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A Hopf-type Boundary Point Lemma for
Pairs of Solutions to Quasilinear Equations

Leobardo Rosales

Abstract. We present a Hopf boundary point lemma for the difference between two Hélder continu-
ously differentiable functions, each weak solutions to a divergence-form quasilinear equation, under
mild boundedness assumptions on the coefficients of this equation.

1 Introduction

In this work, we give a Hopf-type boundary point result for pairs of solutions to
certain quasilinear equations. Our main theorem is roughly as follows.

Theorem 3.1  Suppose V c R" isa C** open set for some a € (0,1) with 0 € 9V, and
suppose Al, ..., A" € C*(VxRxR") and B € C'(VxRxR") where AL, ..., A" satisfy
some mild boundedness assumptions. If u;,u, € C»*(V) are each weak solutions over
V to the equation

n
> Di(A'(x,u,Du)) + B(x,u, Du) = 0,
i=1

11(0) = w2(0) = 0, and u1(x) # uy(x) for all x € V, then Du;(0) # Duy(0).

See also Definition 2.1. The mild boundedness assumptions are given by (ii), (iii),
and (iv) in the statement of Theorem 3.1.

The proof of Theorem 3.1 uses standard PDE techniques. For this, we show that
w = wy — U solves a linear equation over V of the form

n n
1y Z Di(a”Dju) + Z c'Diu+du=0
ij=1 i=1

(see Definition 2.2), where a’/ € C**(V), ¢’ € L(V), and d € L(V) for some
q > n. We then apply a generalized Hopf boundary point lemma to « at the origin to
conclude Theorem 3.1. More specifically, we apply the recent work of the author [8],
given here as Lemma 2.5 for convenience to the reader. For a similar generalization of
the Hopf boundary point lemma (which unfortunately is not quite sufficient for this
paper), see [9].

Received by the editors July 16, 2018; revised February 16, 2019.

Published online on Cambridge Core June 4, 2019.

This work was partly conducted by the author at the Korea Institute for Advanced Study, as an Associate
Member.

AMS subject classification: 35B50, 35A07.

Keywords: partial differential equation, divergence form, Hopf boundary point lemma.

https://doi.org/10.4153/50008439519000055 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439519000055

608 L. Rosales

The main concern in order to apply Lemma 2.5 is showing that the coefficient d
in (1.1) is in L1(V') for some g > n. This is not immediately evident, as d is defined
in terms of the second derivatives of «;, «5, and while uy, 2, € C**(V), we can only
conclude «;,u; € C*(V) by standard PDE arguments. Thus, d € L1(V) for some
q > n must be carefully checked using the boundedness assumptions on Al LAY
(specifically, Theorem 3.1(iv)) and interior C? estimates for u«;, «,. A natural question
is whether we can circumvent this issue by showing that « = u; — u; solves a different
linear equation (as in Definition 2.2) with coefficients that are not defined in terms of
the second derivatives of u,, u;. However, this alternate strategy leads to much more
cumbersome necessary assumptions on Al, ..., A" B; see Remark 3.2(i).

Before stating and proving our main result in Section 3, we need some basic def-
initions and results in order to prove Theorem 3.1, which we give in Section 2. In
particular, we state Lemma 2.5 in Section 2, which is the version of the generalized
Hopf boundary point lemma from [8] that we need. Throughout, we only assume
knowledge of graduate-level real analysis, as well as access to the references [2, 8].

1.1 An Application

This work is a generalization of the argument used by the author in [7, Lemma 4.1]
to study co-dimension one area-minimizing currents with tangentially immersed
boundary.

To motivate [7], we consider a simple form of Plateau’s problem: given a simple
smooth loop y in space, is there a smooth orientable surface 771 spanning y with least
area? The answer is in the affirmative. A naive solution is to take a sequence of smooth
orientable surfaces { M, };2, spanning y with area(Me) v inf spans y area(M), and
then set 771 = limy_., M,. To show 171 exists and is a smooth orientable surface
requires that we consider the theory of currents, which in space are heuristically the
closure of the smooth orientable surfaces-with-boundary under bounded area and
boundary length. In [7] the author considers Plateau’s problem for more complicated
boundaries; in space, we allow the loop y to intersect itself tangentially.

