCarty [4], we have

= +jk_1EJiA(a).

The following diagram commutes;

~ iv \_fi_^~ a/ \ P2k + i-i
nr+l\v2n,2k) y nr + IV K2n + /, 2k + V * nr +

h

2n-2k
r + 2n-2k-

l, 2k + l-

2k+l-l
2n-2k+lnr + 2n-2k+l

(1.1)

where s, it and h are the inclusions and p2k+t-i is the projection. Denote by sk a cross
section of a fibration Wnk—^S2""1 if it exists and [7] an element of the group nJWnk)
such that 5i.[y]=y for an element yenJS2"'1). For the real Stiefel fibration
^2n,k—^S2""1, we use the same notations. For m<2k, there is the commutative
diagram;

nr+1(V2n,m). (1-2L

Let nr(S
2n 2k+1) denote the boundary homomorphism in the

2n-2fc+l Jk-1 11/
n,k-i- For Ak_u we havehomotopy sequence of a fibration S

the following :

Lemma 2. (i) Let a.enr(S
2n 2). Then Ax (£a) = 0 for n even, A1(Etx) = n2n_3<xfor n odd.

(ii) Let n be even, then A2j1.£a = ^2n_5a for aen2"~*, A2s2,Ey= ±bn(v2n^s + ixl)y for
yen2 In-2

(iii) Let n be odd, then A2;1.£a=0 for a.enln~A, A2{jlt,n,y}= — a )ymodan(2v
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3. Whitehead products in i r(Wn 2) for n odd

For the homotopy groups of Wnk, see [6] and [9]. Let n be odd. The group
n2n-i(Wn-2) = Z is generated by [2i] with g1*[2i] = 2i.

Theorem 3. We have [ [2i]J1 i 2 n_3] =0.

Proof. Let k = 2, 1 = 1 and r = 2n — 2 in (1.1). Since the group n2n-1(V2n+15) = Z4. is
generated by i4v, we have pAn2n~i(V2n+1,5)=0. This implies

= 0.

The 2-component of the group n2n + 2(Wn2) is ^8 generated by [v].

Theorem 4. We fowe [[v]j '1i2n-3]= ±JiEP4[y']^0 for n = l m o d 4 , and 0 for
n = 3 mod 4.

Proof. Let k = 2, 1 = 4 and r = 2 n + l in (1.1). The group n2n + 2(V2ny4) = Z2 + Z8 is
generated by J3V

2 and [v], so we may set s!|t[v] = [v] modi3v2 by (1.2)2. By Lemma 1, we
have

= ± j x £P 4 [v]

Consider the commutative diagram

2»-2 n
 l1r2n-l

nA-n - 2' * "4n - 1

i2n-3> I 1*n-2^ I '?2n--2*

rt4n - 2 7; * "4n - 1

If n = 3 mod 4, we have

for P4SAi2n+ienl"nZ
2
2. This shows that r)2n_3.P4s4i2n+l =Pss5ti2n+1, since

E:nl"nZ2-^nllZl is the monomorphism. Since J4[v] = i2s5/; we have
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Therefore [ [ V ] , ; 1 I 2 B _ 3 ] = 0 .
If n s l m o d 4 , we have 0^[v,i2n_1] = £3P4[v] and HlP4[v] = v2 by [3]. This shows

£P4[v]£ImageE2. The unstable parts Z8 + Z24 of the group nl"Zl which is generated
by P4s4i and [v,r2n_2] vanish by r\\n_2, since H5[i2 n + 3, i2n+3] = i1s4>/ implies P4s^ = 0.
Therefore the unstable element P3[v] does not lie in j/2n_3»7t4"I2 = Image Aj. This
shows that

The 2-components of the group n2n+s(Wnt2) is Z2 + Z8 generated by [v]v2 and [f/e].

Theorem 5. We have UjlB\Jii2n-3]= ±4j1P5[_a] for n s l m o d 4 and n = 27mod64,
[[»/e].A'2ii-3]=0 otherwise.

