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On the characters of the Sylow p-subgroups of
untwisted Chevalley groups Y, (p®)
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ABSTRACT

Let UY,(q) be a Sylow p-subgroup of an untwisted Chevalley group Y,(q) of rank n defined
over Fy where ¢ is a power of a prime p. We partition the set Irr(UY;,(g)) of irreducible characters
of UY,(q) into families indexed by antichains of positive roots of the root system of type Y.
We focus our attention on the families of characters of UY;, (¢) which are indexed by antichains
of length 1. Then for each positive root o we establish a one-to-one correspondence between
the minimal degree members of the family indexed by « and the linear characters of a certain
subquotient T4 of UY;(q). For Y,, = A, our single root character construction recovers, among
other things, the elementary supercharacters of these groups. Most importantly, though, this
paper lays the groundwork for our classification of the elements of Irr(UE;(q)), 6 < i < 8, and
Irr (U F4(q)).

1. Introduction

Let p be a prime, ¢ = p* and Y,,(q) be a finite quasisimple group of untwisted rank n defined
over the field F,. By UY,,(q) we denote a Sylow p-subgroup of Y,,(¢) and by Irr(X) the set of
ordinary irreducible characters of the group X.

This paper lays the groundwork for our study of Irr(UE;(q)), where 6 < ¢ < 8, and
Irr(U F4(q)). Our approach is to construct the characters explicitly using as primary parameters
the underlying root system and the field. Our focus here is on the families of characters which
we parameterize by a single root. For the classical groups, these families can be described
recursively via character correspondences which can be achieved using Lemma 2.1. Establishing
similar character correspondences for families parameterized by more than one root requires
iterated applications of Lemma 2.1. Given the length of the current paper, we treat the
recursive method in a sequel.

The solution of the dual problem, the determination of the conjugacy classes of UY,,(q), has
been achieved for rank up to 8, but not all of Eg, in [13-15] by Goodwin, Mosch and Réhrle.
Combining these results with the results of this paper and its planned sequel paves the way
for the construction of the generic character tables of these groups. For the groups UDy(q)
this is presently being carried out by Goodwin, Le and Magaard; see [11].

One motivation for constructing the generic character tables of UY,(q) is to aid in
the construction of the cross characteristic representations and in the determination of the
decomposition numbers of the exceptional groups of Lie type. Following Okuyama and Waki
[31, 37] and Himstedt, Huang and Noeske [19, 20, 22], we see that characters of parabolic
subgroups are a useful tool in the computation of the decomposition numbers of finite groups
of Lie type in the cross characteristic case.

A second motivation is to explain exactly why the primes 3 and 5 are bad for the exceptional
groups of Lie type from the point of view of the representation theory of UY,(q). A partial
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explanation is supplied in Le and Magaard [28] where families of characters are exhibited
whose degree is not a power of ¢ = 3% or ¢ = 5%. This generalizes a construction for U Dy(q)
in [21], where it is shown that there exists exactly one family of characters whose behavior at
the prime 2 is different than for odd primes. At present we do not know how many families of
UEFE;(q) characters behave differently at bad primes than at others.

A third motivation is the conjecture of Higman [18] from 1960 that the number of elements of
Irr(U A,) is a polynomial in Z[q] and the generalization to other classical groups. This problem
has led to the development of supercharacter theories. By grouping conjugacy classes into so-
called superclasses and characters into supercharacters these theories allow one to construct
supercharacter tables which may be viewed as summarized versions of ordinary character
tables. These theories were introduced by Diaconis and Isaacs [6] for algebra groups such
as UA,(q). Subsequently, André and Neto [2] developed supercharacter theories for UB,,(q),
UC,(q) and UD,(q). A common key feature in these theories is that the supercharacters are
constructed as tensor products of elementary characters. An open problem in this area is the
question of how to split non-elementary supercharacters into ordinary irreducible characters.
In his thesis Le [27] shows that the splitting of supercharacters into irreducibles is governed by
certain pattern subgroups of UY,, and thus it would suffice to know that Higman’s conjecture
holds for pattern subgroups. While Higman’s conjecture has been verified for n < 13 by Vera-
Loépez and Arregi [36], it was shown by Halasi in [16] and Halasi and Palfy [17] that it does not
hold for pattern groups in general. Pak and Soffer’s recent preprint [32] gives strong evidence
for why Higman’s conjecture may fail for n > 59 while also verifying that the conjecture holds
for n < 16.

Our approach to classifying the irreducible characters of UY,,(q) is based on an analysis of
the supports of the centers of the characters and character correspondences. We proceed as
follows. Let ® be a root system of type Y,, and let ® denote the set of positive roots with
respect to some choice of simple roots. The group UY,, is generated by the root subgroups X,
where o € ®*. For x € Irr(UY,,) we define a set rs(x) (see Definition 4) consisting of those
elements 8 € @ whose root subgroup X lies in Z(x) but not in Ker (). Subsets of ®* which
arise in this way are called representable. We show that the number N(®) of representable
sets in ®T is a sum of (generalized) Narayana numbers and that N(®) is equal to the number
of antichains in the poset of positive roots of ® as well as the number of clusters in a cluster
algebra of type ®; see Proposition 5.9.

We say that a character x is a single root character if its representable set is non-empty
and as small as possible, that is, |rs(x)| = 1. Each family of single root characters contains a
collection of characters of minimal degree which we call midafi characters, and each collection
contains a special element that we call a standard midafi. If the root system is of type A, our
standard midafi characters are called elementary characters by André [1]; see also [6]. For the
root systems of types B,,, C, and D,, our midafi characters differ from those defined in André
and Neto [2]. To see this we note that all of our standard midafi characters are irreducible,
whereas not all the elementary characters defined by André and Neto are.

For a € &' we define

Irr(UYn(q))a := {x € Irr(UYn(q)) | rs(x) = {a}},
the set of single root characters lying over «, and the set
™9 (UY}) o i= {p € Irr(UY,(q))o | o is midafi}.

The observation that Xz must act faithfully on any module affording x for all 5 € ®*
such that o — 8 € ®* leads to the definition of the hook h(a) of a; see Definition 9. For
x € Irr(UY,(q))a let k(o) := {x € ®T | X, C Ker(x)}. We show that, for fixed «, the set
k(o) € ®* does not depend on y, that h(a)Nk(a) = () and that in general B+~ € h(a) Uk(«)
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for all 8, € h(a). Also we will see that typically H, := (X, | v € h(a)) acts as special group
on any module affording y. As a result we obtain that x(1) = cq? with d = (|h(a)| — 1)/2.
When ¢ =1, x is a midafi.

More generally, using our reduction lemma (Lemma 2.1), we can interpret c¢ as the degree
of an irreducible character of a suitable quotient T, of a certain subgroup S, < UY,,(q). Our
main theorems can now be stated under mild hypotheses on the prime p (see Hypothesis 1).

THEOREM 1.1. Let ®,, be an irreducible root system of type A,,, By, n > 2, C,, n > 3, or
Dy, n > 4, and F, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root o € @7 the map

U Trr(Ty) x Irr(Xo)* = Ir(UYy)a, (11, A) — (Inﬂ%‘ e Inﬂi‘;)\) U
is a one-to-one correspondence.

THEOREM 1.2. Let i € {2,4,6,7,8} and let ®; be a root system of type Ga, Fy or E;
respectively and F, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root a € @j the map

U Ir'™(Ty) x Irr(X,)* = Ir™ 9 (UY))a, (1, A) — (Inﬂ%‘:,u . Inﬂ?}; A) vy

is a one-to-one correspondence.

For @ classical we provide information on the structure of T, for every a € ®*, whereas for
® exceptional we determine for every a € ®; the number of midafis for o and their degrees.

To explain why our results differ for classical and exceptional groups we need to address the
issue of how T\, is constructed. We partition the set h(a)\{a} into two subsets of equal size
a(a) and £(«) which we call the arm and leg respectively of h(a). Then we define the source
s(a) := ®H\a(a). A priori we have 2/%(®)| choices for the sets a(a) and ¢(a). However, if our
choice for the arm and leg satisfies the following conditions:

(1) s(«) is closed under addition of roots; and

(2) A+ o el(a)Uk(a) for all A € £(a) and all o € s(«) such that A+ o € T
then we can achieve the hypotheses of Lemma 2.1 to establish the correspondence in
Theorem 1.1. In this case the group S, := (X, | 0 € s(«)) contains the normal subgroup
K, = (X) | A € k(a)) such that S, the image of S, in UY,(q)/K,, contains a normal
subgroup L, := (X | A € £(a)) such that S, /Lo =To x Xq-

Conditions (1) and (2) can always be achieved when @ is classical or of type G3. When @ is
exceptional, condition (1) can always be achieved. However, when ® is of type Es, condition (2)
cannot be achieved for 46 of the 120 roots of ®*. The numbers for types E7, Fg and Fy are 11
out of 63, 2 out of 36, and 2 out 24, respectively. Nevertheless we have the following theorem.

THEOREM 1.3. Let i € {2,4,6,7,8} and let ®; be a root system of type Ga, Fy or E;
respectively and F, a finite field of characteristic p such that Hypothesis 1 holds. For every
positive root a € ®; for which conditions (1) and (2) above can be achieved the map

W Irr(Ta) % Ir(Xa)™ = Ir(UY)a, (1, A) = (InfS - Tnfige 37

is a one-to-one correspondence.

We remark that if p > 3 then Hypothesis 1 is satisfied for the groups UG2(gq) and in this
case every irreducible character of UG2(q) has degree 1, q or ¢ and all irreducible characters
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of degree greater than 1 are midafis. We remark further that the number of possible choices
for a(«) so that (1) and (2) above are satisfied is (Jh(a)| —1)/2 in type A, and much smaller
in all other cases.