We now describe [7, Lemma 4.1] in a simple form. Suppose V c R” is a C** open
set for some & € (0,1) with 0 € dV. Also suppose u;,u; € C**(V), U € C=(R"*),
and for £ =1,2, let

2= {(x,ue(X), U(x,ug(x))) ix e V} c R™2.

Now let vp: £, — R"*! be the upward pointing unit normal of %, within the graph of
U; thus, v, is tangent to the graph of U, perpendicular to X, while v, - e, > 0. Finally,
we suppose there is a Lipschitz function H: R"*! — R so that

/diVZeX:f X'HV{
2 Ze

for all smooth vector fields X: R"*! — R"*! with compact support in V x R; in [7] we
say 2 has Lipschitz co-oriented mean curvature with respect to the graph of U. In [7]
we argue (and Theorem 3.1 implies) that «;(0) = «»(0) while u;(x) # w,(x) for all
x € V implies Du;(0) # Du,(0).

Most of the work in the proof of [7, Lemma 4.1] involves translating and rotating so
that we are in a position to essentially apply Theorem 3.1. Also, the calculations of the
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Appendix of [7] are done essentially to verify that assumption (iv) of Theorem 3.1 is
satisfied. Lemma 4.1 [7] is used to study the asymptotic behavior near the boundary of
solutions to Plateau’s problem (that is, co-dimension one area-minimizing currents)
with tangentially immersed boundary (such as loops in space with tangential self-
intersections) having Lipschitz co-oriented mean curvature.

1.2 Classic Results

If we assume that «;,u, € C¥'(V), then Theorem 3.1 can be proved more directly
using the classic Hopf boundary point lemma (see [2, Lemma 3]). For example, we
refer the reader to the proof of [6, Lemma 5.1]. Another example is given by a classic
result in differential geometry (see [1]).

Alexandrov’s Theorem A compact embedded constant mean curvature surface % in
R? must be a round sphere.

Proving this requires using the now well-studied Alexandrov reflection method,
as well as a geometric maximum principle, stated heuristically in the following form:
suppose X1, X, are both C 2 surfaces with the same constant mean curvature that meet
tangentially at a point p and such that X, lies on one side of X, near p; then %; = Z,.
The geometric maximum principle can be proved by writing X;, ¥, locally near p as
graphs of functions «;, «,, and applying the classic Hopf boundary point lemma to
w = u; — u,. For a modern exposition of the Alexandrov reflection method and the
geometric maximum principle, see [3, Chapters 3,4].

2 Preliminaries

We will work in R” with n > 2. We denote the volume of the open unit ball B;(0) c R”"
by w, = [, (0) dx. Standard notation for the various spaces of functions will be used;
in particular, we note that C(V;[0, c0)) shall denote the set of non-negative contin-
uously differentiable functions with compact support in an open set V ¢ R".

Also, for V ¢ R" we will write functions A: V x R x R” - Rby A = A(x, z, p),
where x € V, z € R, and p € R". For the convenience of the reader, we will let D; A
denote the derivative of A with respect to the x;-variable for i € {1,...,n}, aa—‘g the
derivative of A with respect to the z-variable, and % the derivative of A with respect
to the pj-variable for j e {1,...,n}. ’

We begin by defining the quasilinear equations we will consider.

Definition 2.1 Let V cIR" bean open set, and suppose A, ..., A", Be C(VxRxR").
We say u € C!(V) is a weak solution over V to the equation

n
D;(A'(x,u,Du)) + B(x,u,Du) =0
i=1

if for all { € C1(V'), we have

f ZAi(x,u, Du)D;{ - B(x,u,Du){dx = 0.

i=1
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This is [2, definition (13.2)]. We will also need to consider linear equations, in order
to apply the results of [8].

Definition 2.2 Let V c R" be an open set, and suppose a'/, b’, ¢’ € L*(V) and
del'(V)foreachi,je{l,...,n}. Wesayu € L>(V) n W"(V) is a weak solution
over V of the equation

n no , noo.
zDi(ZaUDj“ + b'u) + Zc’Diu +du<0

i=1 j=1 i=1

(or, more strictly, = 0) if for all { € C}(V;[0, 00)), we have

n

f Zn: aiijZLDi(+ Z (biZlDiC— ci(DiZL)C) —duldx>0

i,j=1 i=1
(resp., = 0).

The assumptions on the coeflicients are merely to ensure integrability. We now
introduce some terminology, in order to more conveniently state our results.

Definition 2.3 Let V c R".

