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With R the set of real numbers and S a Banach space, let .# be the class of
functions 4 from R x S to S which have following properties:

(1) if Bis a bounded subset of S then the family {A( - , P): P isin B} is equicon-
tinuous; i.e., if t is a number and ¢ > 0 then there is a positive number § such
that if | s — t| < 8 and P is in B then | A(s,P) — A(t,P)| <e.

(2) A is Lipschitz continuous; i.e., there is a continuous, real valued function «
such that if ¢ is a number and P and Q are in S then | A(tL,P)— A1, Q)| £ o(2)
‘| P—0],and

(3) if t is a number then A(t, - ) is dissipative; i.e.,if ¢ > 0, Pand Q are in S, and ¢
is a number then

|[P — cA(t,P)] - [Q — cA(t,Q)]| = | P - Q].

THEOREM 1. Suppose that A, is a function from R x S to S. These are
equivalent:

L. There is a sequence {A,};_, in & having the property that if a <b and
B is a bounded subset of S then {A,}"., converges uniformly to A, on
[a,b] x B.

II. The function Ay has the following properties:

() if B is a bounded subset of S then the family {Ao(-,P): P is in B}
is equicontinuous in the sense of (1) above,
(b) if a < b and B is a bounded subset of S then
(i) A, is bounded on [a,b] x B, and
(ii) if €>0 then there is a positive number & such that if
asts<b, Pisin B, Q is in S, and |P— Q| <§ then
| Ao(t,P) — 4o(t,Q)| <e, and
(c) iftis a number then Ay(t, - ) is dissipative.

* The main portion of the research in this paper was completed while the author was sup-
ported by a Frederick Gardner Cottrell grant in aid from Research Corporation,
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COROLLARY. (See also [4, Theorem 4.1]) If case I of the above Theorem
holds, then there is a sequence of functions {M,}y-o such that if P is in S-then
M (x,))P = P + [;A(s,M(s,y)P)ds for x 2 y and n = 0,1,2,---. Moreover,
M, = lim, M, and the convergence is uniform on bounded subsets of R x R x S.

For each non-negative integer n, the existence of the function M, which
solves the integral equation indicated in the Corollary has been established. See,
for example, [3] for the Lipschitz case and, otherwise, [7, p. 277]. In case 4, is in
2 or has the properties of statement II in the above Theorem and in case x > y
and P is in S, then M,(x, y)P may be found to be

AP[1 —ds - A(s, - )]P

which is approximated by

[1— (51— 80)4u(s0> = [ = (52 = s)4,(515 = )] [1 = (S = Su=1)An(Sm> * )]P
with x = 5o 2 -+ 2 s,, = y. In more general situations ([ 7, Theorem 1.] or [2]),
M, (x, y)P is given by

JAP[L+ds - A,(s,- )]~ 'P.

If {4,};-1 is a sequence as indicated in statement I of the Theo_rem,-then
the fact that A, has the properties indicated in II follows from the standard
inequalities. On the other hand, beginning with statement II, the question is how
to construct the sequence {A,};%., of Lipschitz continuous functions which will

converge uniformly on bounded subsets to 4,. A prototype is found in [5, Theo-
rem 1.].

With A, as in statement II of the above Theorem, define V(x,y)P to be
f’; Ao(s,P)ds for x = y and P in S. Then V has the following properties:
[2, Theorem 6.1] ‘

1A. if Pand Q arein S,c >0, and x = y then
|[L = Ve, )]P ~ [1 — eV(x,)lQ] 2 |P -],
2A. ifx =y = zand Pisin S then
V(x, )P + V(y,2)P = V(x,2)P,

3A. if a < b and B is a bounded subset of S then there is a number L such that
ifbzxzy=aandPisinBthen

| V(x,y)P| < L - (x—y), and

4A. if a<b, B is a bounded subset of S, and ¢ > 0, then there is a
positive number & such that if P is in B, Q is in S such that |Q — P| <4, and
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b=x2Zy=a,then
| V(x, 9P = V(x,»)0| £ (x — y)e.