In the case where no choice of a(«) achieves condition (2) we pick from those choices which
satisfy condition (1) the one that minimizes the index of L, in its normal closure in S,. This
amounts to minimizing the size of

la) = {T € s(a) | there exist A € £(«) and o; € s(a) such that 7= X+ ZU’}'

Let Ly := (X, | # € £()). Then L, is normal in S,, and finally we can define the group
T, in the statement of Theorem 1.2 via ?a/ia ~T, %X Xga.

With the machinery set up in this paper we are able to give full descriptions of the character
correspondences for the exceptional groups. It should be noted that if X, projects faithfully
into a classical quotient of UY,(q), then condition (2) can always be achieved. Of the 120
positive roots of Eg exactly 53 have the property that X, projects faithfully into a classical
quotient. In 46 of the 67 remaining cases condition (2) cannot be achieved. (For Fy, Es and
E7 the numbers are 2 out of 10, 2 out of 7, and 11 out of 23, respectively.) Compounding this
is the fact that in those cases where condition (2) cannot be achieved, the descriptions of the
single root characters involve up to possibly 15 (generally as many as there are subhooks listed
in Table A.2) recursive applications of our reduction lemma and are thus beyond the scope of
this article.

An algorithmic treatment of the single root characters will appear in forthcoming articles.
The case ® of type Fy is considered by Goodwin, Le, Magaard and Paolini in [12], where
we see that our machinery also generalizes to the case of multiple root characters which we
encounter in root systems of exceptional Lie type.

The paper is organized as follows. In §2 we fix notation and prove Lemma 2.1 which is
fundamental to our construction of characters. In §3 we define closed patterns (additively
closed subsets of roots) and the corresponding pattern subgroups, and establish some of their
basic properties. This is used in §§4 and 5 to define the key terms of this paper, such as
hooks, root kernels and representable sets, and to establish their basic properties. We show
that the number of representable sets is equal to the number of antichains in the poset of
positive roots. In § 6 we study single root characters to lay the foundations for establishing our
correspondences. For the classical root systems our main theorem is established in § 7 and for
the exceptional root systems in §8.

2. Notation and a reduction lemma

In this section we fix our notation and prove the key lemma which is needed to establish the
character correspondences in §§7 and 8.

2.1.  Character-theoretic setting

For any finite group U let Irr(U) be the set of complex irreducible characters of U and
Irr'™(U) := {x € Irr(U) | x(1) = 1} the set of linear characters. Let (-,-)y or (-,-) be
the usual scalar product on the space of C-valued class functions of U. We write 1y or 1
for the trivial character of U and set Irr(U)* := Irr(U)\{1y}. Suppose that N is a normal
subgroup of U and that H is a (not necessarily normal) subgroup of U. If  is a character of
U, X is a character of H and 4 is a character of the factor group U/N, we write AU for the
character of U induced by A, x|g for the restriction of x to H and Inﬂg /N for the inflation
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of 1 to U. For A € Irr(H) we set
(U, A) = {x € Ire(U) | (x, A7) > 0}
and
Lr(U/N, \) = {x € (U, \) | N € Ker(x)},

where Ker(x) denotes the kernel of x. The following lemma provides a character correspondence
between finite groups and certain subgroups.

LEMMA 2.1. Let H be a subgroup of a finite group U and X a set of representatives for
U/H. Furthermore, let Y, Z be subgroups of H and X € Irr(Z) such that:

(a) Z C 2(U),
Y <H,

)
)

) zy <U,
)

allz € X\H.
Then the map ® : Irr(H/Y, \) — Irr (U, \) N Trr(U, 1y), x = xY is bijective. If additionally
(1) 1X] = Y]
holds, then Irr(U, \) NIrr(U, 1y) = Irr (U, A).

Proof. Suppose that (a)-(e) are true. By (c)-(e) the character X is an irreducible character
of the normal subgroup ZY of U so that we can apply Clifford theory. For all h € H, y € Y,
z € Z we have "A(zy) = M2"y") = A(zy) by (a) and (b). So H is contained in the inertia
subgroup Ii7(A), and from (e) we get H = Iy(A). By Clifford theory [25, Theorem (6.11)] the

map . -
& - Trr(H, \) — Ire(U, V), x — xY

is a bijection. Since Irr(H, A) = Irr(H/Y, \) and Irr(U, A) = Irr(U, \) NIrr(U, 1y ) the first claim
follows.

Assume additionally that (f) holds. By (a), (e) and (f) the character A has at least | X| = |Y|
distinct extensions to ZY = Z x Y. It follows that A has exactly |Y| distinct extensions to
ZY = Z x Y and that these are permuted transitively by the conjugation action of U. One of
these extensions is A. Thus each p € Irr(ZY) with u|z = A is conjugate in U to A. Hence

Irr(U, \) C Irr (U, 5\) =Trr(U,A\) NIrr(U, 1y ) C Irr(U, N). O

2.2. Lie-theoretic setting

We fix a power ¢ = p® of a prime p and write Fy for a field with ¢ elements. Let Y,,(q) be
an untwisted Chevalley group defined over I, constructed from a simple Lie algebra with the
irreducible root system ® of Dynkin type Y and rank n as described in [4, §4.4]. So Y, (q) is
generated by elements x,(t) for « € ® and ¢t € F,. Let X, := (z(t) | t € F,) be the root
subgroup corresponding to a root o € P.

We fix a set A = {d1,...,0,} of simple roots and write ®* for the corresponding set of
positive roots. So each o € ®* can be written as o = 2?21 m;d; where the coefficients m; > 0
are integers. We write ht(«) := > ; m; for the height of c.

Let UY,(q) or UY,, be the subgroup generated by {z,(t) | « € ®*,t € F,}. So UY,, is a
maximal unipotent subgroup and a Sylow p-subgroup of Y,,(q). For example, it is well known
that UAs5(q) is isomorphic to the subgroup of SLg(g) consisting of all upper unitriangular
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matrices. Let < be a total ordering on ®*. Then each element u € UY,, can be written
uniquely as

u = H xa(toz)7 (21)

acdt

where the product is taken over all positive roots in increasing order. The multiplication of
the elements of UY,, is determined by commutator relations after fixing the signs of certain
structure constants corresponding to the so-called extraspecial pairs of roots; see [4, §§4.2 and
5.2] for details.

We say that a non-empty subset ¥ C ® is a root subsystem if o, (¥) = W for all reflections
0. corresponding to roots o € ¥. Let ¥ be a root subsystem of ® of Dynkin type Y’ and rank
n/ and let Z¥ be the Z-span of . We define U+ := W N &+ and Uy := [],cq+ Xo where the
product is taken over all o € U™ in increasing order. If Z¥U N ® = ¥ then the commutator
relations and the properties of the structure constants in [4, pp. 58-59] imply that Uy is a
subgroup of UY;, isomorphic to UY,.,.

Recall that we can define a partial order < on ®* as follows (see [23, 10.1]). For roots
a, € & we write a < B if 8 — « is a non-zero sum of positive roots and we write o < 3 if
a < B or a = f. The following lemma is a special case of [35, Lemma 3.2].

LEMMA 2.2. For all a, 8 € ®T with o < 8 there are roots ; € ®+ such that o = g < 71 <
Yo < ... =<7Ys1 <7Ys =L andy; —vi.1 € Aforalli=1,2,...,s.

Proof. The lemma follows from [35, Lemma 3.2]. O

A chain in @7 is a subset C' = {v1,72,...,7s} € ®T such that «; < v;4q forall 1 <i < s—1.
We say that C is unrefinable if there is no root v € ®+\C such that y; < v < ;41 for some 3.
By Lemma 2.2 unrefinable chains have the property that the difference of consecutive elements
is a simple root. By [23, Lemma 10.4A] the highest positive root of ® is the unique maximal
element of the poset (&1, <).

3. Pattern subgroups

In [26, §2], Isaacs defines pattern subgroups of the subgroup U,,(¢) of GL,,(F,) consisting
of the upper unitriangular matrices. Since U,,(q) is isomorphic to UA,,_1(q) these pattern
subgroups can be identified with subgroups of UA,,_1(¢) in a natural way. The following
definition generalizes the notion of pattern subgroups to other Dynkin types. We assume the
setting described in §2. In particular, ¢ is a power of a prime p and Y,(¢) is an untwisted
Chevalley group defined over I, with the irreducible root system ®. The set of positive roots
is denoted by ®* and UY,,(q) or UY,, is the subgroup of Y;,(q) generated by the root subgroups
X, for a € T,

DEFINITION 1. Let S be a subset of ®7.

(a) The set S is called a closed pattern if for all roots a, 8 € S we have a + 5 € S or
a+ B¢ ot.

(b) For a closed pattern S let P(S) be the subgroup of UY,, generated by the root subgroups
X, for a € S. We call P(S) the pattern subgroup corresponding to S.

Note that if we have a total ordering < on ®* and a closed pattern S then (2.1), [4,
Lemma 3.6.3] and the commutator relations imply that P(S) = [],cg Xo where the product
is taken over the roots in S in increasing order. Obviously, each root subgroup X, for o € &+
and the trivial subgroups UY,, = P(®") and {1} = P(0) are pattern subgroups.
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DEFINITION 2. Let M, N be subsets of a closed pattern S C ®*.

(a) We say that M is a closed subpattern of S if M is a closed pattern.

(b) The closed pattern generated by M is the intersection of all closed patterns containing M.

(c) We say that M normalizes N if for all « € M, 8 € N we have a+8 € Nora+ & ®*.
We say that N is normal in S if S normalizes N. In this case we write N < .S and call
P(S)/P(N) the quotient pattern group of P(S) corresponding to N. We say that N is normal
if N is normal in ®*.