Proof. Let /c = 2, Z = 5 and r = 2n + 7 in (1.1). The group n2n + 8(V2n4} = Z2 + Z4 is
generated by [v]v2 and [jje], so we may set s*[>/e] = [>/a] in (1.2)2. By the result of the
groups TC2n+8(F2n+5 k) for /c = 8 and 9, we have the following:

r ns3mod4,

]Ji '2n-3]= +4/1-P5M for n = lmod4.

If n = 3 mod 4, except n = 27 mod 64, the relations

^12^l'2n + 9=^Ms0- (A = 0, 1,2,4)

lead to [|>£]ji!2n-3]=0.

4. Whitehead products in nr(FFn3) for n even

Let n be even. The group n2n-i(Wn3) = Z is generated by [(12/fcn)i].

Theorem 6. 77ie nontrivial Whitehead product [E(12/fcn)i]j2'2n-5] IS equal to
l-ZVPsD/L-s] /<"" n = 2mod4, ±j2P4[r]2n.2] for n = 4mod8, ±j2P5s5i2n-l for n = 0
mod 8, respectively.

Proof. Let fc = 3, / = 1 and r = 2n-2 in (1.1). In (1.2)3 the group 7T2n-1(F2n,6) = Z 8 + Z
is generated by i ^ ] and [2i] (or s6i2 n_1 for n = 0 mod 4), so we may set

for « = 2mod4,

for n = 0mod4.

If n = 2mod4, the relations £ 2 P 3 [ ^ n _ 3 ] = ['?2> »2--3] =E6P7lrj2l H1P7[f/
2] = e2n_10

and 2i2[/;] = —2f1[2i] = i3['72] in Jt2B_1(K2ll + 1>6) imply that P3[?;2] is the unstable
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element 2 P 4 M = — 2P5[2i] of the group •n%t
n~J1 = Gln-1 + Z%, where Z 8 is generated by

(cf. [10]). Thus

ri2] modj22P3[,rl
2^=0,

since 2P3[j72]eIm A2.
Now the unstable parts Z2 + Z2 of the group nl"Z* (cf. [10]) are generated by

m-s and [ti2,i2n_A~\. So we have

because of r]2n_5,P2s2ri2n.3 = P2lr]']ri2 = 2P3[ri2'\. Hence P 3 [ ^ 2 ] ^ Image A2. Thus

For the case n = 4mod8, the relations E3PA[t}2n-2~\ = [r},i2n-2]=E1Ps,[.ri]
HlP8[rj'] = riG show that the element P4[f?] is the unstable element 2P 5 s 5 i 2 n - i of the
group 7i^I^ = G2n_2 + Z1 6, where Z 1 6 is generated by PsSsi^-x (cf. [10]). So

S i n c e » 7 2 n - 5 2 2 7 2 n 3 2 M / 5 5 2 n l

An argument similar to the above one shows that +bnv2n-5*nl"^^P4.lrj']. Therefore
we may conclude that

If ns0mod8, the relations

imply PsSsJ^-j ^^jn-s'^ln-?- Assume that P5s5i€bnv2n-snl^-7- Then we have a
contradiction
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Hence

We know that the 2 components of the group n2n(Wn<3) is Z2 + Z8, where Z2 is
generated by \r\].

Theorem 7. [[i)]j,i2,_5] = 0.

Proof. Let fc = 3, / = 1 and r = 2n — 1 in (1.1). In the case n = 0mod4, the group
n2tt(V2n<6) = Z2 + Z2 + Z2 + Z2 is generated by i5v

2, J2[v],!'iM'7 and s6^2»-i, so we may
set

i5v
2.

In the following diagram, E is monomorphism

- , 2 B - 4

4n - 6 7; *• ^4(1 - 5

so the relations

imply P5s5t]2n_leri2n_5.ni"^. Thus

= 0mod0.

If ns2mod4 the group n2n(V2n6) = Z4. + Z2 + Z2 is generated by i2[v], ^[f/]/? and [>/],
so we may set

s*['73 — \jil mod i5v
2.