The main Theorem of [2] states that there is a function M from RXRx S
to S related to V by the following formulas: if x = y and P is in S, then

i M(x,))P = P+ [LV[M(-,»P],
ii. M(x,y)P = JP[1— V]~'P, and
ii. V(x,y))P = ,Z[M —1]P.

Moreover, M has the following properties:
IM. if Pand Q are in S and x = y then
| M(x,9)P — M(x,5)0| <|P -],
2M. ifx 2 y Z z and P is in S then M(x, y)M(y,z)P = M(x,2)P,
3M. ifa < b and B is a bounded subset of S then there is a number L such that
ifbzx=y=aandPisin B then
| M(x,))P = P| S L - (x —y), and

4M. if a < b, B is a bounded subset of S, and & > 0, then there is a positive
number & and a positive number d such that if P is in B, Q is in S such that
|Q—P|<8,and b = x = y = a such that x — y <d, then

| [M(x,y)P — P]— [M(x,y)Q — Q]| < (x — y)e

These results will be used to establish the Theorem.

INDICATION OF PROOF FOR 11 =% 1. For each positive integer n, let A,(t,P)
=n[M(t +1/n,f)P — P]. If n is a positive integer and B is a bounded subset

of S then the family {4,(-,P): P is in B} is equicontinuous for: if s <t and
P is in B then

| nEM(t + 1/n, )P — P] — n[M(s + 1/n,s)P — P]|

< n|M(t + 1/n, )P — M(t + 1/n,)M(t,5)P|

+ n| M(t + 1/n,s + 1/m)M(s + 1/n,5)P — M(s + 1/n,5)P|
S n|[M(t + 1/n, )P — P]— [M(t + 1/n,1) — 1IM(2,5)P|

+n| P — M(t,9)P| + n |M(t + 1/n,5)P — M(s + 1/n,5)P| .

These inequalities, together with the properties 3M. and 4M., establish the
equicontinuity of the family {4,( - ,P): P is in B}.

If n is a positive integer and ¢ is a number then A,(¢, - ) is Lipschitz for;
if Pand Q are in S then
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| A,(t,P) — A6, Q)| = n|[M(t + 1n,0)P — M(t + 1/n,0)Q] — [P — Q]|
< 2n|P-Q].

And, if n is a positive integer and ¢ is a number, then A,(t, - ) is dissipative
forif ¢ > 0 and P and Q are in S then

| {P— cn[M(t + 1/n,O)P — P]} — {Q — en[M(t + 1/n,HQ — Q1}]
2[1+cen] |P-Q|—cn|P-Q|=|P-0]|.

Finally, if a < b and B is a bounded subset of S then {4,}7-, converges
uniformly on [a, b] x B for: suppose that ¢ > 0, Let J be as specified in 4A and L
be as in 3A. Suppose that x — y < 8/L and that

bzx=ty2t; 2 2t,=y2a

If p is an integer in [1,n] and P is in B, then

V(t,_1,1)P ] <6

It - V(ti—lyti)]—IP_P' D)
Thus r i=p

1:[1 [1— V(t—y,t)]~ P — P — V(x,y)P ‘

Elv(tp—lstp) H [1 - V(ti—iati)]-lp - V(tp—l’tp)P & = (x - J’)ﬁ
p= i1=p

Hence,if b= x = y = aand x — y < §/L then
[M(x,p)P — P — V(x,y)P| £ (x — y)e.
(See [2, Lemma 4.1].) Moreover, by II (a), there is a number d such that if
asSs=t=bh, t—s<d,and Pisin B then
| V(t, )P ~ (t — )Ay(s, P)| = ‘ Jv'Ao(z, P)dz — (t — 5)Ay(s, P) ‘ < (t—s)e.
Hence, if n is a positive integer such that 1/n < minimum {§/L, d}, t is in [a,b],
and P is in B then
| A(t,P) — A(t, P)| = | n[M(t + 1/n,H)P — P] — A1, P)]
S n| M@t + 1/n,)P — P — V(t + 1/n,D)P|
+n|V(t+ 1/n, P — A(t, P)/n| < 2.
Hence, {4,},°., converges uniformly on [a,b] x B and has limit Ao.