(d) The normal closure of M in S is the intersection of all normal closed subpatterns of S
containing M.

Obviously, the closed pattern generated by M C &7 is the smallest closed pattern containing
M and the normal closure of IV in S is the smallest normal closed subpattern of S containing M.
Note that the normal closed patterns are exactly the (upper) order ideals of the root poset
(®*, <) in the sense of [35].

REMARK 1. If N <5 then (2.1), [4, Lemma 3.6.3] and the commutator relations imply
that NV is a closed subpattern of S and P(N) < P(S). In particular, P(S)/P(N) is a well-
defined factor group. Let 7 : P(S) — P(S)/P(N) be the canonical projection and v € S\N.
Since m maps the root subgroup X, injectively into P(S)/P(N) we often identify X, with
m(X,).

To avoid degeneracies in the commutator relations we will often assume the following
hypothesis.

HypoTHESIS 1. If the Dynkin diagram of ® has a double or triple edge assume that
e p>2if ¢ is of type By, or Cy, (m > 2) or Fy,
e p > 3if ¢ is of type Gs.

Next, we consider the connection between normal closed patterns and normal subgroups.
For z,y € UY,, we set [z,y] :== 2~ 'y~ lzy. Part (c) of the following lemma is stated in [3] for
connected reductive groups; see also [7, 1.12, 1.13]. Since we need it for finite groups we sketch
a proof.

LEMMA 3.1. Let o, 3 € ®* such that o+ 3 € ®*. We assume that Hypothesis 1 is satisfied
and set <I>>° = {ia+j8€®"|i,j € Zsg}.
(a) For a]l s,t € F, there are constants c;jog € Fy such that ci108 7 0 and

za(s) " 2a(t) " za(s)25(t) = [ wiarsnleijos - ()'s7), 3.1)
i,j>0

where the product is taken over all i,j € Zq, such that ia + j3 € ®T and the terms in the
product are ordered from left to right so that i + j is increasing.

(b) The set (I)>Oﬁ is a closed pattern and a subset of the normal closure of {«a + 8} in the
closed pattern generated by « and 5.

(c) [3, Remarque 2.5] [X,, Xg] = Hweéi(’ﬁXW'

Note that because @Z’% is a closed pattern the product in (c¢) does not depend on the order
of the factors.

Proof. (a) By assumption, ® is irreducible. Let @4 3 = ® N (Za + ZF). Since a + 8 €
® we know from [4, Lemma 3.6.3] that ®, g is a root system of type Az, By or Ga. Let
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—ma+p8,...,08,...,m a+f be the a-string through 8. Then (3.1) holds with ¢1145 = £(m+1)
by [4, Corollary 5.2.3 and §§4.1 and 4.3]. We have to show that ci1as # 0.

Suppose that ® has type A,,, D,, Eg, E7 or Eg. Since all roots of ® have the same length,
®,, s has type Az and hence m = 0; see [23, 9.3]. Thus 1108 = £1 and c¢110p # 0. Suppose
that ® has type B,, C, or Fy. Again the lengths of the roots imply that ®, g has type A
or By and so m € {0,1} by [23, 9.3]. Thus ¢1143 = %1 or c110p = £2 and so 1148 7# 0
by Hypothesis 1. Finally, suppose that ® has type G2. Then ®, g has type Ay or G5 and so
m € {0,1,2} by [23, 9.3]. Thus ci1ap = £1, %2 or £3. Thus ci143 7# 0 because p > 3.

(b), (c) Obviously, ®29 5 1s a closed pattern and thus H'yeéjgﬁ X, is a subgroup of UY,.

The commutator relations imply that [X,, Xg] C ] e, X,. Since @, g has type Ay, By or

G we see that <I>>Oﬁ is one of the following sets: {o + ﬂ} {a+ 8,20+ B}, {a+ B, + 28},
{a+6,2a+ B,a+ 28}, {a+ B,2a+ 8,3a+ 5,3a+ 25}, {a+ B, a+ 25, a+ 33, 2a + 35}.

We only treat the most complicated case <I>>O ={a+ 8,2a+ 8,3a + 38,3a + 20}. Because
20+ B =a+ (a+ B), 3a+ﬂfa+(2a+ﬂ) and 3a+ 28 = B+ (3a+ ) the statement in
part (b) follows.

To prove the statement in (c) note that [X,, Xg] < (Xa, Xp); see [24, Hilfssatz I11.1.6(b)].
By (a) we have [X,,X3] = Xo1p mod Xoa+sX30+8X30+28. Thus, there are d,d’,d” € F
such that v := z448(1)T20+8(d)x30+8(d)T30+25(d") € [Xao, Xp]. Again it follows from (a
that [Xo,u] = Xoatp mod Xsa4pX3q0+28 so there are elements f, f' € F, such that v :
Z2a+8(1)23018(f)x3a+28(f") € [Xa, Xp]. Again from (a) we get that [X,,u'] = X3q15 mod

Q

&

Xs3a+2p and then v’ = z3048(1)x3a+28(9) € [Xa,X3s] for some g € F,. From (a) we get
[X5,u"] = X3a428 C [Xa, X3]. Now we can work backwards and get Xso4p C [Xa, Xp] and
then Xoa4p C [Xa, Xg] and, finally, Xo4+5 C [X4, Xg], proving (c). O

COROLLARY 3.2. Let N C S C ®T be closed patterns and suppose that Hypothesis 1 holds.
Then N < S if and only if P(N) < P(S).

Proof. By Remark 1 we already know that N < S implies P(N) < P(S) even without the
condition on p. Now suppose that P(N)<P(S) and let « € S, 8 € N such that a+3 € &+. By
Lemma 3.1(c) we have X1 5 C [Xa, Xg] C [Xo, P(N)] C P(N). The remark after Definition 1
and the uniqueness in (2.1) imply that o + 8 € N. O

Without Hypothesis 1, the converse in Corollary 3.2 is not true in general. Suppose that ®
has type B2 and that {c, 3} is a set of simple roots. If p = 2 then X153 < UBz(q) but the
closed pattern {« + S} is not normal.

The following lemmas are of theoretical and computational use. They show that derived
subgroups and centers of quotient pattern groups are compatible with the root structure.

LEMMA 3.3. Let N C S C & be closed patterns such that N < S and assume that
Hypothesis 1 holds. Then D := ({a+ 8| «,3 € S} N®T)U N is a normal closed subpattern
of S and [P(S)/P(N),P(S)/P(N)] = P(D)/P(N). In particular, the derived subgroup of a
pattern subgroup is also a pattern subgroup.

Proof. Since S is a closed pattern and N C S we have N C D C S. For all a € S,
peDCSwitha+pBed®" wehavea+ 8 € {a+p]|a,BeSN®" C D. Hence D is
a normal closed subpattern of S and P(N) C P(D) < P(S). It follows from Lemma 3.1(c)
that P(D)/P(N) C [P(S)/P(N), P(S)/P(N)]. The commutator relations and Lemma 3.1(b)
show that (P(S)/P(N))/(P(D)/P(N)) is abelian. Thus P(D)/P(N) is the derived subgroup
of P(S)/P(N). O

https://doi.org/10.1112/51461157016000401 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157016000401

CHARACTERS OF SYLOW p-SUBGROUPS 311

LEMMA 3.4. Let N C S C ®* be closed patterns such that N < S and assume that
Hypothesis 1 holds. Then

Z:={acS|forallyeS:a+y¢€®  ora+y€ N}UN

is a normal closed subpattern of S and Z(P(S)/P(N)) = P(Z)/P(N). In particular, the center
Z(P(S)/P(N)) is isomorphic to a direct product of root subgroups.

Proof. Suppose that o € S and § € Z such that a + 3 € ®*. By the definition of Z and
the normality of V in S we have o + 8 € N C Z and hence Z is a normal closed subpattern
of S containing N. The commutator relations and Lemma 3.1(b) imply that P(Z)/P(N) C
Z(P(S)/P(N)).

Now suppose that u P(N) € Z(P(S)/P(N))\{1}. According to (2.1) we write

U=Tq (t1) ... Za, (ts)Tayy, (Est1) - - - Ta, (tsr)

where o; € S\N and ¢; # 0 for i = 1,...,s and m := ht(a;) = ... = ht(as) < ht(as41) <
ht(ass2) < ... < ht(ay ). We show that o; € Z for i = 1,...,s" by downwards induction on
m.

If m = max{ht(a) | « € @7} then s = s’ =1 and a; +v & ®* for all v € S and thus ay € Z.
Assume that m < max{ht(a) | a € ®*}. Let v € S and M be the normal subgroup of P(S)
generated by all X, to roots o € S such that & € N or ht(a) > m + ht(v). By Lemma 3.1(a)
there exist t1,...,ts € F,\{0}, @& € M such that

xv(l)_lux'y(l) = Tay (tl)xaﬁ-’y(gl) s Lag (tS)xas-i-'y(ES)xasH (ts+1) e Tay, (tsf)ﬂ,

where we set Tq,+,(t;) = 1 if a; +v & ®*. It follows from the uniqueness in (2.1) that
a;j+v€®T ora; +v€ N fori=1,...,s and therefore ay,...,a, € Z. By induction we get
Qst1,.--,0y € Z, completing the proof. O

DEFINITION 3. Let N C S C &t be closed patterns such that N < S. Assume that
Hypothesis 1 holds and let Z be the closed subpattern of S defined in Lemma 3.4. We call the
set 1z(P(S)/P(N)) := Z\N the root center of P(S)/P(N).

4. Root kernels and root centers

We keep the setting from the previous sections. In particular, g is a power of a prime p and
Y, (¢) is an untwisted Chevalley group defined over F, with an irreducible root system ®.
In this section we associate with each irreducible character x of a pattern subgroup P(S)
of UY,(q) certain sets of roots and pattern subgroups of P(S). We assume throughout this
section that Hypothesis 1 holds.