* Suppose we have functions a”/: V — R for i,j € {1,...,n}. We say {aij}l'.”jzl are
uniformly elliptic over V with respect to A € (0, 00) if

n

> al(x)&E; > AlE}

ivj=1
for each x € V and & € R”".

* Suppose we have functions A7:V x R x R” — R for i,j € {1,...,n}. We say
{A"j}?’j:1 are locally uniformly elliptic over V x R x R" if for each R € (0, co) there
is Ag € (0, 00) so that

Z Aij(x’Z’P)fi‘fj > Ag|€?
ivj=1

for each (x,z,p) € Vx [-R,R] x Br(0) and & € R".

Before we give the version of the generalized Hopf boundary point lemma from [8]
required, we first give the following interior C* estimate. We prove Lemma 2.4 using
[2, Theorem 8.32]. The proof of Lemma 2.4 is standard, and known as the difference
quotient method.

Lemma 2.4 Suppose V ¢ R" is a bounded open set, and let o € (0,1). Also suppose
that

(i) A eCH(VxRxR")forie{l,...,n}and Be C'(V xR xR"),

(ii) 3—2':} r,lj_l are locally uniformly elliptic over V x R x R"*1,
it Ly=
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Ifu € C4*(V) is a weak solution over V to the equation

(2.1) Zn:Di(Ai(x,u,Du)) + B(x,u, Du) =0,

i=1
then u € C*(V). Furthermore, with R = ”“Hcl,a(Vy let A € (0, 00) be as in Defini-
. . A

tion 2.3 applied to {E} et Then for each x € V,

C2.4

D? < ,
D7)l < min{1, dist(x,0V)}

where

Coq = C24(” ® R, AR’{HA ch(vx RR]xBR(O))}t =1’

“BH cl(Vx[—R,R]XM)) ’

Proof Consider any X € V andlet p = dist(X, 9V') € (0, c0). With fixed h € (-4, %)
and k € {1,...,n}, define for x € B1(0),

w(px +X + heg) —u(px +%)
p , By(0)).
We wish to apply [2, Theorem 8.32] with u = w,x, Q" = B1(0), and Q = B1(0). We
must thus compute that uy, ; satisfies a linear equation as in Definition 2.2 over By (0).
To do this, for any { € C! (B1(0)) we can input the test function

wpk(x) = Upk € o *(B

1
2

x—X—hex\ _ r(x-%
x —> “ P })1 4 i )forxeBP(Ec\)

(after extending { to be zero outside of By (0)) into the weak equation (2.1). After a
change of variables we conclude that

x+x+hey
nﬂle Al (x, u(x, Du(x))| ) ;Cdx

px+x+hek)

_ f B(x, u(x, Du(x))

{dx =0.
Using single-variable calculus, we can compute that «j,  is a weak solution over B (0)
to the equation

n

n n
i
ZD,( Z ah kD wp k + bh lh, k) + Z cpxDittn + dpuy g =
i=1

i=1 =

n
gk + . Dify o
i=1
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where we define, for x € B1 (0) andi,je{l,...,n},
0A ; L 9A’
al0= [ 5y (Pus(t:)) h,k<x>:p[ ( ) dt
J

i) =p [ g(Ph,k(t,x))dt, dii(0) =" [ 2 (Praltx) de
gni(x) = —p’ / (DiB)(Py k(1 x)
fia() =p [ (DRA) (Bt

with Py i (t,x) for t € [0,1] and h € (£, £) defined by

dt,

)) dt
Pyi(t,x) = t(px + X+ heg,u(px + X + hey), Du(px + X + hey) )
+(1-t)(px + X, u(px + %), Du(px +%)).

Now let Ly, x be the operator given by

n

n
Lhku—ZD (Zah Dj u+bhku) + c'Diu+dyu.
pat

i=1

We now verify the hypothesis [2, Theorem 8.32] as follows:

* Let R = ] cra(77)3 then {a;] ¥} 1. jo1 are uniformly elliptic over B1 (0) with respect
to /\R by (11)
* By (i), u € C**(V), and p = dist(x, dV), we have

a;] bl fik € C¥*(B1(0)), ¢ o ik ghk € L™ (B1(0))

foreach i, j € {1,...,n}. Furthermore, we have

ij i
; I?ax n {”ah,k HCO’“(B%(O))’ th,k HCO,a(B% 0))’
Hcil,k”L“'(B%(O))’ Hdh,kHL“’(B%(O))} <K,
where we define, again with R = |«/|| Cla(Ty>

KP: max. {(@+p+p*R)|A’ |

.....