INDICATION OF PROOF FOR COROLLARY. For each non-negative integer n, let
V(x,))P = [ As,P)ds for x = y and P in S. If n is a non-negative integer,
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then V, has properties 1A.-4A. and there is a function M, related to V, as indicated
above and in the main Theorem of [2]. Now suppose that P is in S and
X=1ty = =t,=b. Then

n

I_,[ [1_ Vn(tp—l’tp)]—lp- I:Tl[l - VO(tp—htp)]‘lPJ

p=1

3

p=1

{ l;pll[l — Vn(tq—latq)]_l ﬁ ‘ [1 - VO(tq"l’tq)]—IP

q=p+

p-1 n
- ]_:[1 [1 - Vn(tq—latq)]_l ],;,[ [1 - VO(tq—lstq)]_lP} ’

< T | [T [ Valtyorst)]"'P
p=1'g=p+1
= [1 = Vit )] TT [1 = Volty-1, 0] P |
= Zl - VO(tp—l’tp) l__[ [1 - Vo(tq—btq)]_lP
p= q=p

+I/;l(tp"1’tp)1—] [I—Vo(tq—btq)]-lpl'

q=p
Suppose that a < b and B is a bounded subset of S. Let B’ be the set of points Q
in S for which there is a decreasing sequence {t,}; -, in [a,b] with t, = a and a
member P in B such that

Q = Hl [1 - VO(tp—l!tp)]_IP'
p=
The set B’ is bounded. (See [2, Lemma 2.0].) Corresponding to B, let N be an
integer such that if n > N, Q isin B’, and a < ¢t £ b then
| 4,(1,0) = 4o(1,Q) [ < &. For a < y S x < b, | V(x,)Q — Vo(x, Q|
<(x—ys;
and, the above inequalities show that if Pisin Band a < y < x < b then
' Mn(x9y)P - MO(x’y)PI é (x - y)g
THEOREM 2. Suppose that A, is a function from Rx S to S and that p is a
continuous function from R to R. These are equivalent:

1. There is a sequence {A,}," of functions from Rx S to S with the following
properties:
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a. if p is a positive integer and B is a bounded subset of S then the family
{A,(->P): Pis in B} is equicontinuous,

b. there is a sequence {a,},;_, of continuous functions from R to R such that
if p is a positive integer, t is a number, and P and Q are in S, then

| 4,(t,P) — A,(1, Q)] < a,(t)| P - 0],

C. thereis a sequence {f,}, - of continuous functions such that lim,_, .8, = p
and, if t is a number, n is a positive integer, P and Q are in S, and ¢ > 0,
then

[P~ cd,(t, P)] - [Q — eA,(t, Q]| 2 [1 - ¢, (]| P~ @], and
d. {4,};-1 converges uniformly on bounded subsets and has limit A,:
II. The function A, has the following properties:

a. if B is a bounded subset of S then
1. {Ay(-,P): P is in B} is equicontinuous,
2. if a<bthen
(1) A, is bounded on [a,b]x B, and
(ii) if e > 0 then there is a positive number & such that ifa < u £ b,
Pisin B, and Q is in S such that | Q — P| <& then

| Ao(u, Q) — Ay(u,P)| <e, and
b. if t is a number, P and Q are in S, and ¢ > 0, then
[ [P — cAo(t,PY] = [@ — cAo(t, Q]| Z [1 — cp()]| P~ Q].

REMARK. Suppose that P is in S and {G,};-, is a sequence of functions
defined by Gy(t) = P and

~t

G(f) =P + J Ay(s, G,_(s))ds
0

fort z Oand n = 1,2,---. One might conjecture that, if A, has the properties in
statement II of Theorem 1, and, hence, is the uniform limit (on bounded subsets)
of Lipschitz functions, then the sequence {G,}, -, converges to the solution for
y(0) = Pand y'(t) = Ay(t, y(t)). That this is not the case may be seen by examining
an example by Miiller [6] (or [1, p. 53]).
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