DEFINITION 4. Let S C ®T be a closed pattern. For x € Irr(P(S)) we set
tk(x) :={a € S| X, CKer(x)},
rz(x) ={a €S| X, C Z(x)},
rs(x) == r2(x) \rk(x),

and call rk(x) the root kernel, rz(x) the root center and rs(x) the central root support of .
Associated with these sets of roots are the following groups:

rKer(x) = (Xo | @ € rk(x)) C P(S),

{70 = (Yo | @ € i) € PIS),
rS(x) :=1Z(x)/tKer(x) C P(S)/rKer(x).
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The next lemma shows that root kernels and root centers behave in much the same way as
the usual kernels and centers of irreducible characters. It also implies that rS() is indeed a
factor group.

LEMMA 4.1. Let S C ®* be a closed pattern and let x € Irr(P(S)). Then we have the
following:

(a) rk(x) and rz(x) are closed patterns which are normal in S;

(b) rKer(x) and rZ(x) are normal subgroups of P(S);

(c) the factor groups P(S)/rKer(x), P(S)/rZ(x) are quotient pattern groups;

(d) r

Z(x)/rKer(x) = Z(P(5)/rKer(x))-

Proof. (a) Let a € S and 8 € rk(x) such that a + 8 € ®*. By definition, we have Xz C
Ker(x) < P(S). Thus Lemma 3.1(c) implies Xo4p C [Xo, X] C Ker(x) and so a+ 8 € rk(x).
It follows that rk(x) is a closed pattern which is normal in S. The proof for rz(x) is analogous.

(b), (c) follow from (a) and Remark 1.

(d) By part (a) and Lemma 3.4 there is a closed pattern Z such that rk(x) C Z C S and
P(Z)/rKer(x) = Z(P(S)/rKer(x)). Obviously, Z C rz(x). Let &« € S and 8 € rz(x). By
Lemma 3.1(c) we have X415 C [Xo, X3] C [Xa, Z(x)] C Ker(x). Hence a+ 8 € rk(x) <.S and
Lemma 3.1(b) implies that io + j8 € rk(x) for all positive integers ¢, j. Hence, [X,, Xg] =1
modulo rKer () by Lemma 3.1(c) and we can conclude rz(x) C Z. O

Without Hypothesis 1 the statements in Lemma 4.1 are not always true. Suppose that &
has type B2 and that {«, 8} is a set of simple roots, where « is short. If p = ¢ = 2 then
N = {zo(d1)zs(d2)Tatp(ds)roa+p5(ds) | di,da,ds € Fy} is a normal subgroup of UBs(2)
of index 2. Let x € Irr(UB2(2)) be the non-trivial linear character with Ker(x) = N. Then
rk(x) = {«, 8} and this is not a closed pattern.

LEMMA 4.2. Let N <®" and ¥ = {ay,...,as} =rz(UY,,/P(N)).
(a) The closed pattern N is the unique maximal element of the set {M <&+ | M NY = (}.
(b) For all irreducible characters x € Irr(UY,,) the following are equivalent:
(i) rs(x) = %
(ii) x is a constituent of \UY" for some linear character A of P(XUN) satisfying P(N) C
Ker()\) and \|x, #1x, fori=1,2,.
If the conditions (i) and (ii) hold then N = rk( )

Proof. (b) By definition we have N <&t and XN N = (. We identify X, with its image in
UY,/P(N), 50 Z(UY,/P(N)) = Xa, X ... % Xa..

(i) = (ii) Suppose that rs(x) = X and let M be a normal closed pattern with M N'X = §.
If M ¢ rk(x) then we choose 8 € M\rk(x) such that ht(3) is maximal. Let o € ®*. Since
M < ®* the maximality of ht(3) implies that « + 8 ¢ ®* or a + 8 € rk(x) and therefore
B € rz(x) by Lemmas 3.4 and 4.1(d). Thus 8 € rz(x)\rk(x) = rs(x) = ¥, a contradiction.
Hence M C rk(x). In particular, we have N C rk(x) and we can identify y with some y €
Irr(UY,,/P(N)). Because rs(x) = ¥ we have X,, € Ker(x) for all 4. Thus there is a linear

character A € Irr(X,, . x X,.) with )\|X # 1X for all i such that x is a constituent of
AUYn/P(N) Hence \ := Inﬂﬁ%ﬁ%g/mm)\ has the propertleb described in (ii).

(i) = (i) Let x be a constituent of AY¥» for some linear character A of P(X U N) with
P(N) C Ker(\) and \|x, # 1lx, fori=1,2,...,s. By construction, we have N C rk(x)
and ¥ Nrk(x) = 0. Assume that N # rk(x). Then there is 8 € rk(x)\NN such that ht(3) is
maximal. Let o € ®T. Since rk(y) < ®T the maximality of ht(3) implies that a + 3 ¢ & or
a+ B € N and therefore 8 € rz(UY,,/P(N)) by Lemma 3.4. Hence 5 € ¥, a contradiction.
Thus rk(x) = N. Lemma 4.1(d) implies that rs(x) = %, so that (i) holds.
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(a) Let x be an irreducible constituent of AV¥» where ) is a linear character of P(¥ U N)
as in (b) (ii). We have already seen in the proof of (i) = (ii) that N is an element of the set
{M 4% | MNX =0} and that each element M of this set is a subset of rk(x). In the proof
of (ii) = (i) we showed that rk(x) = N. This completes the proof of the lemma. O

5. Representable sets

We keep the setting from the previous sections. In particular, g is a power of a prime p and
Y, (¢) is an untwisted Chevalley group defined over F, with an irreducible root system ®. In
this section we use the central root support rs(x) of characters x of a pattern subgroup P(S)
of UY,(q) to obtain a partition of Irr(P(S)) which is well adapted to the Lie-theoretic setting.
We assume throughout this section that Hypothesis 1 holds.

DEFINITION 5. Let ¥ C ®T. We say that the set ¥ is representable if there exists y €
Irr(UY,,) such that rs(y) = X. In this case we define

Ir(UY,)s == {x € Irr(UY,,) | rs(x) = Z}.

Obviously, Irr(UY;,) is partitioned by the sets Irr(UY,)s where ¥ ranges over the
representable subsets of ®*. The next lemma gives a characterization of the representable
sets.

LEMMA 5.1. For a subset ¥ C ®* the following are equivalent:

(a) the set X is representable;

(b) there is a closed pattern N &% such that ¥ = rz(UY,,/P(N));

(c) there is a unique closed pattern N < ®* such that ¥ = rz(UY,,/P(N)).

Proof. (a) = (b) Suppose that ¥ is representable and let x € Irr(UY,,) such that rs(x) = X.
We set N :=rk(x). Then ¥ = rz(UY,,/P(N)) by Lemma 4.1(a), (d) with S = &+,

(b) = (c) follows from Lemma 4.2(a).

(¢) = (a) Choose a linear character A € P(XUN) as in Lemma 4.2(b)(ii) and let x € Irr(UY,,)
be a constituent of AYY». By Lemma 4.2(b) we have rs(x) = ¥ and (a) follows. O

DEFINITION 6. Let ¥ C ®T be representable.
(a) We write k(X) for the unique normal closed pattern with

S = 12(UY, /P(k(S))).

(b) We say that a character x € Irr(UY,,/P(k(X))) is almost faithful with respect to 3 if
Xo € Ker(x) for all a € 3.

The following remark is an immediate consequence of Lemmas 4.1(d) and 5.1.

REMARK 2. Let ¥ C & be representable. Then:

(a) k(X) is the largest element of the set {M < ®+ | M NY = 0};

(b) inflation induces a one-to-one correspondence between the set of almost faithful
irreducible characters of UY,,/P(k(X)) and Irt(UY,, ) s;

(¢) Ir(UY,)s = {x € rr(UY,) | rk(x) = k(2)}.

Next, we investigate some elementary properties of k(X).
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LEMMA 5.2. Let ¥ C ®T be representable. For all o« € ¥ and v € ®+ we have a +v ¢ &T
or a+ € k(X).

Proof. This follows from the definition of k£(X) and Lemma 3.4. O

DEFINITION 7. For a € % let ng(a) := {a} and, for i > 1,
ni(a) == {B8+v|B€ni_1(a),y€ dT}Nd".
Finally, we set n(a) := ;5 ni(@).
Note that o & n(«) since the union is over all ¢ > 1. In fact, n(«) is the normal closure of

{a} in ®T with a removed. Also note that by construction, for all 8 € n(a) and v € &+ we
have B+~ & ®T or 8+ v € n(a); hence n(a) IS+,

LEMMA 5.3. If ¥ C &7 is representable then | J, 5, n(a) C k(X).

Proof. Let a € 3. By Lemma 5.2 we have ny(a) C k(X). Suppose that ¢ > 1. Let v € &+
and B € n;_1(a) such that 8+~ € ®*. By induction, 8 € k(X). Since k(X) < &* we get
B+ € k(X) and the claim follows. O

In the following we show that for each a € ® the set {a} is representable and we obtain a
recursive description of k({a}).

DEFINITION 8. Let o € ®+. We define ko(a) := n(a) and, for i > 1,
ki(a) := (r2(UY, /P (ki1 (@) \{a}) U ki1 ().
Finally, we set k() := ;50 ki(a).

Note that k;(a) S ®T for all i > 0. This is clear for i = 0 since n(a) < ®*. Suppose that
i > 0. By induction k;_1(a) < ®*. Let 8 € ki(a) and v € ®T such that 3+~ € ®*. Thus
B € rz(UY,/P(ki—1(a))) or B € k;—1(c). In both cases we have 5+ v € k;_1(a) C k;(«).
Hence k;(a) < ®*. Tt follows that k() is well defined and that k(o) < ®F.