(Vx[-R,R]xBx(0))’
p(1+p+p*R)[ A’ C2(Vx[-R,R]xBg(0))’
PIBl o1 (T (-, R]<Br ()

p’ HBHCI(Vx[fR,R]XT(O))} ’

We conclude that the operator L ; satisfies [2, (8.5), (8.85)] with A =Ar and
K = K,. We can thus apply [2, Theorem 8.32] (with a'/,b", ¢, d, g, f' replaced re-

spectively by a;{k, bjy k> Choko Ak 8o S ) over Q = B1(0) and with Q" = B.1(0)
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(so that d’ = dist(Q’,9Q) = 1) to conclude (again with R = |[u| cua (7)) that

(2.2) Ikl cre @ o),

n
< C(Huh,kHLm(B;(O)) + I gnili=czy o)) + 2 Ikl con iz (0)))
2 2 -1 H

2
s C(R P IBl o1 (v r rpBo))
n
+p (U p+ p"R) Y A | o v 1))
i=1

where C = C(n, &, A, K, ) € (0, 00). In particular, the right-hand side is independent
of h e (-£,%). Letting h — 0, we can show, using Arzela—Ascoli, thatu € C* (Bp ().

This shows that « € C*(V). We now prove the interior estimate for D?«. Again
with X € V, now set p = min{1, dist(X, 0V') } and repeat the above calculations. How-
ever, still with R = ||| 1.4 (v» We replace K, with

K— max { (2+R)|A’ ch

.....

(Vx[-R,R]xBx(0))’ HB”C‘(VX[ R R]xBR(O))}
Letting h — 0 in (2.2), we conclude that
p|DDu(X)| = lim [Duy,i(0)]

<Clim (Huh,kHLm(B%(O)) * lgnkli=cz, o))

n .
+ 2 lfialcseiayon)

(R + HBHCI(VX —R,R]xBg(0))

0 Wl o)

where now C = C(n, a, Ag, K) € (0, o). |

We now state, for convenience, the version of the Hopf boundary point lemma
from [8] we shall need. To do so, we introduce some notation: let BZ_I(O) denote the

ball of radius p € (0, 00) centered at the origin in R"~!; D shall denote differentiation
over R"™!. Also, we let p:R" — R"! be the projection onto R""!, and we will write
points y € R"™.

Before we proceed, we note that the proof of Lemma 2.5 refers to the Morrey space
Lb*. Suppose a € (0,1) and U < R” is an open set; we say d € L>*(U) if d € L'(U)
with finite L% (1) norm, defined by

1
[dlpey=  sup e [ Jd(y)l
0 x€R",pe(0,00) P"_Ha UnB,(x) Y
(see [8, Definition 2.1]). Indeed, [8] generalizes the Hopf boundary point lemma to
linear equations (as in Definition 2.2) with lower-order coefficient d € L"*. Morrey
spaces were introduced in [5] to study existence and regularity of solutions to elliptic
systems, and since have been studied in and outside of partial differential equations.
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See, for example, [4], which uses Morrey spaces to prove regularity results for solu-
tions to non-linear divergence-form elliptic equations having inhomogeneous term
consisting of a measure.

We will also use the fact that if ¢ > n and U c R”" is a bounded open set, then
Li(U) c L (U) fora =1- %; see [8, Remark 2.2].

Lemma 2.5 Let A€ (0,00)and a € (0,1). Suppose
w e C**(B{7(0);[0,00))
satisfies w(0) = 0 and Dw(0) = 0, and let
W ={x € B{"'(0) x (0,3) : x> w(p(x))}.
Also suppose

(i) a7eCO(W),c'eL®(W)fori,je{l,...,n},andd e LT (W);

(i) {a"}? j-1 are uniformly elliptic over W with respect to A;

(iii) d(x) <0 foreach x € W;
(iv) a'i(0) = a’’(0) foreachi,je{1,...,n}.

Ifu € CY(W) is a weak solution over W to the equation
n P n .
(2.3) Z Di(a”Dju) + Z c'Diu+du<0
i,j=1 i=1

withu(x) > u(0) = 0 for all x € W, then D,u(0) > 0.