Because of i i M = H6P1j2 n + 1 in 7t2n(V2n+1 6), the relations Ps[ri2n-1] = P6i1[tj'] = O hold.
Therefore

https://doi.org/10.1017/S0013091500016941 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500016941


COMPLEX STIEFEL MANIFOLDS 247

We know that the group n2n+2(Wn3) = ZlHbitt2) + Z16, where the first component is
generated by [(2/(bn, 2))v].

Theorem 8. We have [[(2/(bn,2))v]J2i2n_5] = 0, where the indeterminacy is j2[p, i2n_5]
when n^2mod8.

Proof. Let fe = 3, / = 1 and r = 2 n + l in (1.1). In the case n = 2mod4, the group
is generated by i4s2<r, i3[v2] and [2i]v, so we may set

s*[2v] = [2i]vmod i4s2(T, 2i3[v2]

by (1.2)4. Since £P 2 [v | n _ 4 ] = [v2,(2n_4] = £3P4[v2] and HxP4[v2] = v3 hold, P2[v2] is
the unstable element P5[2i]v of the group 7i4|[_4. By

we have P2[v2 n_4]=P5[2i]veImage A2. Thus

[[2v],;2i2n_5] = +72P6p6ii[2i]vmodj2P6p6i5s2(7

= 0 m o d / 2 [ a , i 2 n - 5 ] .

Especially in the case n = 2mod8, we have [a, i 2 n _ 5 ]=0 .
Let n = 0mod4. Since the 2 components of the group 7c2B+2(^2n,6) is

generated by i4s2ff,i3[v2] and s6v, we have

s^[v] = s6vmod i4s2ff, 2i3[v2].

If n=4 mod 8 we have

sOmod;2[ff , i 2 n_5] ,
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since H8P1i2n+3 = i3s5v implies P5ssv = Psi3s5v = 0. If » = 0mod8, n^24, the relations
isa = i4s5v and [_a,i2n-5]^0 (cf. [3]) imply

Hence

Let (/: m) = 1/(1, m), where (/, m) is the greatest common measure of the integers / and m.
We have n2n+6(Wn^) = Z16(4:bn) + Z2^.bit) + Z2, where Z16(4.K) is generated by [a].

Theorem 9. We have [[ff],;'2»2n-5] = 0 / o r n = 0, 6mod8, [[ff],j2'2n-5] =
+j2PsS5(72n-1^=0 for n = 4mod8 (t/ie indeterminacy is j2[C,i2n-s] when « = 60mod64),

for « = 2mod8.

Proof. Let fc = 3, / = 3 and r = 2n + 5 in (1.1). For the case ns0mod4, the group
7i2n+6(K2n6) = Z4 + Z8 + Z1 6 is generated by h[y], ii[r(]a and s6a, so we may set

If n = 0 mod 8 we have

= 0mod;2[C,J2n-5] = 0,

since Hl2P1i2n+1 = i1s5o implies P5s5(T2n_1=0 and K, i2n_5] = 8P5s5(T = 0.
If ns4mod8, we have

C, !2 n-5] =0

by K, '2n-5] = 8P5s5cr = 0 (except [C,'2-1-5] =/=0 when n = 60mod 64). Since E
= [a, i2n-{\ = E1P»ssa and HrP8ss(j = a2 hold, P5S5CT is the unstable element.

Assume that P5s5ff2n-t e ±bnv2n_s,nl"~2, then we have

by the isomorphism nl"~2—+Tzl"Z{. By the map £3: rc^;?—>7il"+i we have
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Here the unstable part Z8 of the group nl" +} generated by P 4 M (cf. [10]) vanishes by
bnv*n+i, since i W + i ^ M = i f A M v ) and Wv<=n2n+6(V2n+3A) = Z2 + Z2. This is
a contradiction.