LEMMA 5.4. For all « € &7 the set {a} is representable and k({a}) = k(a).

Proof. We have just seen that k(a) < ®T and by definition of k() we have o & k(«). Since
n1(a) € n(a) C k(a) we have {a} C rz(UY,/P(k(a))). Suppose that 8 € rz(UY,,/P(k(a))).
Then 8+ & 1 or 8+ v € k(a) for all positive roots 7. By the definition of k(a) we have
B € ki(a) for some i or B = . Because rz(UY,,/P(k(a))) Nk(a) = O we have 8 = a. Hence
{a} = rz2(UY,,/P(k(a))), so that condition (b) of Lemma 5.1 is satisfied with N = k(a) and
the claim follows. O

Next, we define a set w(a) C ®1\k(a). The definition of w(a) requires the concept of hooks.
DEFINITION 9. Let a € ®*. We call the set

h(a) ={y€® |a—yecd"U{0}}

the hook corresponding to «.. A subset h'(a) C h(«) is called a subhook of h(a) if a € b/ ()
and o —y € W/ (a) U{0} for all v € h'(«).

The term hooks is motivated by the case where ® is of type A,; see [21, § 3]. The following
definition is in some sense dual to that of k(«).
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DEFINITION 10. Let a € ®*. We define wo(a) := {a} and, for i > 1,

wia) = |  hB).

Bewi—1(a)
Finally, we set w(a) 1= U5, wi(a).
The set w(a) has the following interpretation in terms of the root poset (®+, <).
LEMMA 5.5. For all « € &1 we have w(a) = {8 € @ | 8 < a}.

Proof. C Let 8 € w(«). Then there is some ¢ such that 8 € w;(a). We use induction on i
to show that 8 < «. If i = 0 we have = a < « so that we can assume i > 0. Hence there
is a root v € w;—_1(a) such that 8 € h(v) and by induction we have 8 < v < « and therefore
B =a.

D Let B € " with 8 < a. We can assume that 8 # a. By Lemma 2.2 there are ; € ®*
such that « =9 = v1 = v2 = ... = Ys—1 > 7s = 8 and v; — ¥;41 is a simple root for all 7. In
particular, v,11 € h(7;) for all i. It follows that v; € w;(«) and hence 8 € ws(a) Cw(a). O

If aj, € T is the highest root then Lemma 5.5 and the remarks after Lemma 2.2 imply that
wlap) = dt.

LEMMA 5.6. For each a € & we have w(a) Nk(a) = 0 and w(a) U k(a) = O+,

Proof. We show w;(a) Nk(a) = 0 for all i > 0 by induction on i. By definition of n(«) and
k(o) we have o € k(a), so that we can assume ¢ > 0. Suppose that § € w;(a) N k(a). By
definition of w;(«) there is v € w;_1(c) such that 8 € h(y). Since 3 € k(a) and k(a) <P+ we
get v € k(a), which is impossible by induction. This proves w(a) N k(a) = 0.

We now show that m(a) := ®\w(«) is a normal closed pattern. Let 3 € m(«) and v € ®+
with B+~ € ®T. If B+ v € w(a) then B < B+ v < a. Hence B <X a and 3 € w(a), a

contradiction. Thus m(«a) is a normal closed pattern not containing . Since ¥ := {a} is
representable the maximality property of k(«) = k({a}) in Remark 2(a) implies that m(a) C
k(a) and therefore &+ C w(a) U k(a). O

By analogy with k(«) and k(X) we want to replace the root a in w(a) by arbitrary
representable sets Y.

DEFINITION 11. For subsets ¥ C @+ we define w(X) := [J, x5 w(a).

In particular, we have w({a}) = w(a). Statement (b) in the following proposition generalizes
Lemma 5.6 to arbitrary representable sets 3.

PROPOSITION 5.7. If ¥ C ®7 is representable then

(a) k(X) =N,ex k().
(b) w(X)Nk(Z) =0 and w(S) Uk(E) = o+

Proof. Suppose that § € w(X) N k(X). Then there is a € ¥ such that 8 € w(«) and hence
B < a. By Lemma 2.2 there are roots 7; € ®* such that 8 =79 <71 <72 < ... < Vs_1 <
vs = a and y; —;—1 is a simple root for all ¢. It follows that the roots ~; belong to the normal
closure M of {8} in ®*. Since 8 € k(X) and k(X) < d+ we get o = v, € M C k(X). Thus
a € XN k(X), a contradiction to Remark 2(a). Hence w(X) Nk(X) = 0.
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From Definition 11 and Lemma 5.6 we get

E(E) C oM \w(X) = <I>+\< U w(a)) = () (@N\w(@) = () k). (5.1)

acX acX aEeX

For all & € ¥ we have k(a) 9 ®T and o ¢ k(a). Thus we have (), o5 k() < @1 and
(Naes k() N X = (. From Remark 2(a) we can conclude (o5 k(a) C k(X). Hence we
have equality in (5.1) and claims (a) and (b) follow. O

In the following we give an interpretation of representable sets in terms of the root poset
(®*, <). This allows us to deduce the number of representable sets of size k for all k from
results in [9] and references therein. Recall that ® is an irreducible root system of rank n. An
antichain of the poset (®1, <) is a subset A C ®* such that the elements of A are pairwise
incomparable. A variation of the next proposition for pattern subgroups if ® is of type A,, was
obtained by Isaacs in [26, Theorem 3.1].

PROPOSITION 5.8. For a subset ¥ C ®7 the following are equivalent:
(a) X is representable;
(b) X is an antichain of the root poset (&7, <).

Proof. (a) = (b) Suppose that ¥ is a representable set and that o, 8 € ¥ with o # 5. We
need to show that o and [ are not comparable, so suppose otherwise. Without loss we may
assume « < . The remarks after Definition 7 and Lemma 5.3 imply that 8 € n(a) C k(X),
hence k(X) N # @, contradicting Remark 2(a). Thus « and 3 are incomparable, showing that
every representable set is an antichain.

(b) = (a) Let X be an antichain. We claim that N := ®T\w(X) is a normal closed pattern.
Let « € @t and B € N with a+ 3 € dT. If a+ 3 & N then a + 3 € w(X). Hence there is
v € ¥ such that o + 8 € w(v). By Lemma 5.5 we have 8 < aw+ < 7. Thus § < v and then
B € w(y) C w(X), which is impossible since 3 € N = ®+\w(X). This shows that N < ®*.

Let o be a maximal element of w(X) with respect to <. The definition of w(X) and Lemma 5.5
imply that a € . Conversely, let a € ¥ and suppose that there is v € w(X) such that a < 7.
By the definition of w(X) there is 3 € ¥ such that v € w(8) and hence v < 8 by Lemma 5.5. It
follows that a < 8, contradicting the fact that ¥ is an antichain. Thus « is a maximal element
of w(X). This shows that the elements of ¥ are exactly the maximal elements of w(X). We
get from Lemma 3.4 that ¥ = rz(UY,,/P(N)), so that condition (b) of Lemma 5.1 is satisfied.
Hence ¥ is representable. O

We can now apply results of Cellini and Papi and of Shi on the number of antichains in root
posets.

PROPOSITION 5.9. Let Ni(®) := {X C &+ | X is representable and |X| = k}| be the
number of representable subsets of size k of ®+ and N(®) := Y, N(®) the number of all
representable subsets of ®. Then:
(a) Ni(®) =0 for all k > n, that is, || < n for all representable subsets 3 of ®7;
(b) for all k the number Ny(®) is the coefficient of t* in the polynomial N(®,t), where
N(®,t) is given by Table 1;

(¢) N(®) =TI", (es+h+1)/(e; + 1), where eq,es,...,e, are the exponents of the Weyl
group W of ® and h is the Coxeter number of W. The numbers N(®) for the various
root systems are given by Table 2.

Proof. (¢) We know from Proposition 5.8 that Ni(®) is the number of antichains of size k
of (&1, <). The antichains of (®*, <) are precisely given by Cellini and Papi in [5]. They also
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obtain the closed formula for the number N(®). We note that the numbers N(®) were also
obtained by Shi [34] on a case-by-case basis. This is part (c).

(a), (b) The Narayana polynomials and their coefficients were obtained by Panyushev in [33];
this is part (b) and also gives part (a). O

The numbers Ny (®) are called (generalized) Narayana numbers in Fomin and Reading
[9]. The numbers N(®) seem to have wider significance. For example, they appeared in a
paper by Djokovi¢ [8] on the enumeration of conjugacy classes of elements of finite order
in compact and complex semisimple Lie groups. Incidentally, the numbers N(®) also count
clusters in cluster algebras and related objects; see [9] and the references therein. For other
interesting connections between classical combinatorial objects and the characters of U A, (q),
see Marberg [29].

TABLE 1. Generating functions N(®,t) for the numbers N (®).

n

_ 1 n+1 n+1\ .
N(An,t)zn+1< . ><k+1>t

k=0

N(Bp,t) = Zn: <Z> ik

k=0

N(Ch,t) = zn: <Z> ¢

k=0

N(Dp,t) =

~—

e S () ()

N(FEg,t) = 1+ 36t + 204t> + 351¢° + 204t* + 36t° + ¢°

N(E7,t) = 14 63t + 546> + 1470t> + 1470t* 4 546t° 4 63t° +¢7
N(Es,t) = 1+ 120t + 1540t> + 6120t + 9518t* + 6120¢° + 1540t° + 120¢" + ¢
N(Fu,t) =1+ 24t + 55¢% + 24¢> + ¢

N(Ga,t) = 146t +t2

TABLE 2. The numbers N (®).