Proof Our goal is to apply the generalized Hopf boundary point lemma of [8] to u,
after applying a change of variables. Choose p € (0,1) so that

A2
(2.4) ||W||CI(B;4(0)) <max{ L4 |1+ ST b

zr'l,j:I |ati ”c(W)

Define the map ¥, € C>*(B(0); W) by
Y, (x) = p(x +eu) +w(p(px))e, for x € B;(0);
note that p(x + e,) + w(p(px))e, € W for x € B;(0). Now define
up(x) = u(¥,(x)) for x € Bi(0), w,e C'(Bi(0)).

We derive a weak equation for «, over B, (0), by applying ¥, as a change of variables
to (2.3).
To this end, we compute for x € B;(0)
Djty(x) = p(Dju) (¥, (x)) + p(Dyw)(p(px)) (Dute) (¥ (%))
~ p(Dju) (% (x)) + (D;w) (p(px)) Dutty ()
forje{l,...,n-1},
Dyup(x) = p(Dnu)(Wp(x)).
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Likewise, we compute for { € C}(B,(0)) and x € B;(0)

Di({(¥:(x))) = %(Dm(w;l(x)) - %(Dm)(p(x))(Dnc)(w;l(x))

. %(a:)(\v,:%x)) - %(Diw>(p(pw;lm>><Dnc)<\v,:1<x>>
forie{l,...,n-1},

D (¢(¥;(x)) =%<Dno(\1’,;l(x>>.

These calculations, and using W,: B;(0) — W as a change of variables in (2.3), imply
that u, is a weak solution over B;(0) to the equation

.ilDi(a;ijZLP) + Zn;c;DiuP +dpu, <0,
i,j= i=

where we define a;j:Bl(O) - R, ¢}, d,:B(0) > Rfori,je{l,...,n} by

a;j(x) _ aif(\}’p(x)) fori,je{l,...,n—-1},

' (x) = " (%,(x)) ~ . a7 (%, (x))(D;) (p(p)) for i € {1,...,n -1},
7=1

ay’ (x) = a" (¥,(x)) - Z a"l (¥, (x))(Dsw) (p(px)) for j e {L...,n -1},

n-1 __

ap(x) = a" (Fp(x)) + 3 a7 (%,(x))(Drw) (p(px)) (D7) (p(px)),

7,=1
c;(x) =pc' (¥, (x)) forie{l,...,n-1},

) = pe"(,(x)) - p X (7% (1)) (Drw) (b(p)).

dy(2) = pd(¥, (x)).
We now verify the hypothesis of [8, Lemma 3.3].
* a; € C**(B,(0)), ¢} € L*(B1(0)) c LT (By(0)) for i, je {1,...,n ~1},and

dy € L5 (By(0)) « LT (B,(0)) n L**(B1(0))

by ¥, € C%(B,(0); W), (i), [8, Definition 2.1], and [8, Remark 2.2] with g = .

. {a;,] }1 -1 are uniformly elliptic over B;(0) with respect to %, by (ii) and (2.4).

* {0}, d, are weakly non-positive over B;(0), see [8, Definition 2.5] and [2, (8.8)].
In this case, we just mean that [ d,{ dx < 0 for each { € CL(B;(0);[0, o0]). This is
true by (iii).

» Foreachi,je{l,...,n}

i (=ex) = a”(0) = (0) = o} (~e,)

by w(0) = 0 and Dw(0) = 0 (so that ¥, (—e,) = 0).
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Moreover, w(0) = 0 implies

wp(x) =u(¥y(x)) >u(0) =u,(~e,) = 0.
We conclude by [8, Theorem 4.1] that 0 < D,u,(~e,) = pD,u(0). [

3 Main Theorem

We are now ready to state and prove our main result.

Theorem 3.1 Suppose « € (0, 2%, and supposev € C>*(B}~'(0)) satisfies v(0) = 0,

Dv(0) =0, and [Vl cre(pr-1(0yy < 1 With

V= {x e B}7(0) x (-3,3) 1 x, > v(p(x))},

suppose
(i) A'eC*(VxRxR")foreachi=1,...,nand Be C'(V xR xR");
(i) 32; } ?,j:l are locally uniformly elliptic over V x R x R"
(see Definition 2.3);
(i) %(0,0,p) = 22(0,0,p) for each i, je {1,....,n} and p € R";
(iv) foreach R € (0, 00), there is Cg € (0, 00) so that

aZi

sup (%,2,p)| < Cr(l] +12]).