Similarly assume Pss5o2n-iei2n-5'nln~4- This leads to a contradiction as follows;

where the group nl"ni\ is stable. These show P5s5(T2n_1 ̂ ImageA2, therefore

In the case n = 2mod4, the group n2n+6(V2ni6) = ZA + Z4 + Z32 is generated by
''IIXMIM0'—4[cr] and [>], so we have

If n = 6 mod 8, we have

because the relation H 1 2 P 1 i 2 n + 7 = i7[o-] + i3s9v implies

e

C

If n = 2 mod 8, we have

Assume PsCo^n-i]6 ±^nv2n-5»7t4n"2. t n e n w e have

by the isomorphism E:nl^~2—+nln
n+{. Here the unstable part Z 1 6 of the group 714J

vanishes by v j n + 1 , since

= ±bnP5S5V

= ±bnP8HsPli2n

= 0.

This contradicts E*P5[a2n-1~\ = [o,i2n
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Assume that P5[a2n-{]er}2n^5.nl"n~
A. Since the relations

£4~ _2n-4 * ir3_2n-4 r „* _2n-l

hold and the unstable part Z2 of the group n\n
ni\ vanishes by r\*n+3, we have a

contradiction to E1P8[o~\ = [_a,i2n-l~]j=0. Therefore P 5\_o 2n-^^ Image A2. Hence,

5. Whitehead products in i(.(W
/
n3) for « odd

Let n be odd. The group nZn-i(Wn 3) = Z is generated by [(24/an)i].

Theorem 10. [[(24/fl,,)i].j3i2ll_5]=0.

Proof. Let 1=1, /c = 3 and r = 2n — 2 in (1.1). Since Tt2n-i{V2n+itl) = 0 we obtain the
result.

We know the 2 components of the group nln+2{Wni) = ZA.(anl-) + Zlfl, where the first
component is generated by [(2/(an, 2))v].

Theorem 11. We have [[(2/(an,2))v]J2i2n_5]= ±;2P5[v2ll_1]#0modj2[ff,i2ll-5],
iiPib'2'] i/« = 3mod4, =0mod72[a,i2n_5],;2P2[v|n_4] i /n=lmod4.

Proof. Let 1=1, k = 3 and r = 2n + l in (1.1). In the case n s l m o d 4 the group
i2n+2({/2n,6) = Z2 + Z2 + Z2 + Z2 + 24 is generated by i5v,i5s,i4s2<r,i3[y

2] and [2i]v, so we
may set

s*[2v] = [2i]v mod i5v, i5e, iAs2a, J3[v
2]

in (1.2)2. Thus

= 0modj2[ff, i2n-5

because of ij^ijvsOmodi6v,i6e,i5s2a,i4[v2]. Assume that P2[y\n-
Then we have the relations

This contradicts >7*n-4anv2n-5.7c^ll=0. Therefore 0^=P2[v|n_4]^ Image A2, so
0. A similar argument shows that j2lc,i2n-5]^0 by ^n-4[^, '2n-5]

In the case n = 3mod4, the group n2n+2(V2n6) = Z2 + Z2 + Z2 + Z2 + Z8 is generated
by i5v, i5e, i^s2a, i3[v

2] and [v], so we may set

s*[v] = M mod j5v, i5e, i^s2a, i3[v
2]
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in (1.2)2. Since the unstable parts Z2 + Z2 of the group nl"nZl generated by P2s2i2n-i

and [f/, i 2 n-2] (cf- [10]) vanish by the map anv2n_5., so the unstable elements Ps\y2n-i\,

PiO2n-s an<i ^2Cv2n-4] do not lie in Image A2. Thus

l[y'],j2i2n.s]= ±j2P6p6i1[y]

= ±JiPs[y m-il

#0mod;2[(j , i 2 n_5], j2P2[v2] .

We know the 2 components of the group n2n+6(Wn3) = Z16i4:aj + Z2{anA), where
zi6(4:a.)is generated by [2er].

Theorem 12. [[2<r],./2i2n_5]=0.

Proof. Let 1=1, k = 3 and r = 2n + 5 in (1.1). Since n2n + 6(V2n+11) = 0, the result
follows.
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