Ap B, Cy D, Es Eq Ey Fy  G»
L (2n+2 2n 3n=2(2n=2) s 4160 25080 105 8
n+2\n+1 n n—1

6. Single root characters

We keep the setting from the previous sections. In particular, g is a power of a prime p and
Y, (¢) is an untwisted Chevalley group defined over F, with an irreducible root system ®. We
assume throughout this section that Hypothesis 1 holds.
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For N = ®* we have rz(UY,,/P(N)) = 0. It follows from Lemma 5.1 that ) is representable
and that II‘I‘(UYn)@ = {]-UYn}~

In what follows we investigate Irr(UY,, ) when |X| = 1. We have already seen in Lemma 5.4
that {a} is representable for all & € T and we gave a recursive description of k({a}) = k()
in Definition 8.

DEFINITION 12. For a € ®% we set Irr(UY},)q := Irr(UY,){q}. We say that a character
X € Irr(UY,)a is a single root character lying over a and that it is almost faithful at .
A midafi character (or just midafi) for « is a character x € Irr(UY,,), such that x(1) =
min{y (1) | ¢ € Irr(UY,,)a }. We set

™9 (UY,) o i= {x € Ir(UY,)q | x is a midafi for a}.

Note that ¢ is fixed in Definition 12. The term midafi is an abbreviation for minimal degree
almost faithful irreducible. The origin of this terminology is the thesis [27] of the second author
where the term was first used in the case where ® has Dynkin type A,,. To study single root
characters we will use the concept of arms and legs.

DEFINITION 13. Let @ € @ and a(a), () C h(a).
(a) We say that a(«) is an arm and ¢(«) is the corresponding leg of h(«) if the hook h(«)
is the disjoint union h(a) = {a} Ua(a) U £(a) and
(1) |a(a)] = [(a)] and
(2) for each B € a(«) there is a unique v € £(«) with 8+ v = .
(b) If a() is an arm of h(c) we call the set s(a) := ®T\a(a) of roots the source corresponding
to a. If additionally s(«) is a closed pattern then we call S, := P(s(a)), the source group
corresponding to a.

The terminology of hooks, arms and legs is motivated by the case where ® is an irreducible
root system of type A,; see [21, §3.3] and [27, §2.3].

Note that Lemma 5.6 implies that we always have k(a) C s(a). We point out that the
definition above allows for 2™ choices for the set a(a), where m = (|h(a)| — 1)/2. Relative to
a choice of a(a) the sets £(a) and s(«) are unique. We discuss this in more detail at the end
of this section. The next lemma is needed for the classification of the midafi characters when
UY,, is of exceptional type and n > 4.

DEFINITION 14. Let v € ®T. We call a subset a’(c) of a subhook A'(a) of h(«) an arm
of W'(«) if there is an arm a(a) of h(a) with a'(a) = a(a) N A'(«). In this case we call
U(a) :== b (a)\(d'(a) U {a}) the corresponding leg of h'(«).

The following technical lemma will be used in § 8. A stronger version for type A,, is implicitly
contained in [27]. Recall that a p-group H is special if Z(H) = [H, H] = ®(H). If H is special
with |[H| = ¢*™*! and Z(H) is elementary abelian of order ¢ = p?, then we say that H is
special of type ¢'*2™.

LEMMA 6.1. Let o, 3 € ®T. Let h(a) be the hook corresponding to a with arm a(a) and
leg £(cv), let h'(B) be a subhook of h($3) with arm a'(B) and leg ¢'(j3) and let h}, 5 be the closed
pattern generated by h(a) U R (8) Uk(a). We define £, 5 := {a, B} Ul(a) Uk(a). Assume that
the following hold:

(a) h(a)Uk(a), W (B)Uk(a), @T\a(a) are closed patterns;

(b) his\a(e) normalizes £(a) U k(a);

(©) (he) Uk(a) NH(8) = b;
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() the group H,, = P(h(a) U k(a))/P(k(a)) is special of type ¢+ with [z, H,] =
Z(H,) for all x € H\Z(H,);

(e) the group Hj := P(h'(B8) U k(«))/P(k(a)) is special of type ¢ 21 B with [z, Hy| =
Z(Hp) for aH r € Hp\Z(Hp).

Set H,, 5 = P(h;,5)/P(k()) and Li, 5 :== P(£;,5)/P(k(c)) and let p € Irr(L},5) with Xo, X5

Ker(u) and Hveé(a) X, C Ker(u). Then each v € Irr(H/ 5, 1) has degree (1) > glu@+la’(B)]

Proof. To apply the reduction lemma (Lemma 2.1) we introduce the following notation (only
for this proof):

o U = H/

o« H:= P(h’g\ a(@))/P(k(a)),
hd yEa(a) X’Y’

o Y = P({(a) Uk(a))/P(k(a)),
o 7/ :=X,,

o )\ = Kz and 5\ = Uzy.

Since k(«) is a normal closed pattern U is a quotient pattern group and it follows from (a)
that H is a subgroup of U. We know from Lemma 5.4 and Definition 6(a) that Z is a subgroup
of U with Z C Z(U). It follows from assumption (b) that Y < H and we have ZNY = {1}. By
(2.1) the set X is a set of representatives for U/H. From assumption (b) and Lemma 3.3 we
get ZY S U. Since [ ¢y Xy C Ker(p) we have Y C Ker()) and by (a), (d) we have “X # A
for all w € X\{1}. We also have |X| = |Y|. Thus we can apply Lemma 2.1.

Let ¢ € IH(H('M7 ). We consider the restriction vy of ¥ to H. Since Y < H the
character ¢y has a constituent x € Irr(H/Y,\) with Xz € Ker(x). We define Hy :=
P(h'(B) U k(a))/P(k(a)). Note that assumption (c) implies that Hj is a subgroup of H.

It follows from assumption (e) that x(1) = XH;,(l) > ¢l (®1. By Frobenius reciprocity

is a constituent of yV. Since YV is irreducible by Lemma 2.1 we have 1 = xU and hence
(1) = xY(1) = ¢la . x(1) > gla(@I+la’ (B 0

Using the theory developed in §§ 2-6 we can now study the single root characters of UY,, for
all irreducible root systems ®. In the following two sections we give a proof of Theorems 1.1—
1.3 on a case-by-case basis and construct the midafi characters in Irr(UY,), for all Dynkin
types Y, all ranks n and all positive roots a. We now outline our approach; details will be
given in §§7 and 8.

Let ® be an irreducible root system and o € ®*. By construction, the size of the
corresponding hook is of the form |h(ca)| = 1 + 2k for some non-negative integer k. Hence,
there are 2¥ possible choices for the arm a(a) and the leg ¢(a), and in general we could not
find a canonical choice. An important fact, which will be proved in §§7 and 8, is that one can
always choose an arm a(a) of h(«) with the following property:

(1) the source s(a) = ®T\a(a) is a closed pattern.

In this case we can work with the source group S, = P(s(«)) and it follows from Lemma 5.6
that £(a) U k(a) C s(a). For us a good choice for a(a) is one in which condition (1) and the
condition

(2) the set ¢(a) U k() is a normal closed subpattern of s(«)
are met. If for a root o € ®* and for some choice of a(«) we achieve conditions (1) and (2),
then we define

To = So/P{a}Ul(a)Uk(a)).

We now show that conditions (1) and (2), together with conditions (3) and (4) below, suffice
to establish the description of Irr(UY,,), in terms of character correspondences as stated in
Theorems 1.1 and 1.3.
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PROPOSITION 6.2. Let ® be an irreducible root system of type Y,. Suppose that for some
root o € ®+ of ht(a) > 1 and some choice of a(«) the following are true:

(1) the source s(«) is a closed pattern;

(2) () Uk(a) <s(a);

(3) h(a) Uk(«) is a closed pattern and a(«) normalizes {a} U £(a) U k(a);

(4) for each element y € (I, e () X+)\{1} there is some root 8 € {(a) such that {[y,zs(t)] |

teF,} =X,.

Then the map V., : Irr(T,,) x Irr(X,)* — Irr(UY,,) o, with

(1, A) — (Inﬂ%‘* x Inﬂ?f:1 A) U

is a one-to-one correspondence with the property W, (u, \)(1) = ¢l . 1(1). Moreover,
So/PU(a) Uk(a)) 2Ty x X,.

Proof. We apply the reduction lemma. The role of U is played by the quotient pattern
group UY,,/P(k(a)) and the role of H is played by So/P(k(a)). The role of X is played by
H,Yea(a) X, the role of Y is played by H»yee(a) X, and the role of Z is played by X,, where
we identify the root subgroups X, with their images in UY,,/P(k(«)).

Condition (a) of Lemma 2.1 is satisfied by Definition 6(a) and Lemma 5.4. Hypothesis (2)
implies that condition (b) of Lemma 2.1 is satisfied. Combining hypotheses (2) and (3) implies
that a(a) normalizes {a} U f(a) U k(o) and {a} Ul(a) Uk(a) < s(a). As @ = s(a) Uala)
we now see that condition (d) of Lemma 2.1 is satisfied. Conditions (c¢) and (f) in Lemma 2.1
hold by the definition of a(«) and ¢(«).