(x,z,p)eVx[-R,R]xBx (0) ap} 0z

Ifuy, uy € CY%(V) are weak solutions over V to the equation

n
(3.1) > D;(A'(x,u, Du)) + B(x,u,Du) = 0
i,j=1

with u;(0) = u2(0) = 0 and u;(x) > uy(x) for each x € V, then D,u1(0) > D,u(0).
Proof Our goal is to apply Lemma 2.5 to u = u; — u,.

First, we show that u solves a linear equation as in Definition 2.2 over V. Take any
{ € C1(V). Subtracting the weak equations (3.1) for «;, u,, we get

f (Ai(x, wy, Duy) — Al (x, s, Duz)) D;(
— (B(x,u1, Duy) = B(x,u3, Du,) ) {dx = 0.

Using single-variable calculus, we can compute that « = u; — u; € C*%(V) is a weak
solution over V to the equation

n n
> Di(a’Dju)+ Y ¢'Dju+du =0,
ivj=1 i=1
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where we define for x € V,

- [ e

é)= [ 22 o D+ A b (e )
6D d)= [ 2 (e(t)

[ 0 (21

i=1

)(tDjuy + (1- t)Diuz))

821

Cr

~(P(,))(tD;Djus + (1= £)D;D; uz))}

with
P(t,x) = (x, tug (x) + (1 - t)ua(x), tDuy (x) + (1- t)Duz(x)).

for t € [0,1] as well. To see this more clearly, note that after using one-dimensional
calculus, we further apply integration by parts to the term:

[/01 aai‘; (P(t,x))dtuD;{dx
:_,/-Di([olaai )(dx
_fflaAi(P(t,x))dt(Diu)(dx_f 0‘

-/ f o - (P(t,x))(tDjay + (1- £)Dju) dtud dx

aDaiZA ,x))dtu dx

2 A
-/ f aap,A (P(t,x))(tD;Djur + (1= 1) D;Djuz) dtul dx

using A’ € C*(V x R x R") and uy,u, € C*(V) by Lemma 2.4, which explains the
definition of ¢/, d; see Remark 3.2(i).
Moreover, note that for each x € V,

w(x) =wy(x) —uz(x) >ui(0) —uy(0) = 0.

This implies that « is a weak solution over V of the equation

n n-1
Z Di(a"Dju) + Z cDiu+d_u<0
ij=1 i=1

(see Definition 2.2), where a’/, ¢/ for i, j € {1,..., n} are as in (3.2), while
(3.3) d_(x) =min{0,d(x)} forx e V.

As noted before, our aim is to apply Lemma 2.5 to «. However, we will not apply
Lemma 2.5 over the region V, but instead over W defined as follows.
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Using || v[ ce(gs-1(0)) <1 define and compute
(3.4) w(y) =2v(y) +3|y|"" for y e B/ (0)
where w € C*(BI71(0)),
w(0)=0 and Dw(0) =0,
W ={xeB!(0) x (=3,3) : x, > w(p(x))},
W Vn{xeB(0)x(0,3):x, > |p(x)|**},
andwc V whenxe W.

Let us show the last claim. Fix ¥ ¢ W; then the fifth item in (3.4) implies X,, > 0. More-

over, for any x € Bx, (2), we have by [v[ ce(pr-1(0)) < 1and the definition of w, W
4

that

Xn = v(P(x)) + X +2x = X +v(p(%)) - v(p(x)) - v(p(X))
2 v(p(x)) + % = |xa ~ Tl = [p(R) ~ p(x)| ~ v(p())
> v(p(x)) + 2 - v(p(%)
> v(p()) + SR 2 v(p(x)).

Thus, Bz, (Z) ¢ V whenX e W.

We now check that a’/,c’,d_ for i,j € {1,...,n} as in (3.2),(3.3) satisfy the hy-
pothesis of Lemma 2.5 over W, in reverse order.

* Using (iii) and «;(0) = «,(0) = 0, we compute

y 1Al
a'’(0) = ?;; (0,0, tDu;(0) + (1 - t)Du,(0)) dt
J
1 9AJ y
= E;:: (0,0, tDwu;(0) + (1-t)Du,(0)) dt = a’*(0)
0 i

foreachi,je {l,...,n}.