We still have to check condition (e) of Lemma 2.1. Let X € Trr(X,,)* and let X be the inflation
of A to ZY = X, x P({(e) Uk(a))/P(k(ax)). Suppose that there is 1 # z € (J[,e4(0) X5)\{1}

such that “A\ = X. Because the linear character A is non-trivial on X,, there is some ¢t € F,

such that A(za(t)) = Maa(t)) # 1. By hypothesis (4) there exist 8 € ¢(a) and ¢’ € F, such
that [z,z5(t') "] = z4(t). Hence

Nas(t) = Ma wg(t)azs(t)  op(t') = Maa0)Azs() # Mas(t),

contradicting *A = A. Thus we have A # X for all z € (IT,ca(a) X¥)\{1}. Now the
correspondence follows from Lemma 2.1.
Finally, we observe that hypotheses (1) and (2), combined with Lemmas 3.3 and 5.1, imply
that
So/P(a) Uk(a)) 2Ty x X,

completing the proof. O

We remark that generally hypotheses (3) and (4) are easily verified and do not present a
serious obstacle.

If @ is a classical root system, that is, @ is of type A,, By, C, or D,,, then we show in §7
that it is always possible to make a choice for the arm of a root such that the hypotheses of
Proposition 6.2 are satisfied and for these Dynkin types we are able to derive some information
on the structure of T',.

However, when & is of exceptional type and rank at least 4, then there exist roots in ® for
which no choice of the arm achieves the hypotheses of Proposition 6.2. For the exceptional
types of root systems one can always choose a(«) such that hypothesis (1) holds, but then,
in general, £(a)) U k(a) is no longer normal in s(«). In this case we replace £(«) by a subset
/() 2 £(a) such that £(a) U k(a) < s(a), {a} Ul(a)Uk(a) <®F and such that the quotient
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pattern group P(¢(a) Uk(a))/P(k(c)) is abelian. Among all choices of the arm a(«) such that

condition (1) holds and such that ¢(«) has the properties just described we take one such
that |¢()| is minimal. For this choice we show, by restriction to a suitable subgroup, that each
x € Irr(UY,,) o with £(a)\f(a) € rk(x) has degree greater than ¢/*(®)l. Lemma 2.1 then gives

a one-to-one correspondence
W Ir'™(Ty) x Irr(Xo)* — Iir™9*(UY)) )

where T, := S,/P({a} U{(a) Uk(a)). Hence for all irreducible root systems ® (classical and
exceptional) and all positive roots a we obtain a one-to-one correspondence

v Irrlin(Ta) x Irr(Xo)* — Irrmida(UYn)a.

This leads to a construction of all midafis in Irr(UY,,),, and allows us to compute their number
and their degrees if ® is of exceptional type. For each positive root o we call the ¢—1 irreducible
characters of UY,, in W({15_} x Irr(X,)*) the standard midafis corresponding to a.

7. Hook subgroups and midafis in classical groups

In this section we prove Theorem 1.1. We will use the explicit construction of the root systems
® of types A, By, C,, and D,, given in [23, 12.1]. As before, we use the following convention
to keep the notation simple. Suppose that N C S C ®* are closed patterns such that N < S.
Since for each v € S\N the root subgroup X, is mapped injectively into the quotient pattern
group P(S)/P(N) we will often identify X, with its image X, P(N). We assume throughout
this section that Hypothesis 1 holds.

7.1. Type A

Let n be a positive integer. We construct a root system of type A, as in [23, §12.1]. Let
€1,€2,...,enr1 € R be the usual orthonormal unit vectors which form a basis of R**!.
Then @ :={e; —e; | 1 <i# j < n+ 1} is aroot system of type A,, and the set {aq,..., o},
where «; = e; — e;41, is a set of simple roots. The corresponding set of positive roots is
®+:{€Z—€J‘1<l<j<n+1}

Let o = ¢; — e; € ®T. Obviously, the hook corresponding to « is

hia) ={atU{e; —es,es —e; | i < s <j} (7.1)

The next lemma describes the closed patterns n(a) and k(«) for all positive roots a.

LEMMA 7.1. Let ® be a root system of type A, as described above. For all positive roots
o = e; — e; the following are true:

(a) n(a) k(a) 2T,

(b) n(a) ={es—e |1 <s<iandj<t<n+1}\{a},

(c) k(o) ={es —er |1 <s<iorj<t<n+1}.

Proof. Part (a) was shown in §5.

(b) By definition ng(a) = {e; —e;}. Let v = e — ¢, € ®+. Then a4+ v € ®* if and only
if ] =17 or k= j. In the first case we have o + v = e;, — e;, and in the second case we have
a+ v =e; —e;. Thus,

ni(a) ={ex—e;j | 1<k <i}U{e;—e |j<l<n+1}.

Now let v = €5 —e; € @7 and k < i. Then v+ e, —e; € ®* if and only if ¢t = k or s = j.
In the first case we have v + ex —e; = e; — e; € nqi(a), and in the second case we have
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v+ ep —e; = e — e, where k < i and ¢ > j. Similarly, v +e; —e; € T if and only if ¢t =i or
s = [. In the first case we have v+ ¢; — e¢; = e; — ¢; where s < i, and [ > 7, and in the second
case we have v+ e; —e; = ¢; — e; € nyi(a). It follows that

na(@)\ni(a) ={es —e; |1 <s<iand j <t<n+1}.

Finally, we see that for all v € &+ and 8 € na(a)\n1(«) we have 3+ v € na(a) and therefore
n(a) = ni(a) Unsz(a) and (b) follows.

(c) Let B =es—e; € DT wherei < s <t < j. Then we have 8 € h(e; —e;) and e; —e; € h(a)
and hence 8 € w(w). Hence {e; —e; | 1 < s <t < j} € w(e) and Lemma 5.6 implies that
k(o) C{es—er|1<s<iorj<t<n+1}= M.

We claim that M <®F. Let S =es—e; € M, vy =¢ — e € ®+ with 3+ € &T. By the
definition of M we have s < i or t > j. Suppose that s <i. We havet =k or s =1. If t =k
then 8+ v = e; — ¢; with s < 7 and hence 8 +~v € M. If s =1 then 8+ v = e — e; with
k <l=s<iandagain S+v € M. Suppose that t > j. Again we havet =kors=1[.Ift =k
then +~v=es—¢ withl >k =1¢>jand hence f+~v € M. If s =1then S+ =¢; — e
with £ > j and again 8+~ € M. Thus we have M < ®*. By the definition of M we have
a ¢ M. Hence Remark 2(a) implies that M C k(). Thus k(«) = M and (c) follows. O

In the following we study the hooks for type A,, more closely. We define the arm a(«) and
the leg ¢(a) of h(a) as follows:

a(a) :={e; —es |i<s<j} and l(a):={e;—e€j|i<s<j}

Recall that a p-group P is special if ®(P) = [P, P] = Z(P) is elementary abelian or if P itself
is elementary abelian. As in [21] we say that P is special of type ¢'72% if P is special with
1P| = ¢+ and | Z(P)| = g.

We will show below that for each o € ®* the hook h(«) is a closed pattern. We call the
pattern subgroup H,, := P(h(«)) the hook subgroup corresponding to a.

LEMMA 7.2. Let ® be a root system of type A,, as described at the beginning of this section.
For all « = e; — ej € T the following are true.

(a) The hook h(«), the arm a(«) and the leg () are closed patterns.

(b) The canonical projection m : UA,, — UA,/P(k(«)) maps the hook subgroup H, =
P(h(e)) injectively into UA, /P(k(«)) and w(H,,) is normal in UA,,/P(k(«)).

(¢) The pattern subgroups P(a(«)) and P(¢(«)) are elementary abelian.

(d) If ht(a) > 1 then the hook subgroup H, is special of type ¢'*2U=*=1) and [y, H,] =
Z(Hy) = X, for all y € H,\\Z(H,). More specifically, for each y € Hy\Z(H,) there is
some f3 € h(«a) such that {[y,zg(t)] |t € F,} = Xa.

Proof. (a), (c) Let 8,7 € h(«). Then we have 8+~ € ®* if and only if {8,7} = {e; —
es,€es — e;} for some ¢ < s < j, and in this case § +v = a € h(a). In particular, we have
B+~ &t if 8,7 €ala) orif 8,7 € ¢(«). This implies (a) and (c).

(b) By Lemma 5.6 we have h(a) Nk(a) C w(a) Nk(a) = 0. Since H,, P(k(«)) are pattern
subgroups we get that the restriction of 7 to H, is injective.

Let 8 € h(a) and v = e, —e; € T so that k < [. Suppose first that 8 = ¢; — e, for
some i < s < j. Then 8+~ € ®F if only if s = k or | = i. In the first case we have
B+ =e —e € h(a)Uk(a). In the second case we have § + v = e — e5 € k(a) because
k < i. Now suppose that 3 = e; — ¢; for some ¢ < s < j. Then S+~ € T if only if s =1 or
k = j. In the first case we have § 4+ v = e, —e; € h(a) U k(a). In the second case we have
B+ v =es — e € k(a) because | > j. This proves (b).

(d) Suppose that ht(«) > 1. We have seen in the proof of (a) and (c¢) that for all 8,7 € h(«)
we have 8+~ € ®F if and only if {8,v} = {e; — es,e5 — ¢;} for some i < s < j, and in this
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case B+ = «a € h(a). It follows from Lemmas 3.3 and 3.4 that Z(H,,) = [Ha, Ha] = Xa. So
H, is special. Now let y € H,\Z(H,). Note that H,\Z(H,) # 0 since ht(a) > 1. We write
Y =11, en(a) z+(ty) as in (2.1). Because y ¢ X, there is some v € h(a)\{a} such that ¢, # 0.
Thus, 5 := o — v € h(a) and we get from Lemma 3.1(a) that {[y,z(t)] |t € F} = X,. O

The following lemma prepares a reduction result for Irr(UA,,),, the set of single root
characters of U A,, corresponding to positive roots a.

LEMMA 7.3. Let ® be a root system of type A,, as described at the beginning of this section.
For all « = e; — e; € T the following are true.

(a) The source s(«) is a closed pattern.

(b) 4(a) Uk(a) < s(a).