* d_(x) =min{0,d(x)} <0foreachx e W.

e By (ii), we have that {a'/}?_ are uniformly elliptic over W with respect to
AR € (0, 00), where we set

(35) R = max{ a1 |grgyys 122l i -
* By (i) and uy, u, € C*(V), we immediately conclude
a e C¥(W)and ¢’ e L(W)
foreachi,je{L,...,n}.

We now show d, and hence d_, is in L™« (W). For this, since 0 € dV, we con-
clude by Lemma 2.4 that for each £ = 1,2,

C2.4

D? P S—
ID7u(x)] < dist(x, 9V)

for x € V.n B;(0)
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where C, 4 depends on

n, & R, Ag, {HA HCZ(Vx RR]xBR(O))}l =D HB”cl(Vx[ R,R]xBg(0))

Now suppose x € W; then By B (x) ¢ V implies dist(x,dV) > % - by (3.4). We thus
conclude

(3.6) |D*u(x)| <

4C
22 for each x € W n B,(0).
x

n

We now consider each term in the definition of d given in (3.2), which we bound
independently of ¢ € [0,1] over W.
- By (i) and (3.5), we compute

0B
a( tx))‘ HB”CI(WX[RR]XBR(O))

forte[0,1] and x € W.
- Similarly, we have, for t € [0,1] and x € W,

8DA

<14

(Wx[-R,R]xBg(0))

and

aZAl
|22 (P(t ) (D + (1 DDy
<[4 I 2 (Wx-r r)ERon R

foreachie {1,...,n}.
- For x € W n B;(0) we compute, using (3.6), (iv) with (3.5), «;(0) = «,(0) = 0,
and

W e {x eB'(0) x (0,3) : x > [p(x)[""}
by (3.4) that when p(x) # 0,

| aa;giz(P(t,x)) A(tDiDjuy + (1= )DiDjus)|
2%
ACCale] () + (1= s ()
< 4C2,4CR(@ + 1"+ R( @ +1))
<4C,,Cr(1+ R)(m + 1)

< 8C2,4CR(1 + R)
Ip(x)|
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for each i,j € {1,...,n}. Moreover, note that we can compute, using Tonelli’s

theorem, that
1 e
/ ( ) dx < oo,
wnB(0) \[p(x)]®
since « € (0, 2=1).

Now suppose x € W \ By(0). In this case, either x,, > 1 or [p(x)| > 1, both of
which imply by (3.4) that x,, > 2717%. We thus compute by (3.6) and (iv) with

(3.5) that
0%A!
| apjaZ(P(t,x)) -(tD;iDju; + (1- t)DiDjuz)‘
i 4Cy 4
<A ch(Vx[—R,R]xBR(o))T

< 23+oc HAi HCZ C2_4

(Vx[-R,R]xBg(0))
foreachi,je{l,...,n}.
We conclude that d, and hence d_, is in L= (w).

Since u(x) = u1(x) — ua(x) > w1(0) — u2(0) = 0 for each x € W, we conclude by
Lemma 2.5 that D,u;(0) > D,u,(0). [

Remark 3.2 We remark on the proof and statement of Theorem 3.1.
(i) Observe thatin the proof of Theorem 3.1, we could instead show that u = u;—u,
solves an equation over V of the form

n

Zn:D (ZaJD wp+ b’ ug) +zn:ciD,-ug+dug:O

i=1 i=1

where, as opposed to (3.2), the coeflicients are only defined in terms of «, Du and the
first derivatives of A, ..., A", B. The idea is to try to avoid setting hypothesis (iv).

However, applying the generalized Hopf boundary point lemma of [8] in this case
requires showing {bi}?:l, d are weakly non-positive (see [8, Definition 2.5]). But in
considering particular examples, this may be difficult (or impossible) to verify. Mean-
while, Theorem 3.1(iv) is far more accessible.

(ii) Note that we need not specifically assume « € (0, =), since f € (0, &) im-
plies C*%(Q) c C*A(Q).

(i) We need not assume |[v||cre(ps-1(0y) < 1, by simply rescaling (as in the proofs
of Lemmas 2.4,2.5).

(iv) What we really need in order to prove Theorem 3.1 is

0%A!
apjaz

(P(t,x)) . (tDiDjlll + (1 - t)DiDjuz)‘ < gD(x)

for each t € [0,1] and x € V, where ¢ € L1(V) for some q > n. Assumption (iv)
merely guarantees this.
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