(c) l(a)U{a} Uk(a) DT,

Proof. (a)Let f = erp—e;,y = e —ep € s(). Suppose that S+ € a(a). Then S+v = e;—es
for some ¢ < s < j. Thus k =i or k¥’ = ¢. We can assume that k = ¢ and then ¥’ = and I’ = s.
But then 8 = e; — ¢; where I = k' <1’ = s < j and hence 8 € a(a), a contradiction. Thus
B4+ &€ DT or B+ € s(a).

(b) Let B = es —¢; € ¢(a) where i < s < j and let v = e, — ¢; € s(a). Then S+ € ®F
if and only if s =1 or k = j. In the first case we have 5+ v = e, —e; € {(a) U k(a) because
k # 4. In the second case we have 8 + v = es — ¢; € k() because [ > j. This proves (b).

(c) We know from Definition 6(a) and Lemma 5.4 that {a} U k(a) < ®* and we have seen
in (b) that s(a) normalizes ¢(«) U k(«). By Lemmas 3.3 and 7.2(d) the arm a(«) normalizes
() U{a}. Since @ = s(a) Ua(a) the claim in (c) follows. O

By Lemma 7.3(a) and (b) we can consider the source group S, = P(s(«)) and its quotient
pattern group So/P(¢(a) U k()). It follows from Lemma 3.3 that we can identify the root
subgroup X, with the quotient pattern group S,/P(s(a)\{a}). Lemmas 3.3 and 5.1 imply
that

Sa/Pl(a) Uk(a)) 2Ty x X,

where -

Ty := P(s(@)\{a})/P(t() U k().
The group T, is generated by the images of X, in UA,,/P({(a) Uk(c)) where v is an element
of

(s(a)\{aP)\(l(e) Uk(a)) = 2F\(a(e) U {a} U l(a) Uk(a))
=0T\ (h(a)Uk(a)) ={es —er | i <s<t<j}

The set {es —e; | i <s<t<j} C®F is a closed pattern, and if j —i — 2 > 0 it generates a
root subsystem of type A;_;_» of ®. Thus

To2P{es—e|i<s<t<j})XUAj_io.

We can now give a recursive description for the single root characters of UA,,.

PROPOSITION 7.4. Let ® be a root system of type A,, as described above. For each root
a=e¢ —e; € PT where 1 <i < j<n themap ¥, : Irt(T,) x Irr(X,)* — Irr(UA,)o with

(1, A) = (Inﬂ%* e Inﬂi‘; A) Udn

is a one-to-one correspondence with the property Wo(p, \)(1) = ¢/~*~* - u(1). We have T, =
UAj_i_oifj—i—2>0and T, = {1} otherwise.
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Proof. The content of Lemmas 7.3 and 7.2(a) is that hypotheses (1)—(3) of Proposition 6.2
are satisfied, and the content of Lemma 7.2(d) is that hypothesis (4) of Proposition 6.2 is
satisfied. This proves the correspondence. O

7.2. Type B

Let n > 2 be an integer. We construct a root system of type B, as in [23, §12.1]. Let
e1,€2,...,e, € R™ be the usual orthonormal unit vectors which form a basis of R™. Then
P :={t(e;te;)|1<i#j<n}U{te; | 1<i<n}isaroot system of type B, and the set
{a1,...,a,}, where a; ;= e; —e;y1 fori=1,2,...,n—1 and a,, := e, is a set of simple roots.
The corresponding set of positive roots is @ ={e; te; |1 <i<j<n}U{e; |1 <i<n}.

The highest long root with respect to this base is e; + e, whereas the highest short root
is e;. We note that the long roots of ® form a D,,-subsystem. Also we recall that the Chevalley
commutator relations imply that if « is short and 3 is long with a+ 3 € &, then [X,, X3] C
Xa+pX2a+8, where a4 3 is short and 2a + 3 is long, and that if both a and g are short with
a+ B €t then [X,, Xp] C Xotp, where a+ S is long.

From the explicit description of the root systems (or from the Dynkin diagram) we see that
{ag,as,...,a,} generates a root subsystem ®;: of type B,_1 and that {a1,,...,an_1}
generates a root subsystem @, of type A,_1. We set &), := &, N &F, U] = &H\d],
and @}, = &, N &+, UF, := &F\®F,. The sets U], and ¥, are normal closed patterns.
In fact, P(V},) and P(V},) are the unipotent radicals of the standard parabolic subgroups
corresponding to {az,as,...,a,} and {a1,as, ..., an_1}, respectively. Furthermore, the sets
@}, and @, are closed patterns and P(®f) = UB,/P(¥{,) = UB,_; and P(®/,) =
UB,/P(V}) =2 UA,_;.

Let « € &1 and x € Irr(UB,,),. Suppose that o € <I>1+,. It follows from Lemma 5.4 and
Remark 2(a), (c) that P(¥],) C Ker(x). Thus, we can identify x with a single root character
of P(®})) = UB,/P(¥}) = UB,_;. In this way, the classification and construction of the
elements of Irr(UB,,), are reduced to the case B,_1. Similarly, if o € @, we can identify x
with a single root character of P(<I>;L",) and thereby get a reduction to the case A,,_1 which has
already been treated in §7.1. Hence, we only have to consider positive roots a which are not
contained in <I>1+, U @Z” that is, the roots e; + e; where 1 < ¢ < n and the root e;.

LEMMA 7.5. Let ® be a root system of type B, as described above. For all positive roots of
the form o« = e1 + e¢; we have

ha) ={e1 +ej,e1,e;}U{er —es,es+e; |1 <s<itU{e; Les,e; Fes |i<s<n}.
Proof. First, we observe that clearly ej,e; € h(e; + €;), and that no other combination of
short roots can add to a.
Next, let 8 = e, £ e;, v = es € ®T. We see immediately that 3+~ € ®T or 3+ is a short
root and therefore 8 + v # a. Hence, 8,7 & h(a).
Finally, let 3 = e, *¢e;, ¥ = ey ey € T with s <t and s’ <t and B+ v = . We see

immediately that one of the two + signs has to be a + sign and that the other one has to be
a — sign and that ¢t = ¢’. Furthermore, we can assume s = 1 and s’ = i. Hence

(B,7) € {(e1 —es,es+e;) |1 <s<iori<s<niU{(er+es, e —es)|i<s<n}
and the claim follows. O

We are now able to determine the patterns n(a) and k(a).

LEMMA 7.6. Let ® be a root system of type B, as described above. For all positive roots of
the form o = ey + e; the following are true.
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(a) n(a),k(a) QOT.
(b) n(a) ={e1 +es |1 <s<i}.
(c) k(o) ={es +e |1 <s<t<i}.

Proof. Part (a) was shown in §5.

(b) By definition ng(a) = {e1 + e;}. Let v € ®*. For v = e5 or v = e + ¢; we have
a+ygor.

Therefore, a + v € ®* if and only if v = e5 — ¢; for some 1 < s < i and in this case we
have o + v = €1 + e5. Thus, ny(a) = {e1 +e5 | 1 < s < i}. Again, if v € T is of the form
v = ek then v+ (e1 +e5) € . But if v = e, ¢, € T then v + (e; + e5) € & if and
only if v = e; — e, for some 1 < ¢t < s and in this case we have v+ (e; + e5) = e1 + e;. Thus
na(a) C ni(a) and then n(a) = n1(a) and (b) follows.

(c) Let B =es. If s =1, then 8 € h(a) C w(a). If s > 1, then + (e1 —es) = e1 € h(a)
implies that 5 € w(w).

Let B =es+ e € @ where s < t and ¢t > 4. If s = 1 then 8 € h(a) C w(a). If s > 1 then
B € h(e1 +¢;) and e1 + ¢, € h(a), hence 8 € w(a).

Now let B = e; —e; € &1 where s < t. If s = 1, then 3 € h(e;) and e; € h(a). Thus,
Bew(a). If s> 1, then 8 € h(eg —e;) and ey — e; € h(ey) and ey € h(a). Hence § € w(a).

It follows from Lemma 5.6 that

Ela) C{es+er |1 <s<t<i}= M.

We claim that M <®T. Let 8 =¢,+¢e; € M, v € &F with 3+~ € ®*. It follows that ~ is of
the form v = e —es with k < s <t <iory=e;—e with k <t < i. In the first case we have
B+~ =-ep+e with k <t <. In the second case we have 8+ v = e + es with k, s < ¢. Thus,
B+~ € M in both cases. Thus we have M < ®*. By the definition of M we have o ¢ M.
Hence Remark 2(a) implies that M C k(). Thus k(a) = M and (c) follows. This completes
the proof. O

For a = e; +¢; € @ we define the arm a(«) and the leg £(a) of h(«) as follows:

ala) :={e;U{e;tes|i<stU{er —es |1 <s<i},
la):={e1}U{ertes|i<stU{es+e |1<s<i}.

As for type A,, we will show below that for each o € ®* the hook h(c) is a closed pattern
and call H, := P(h(«)) the hook subgroup corresponding to a.

LEMMA 7.7. Let ® be a root system of type B,, as described at the beginning of this section.
For all « = e + e; € ®F the following are true.

(a) The hook h(«a), the arm a(«) and the leg ¢(«) are closed patterns.

(b) The canonical projection m : UB, — UB,/P(k(«)) maps the hook subgroup H, =
P(h(«)) injectively into UB,,/P(k(«)).

(¢) The pattern subgroups P(a(a)) and P(¢(c)) are elementary abelian.

(d) If ht(a) > 1 then the hook subgroup H, is special of type ¢*+t2"==1) and [y, H,] =
Z(Hy) = X, for all y € Hy\Z(H,). More specifically, for each y € H,\Z(H,) there is
some 3 € h(a) such that {[y,zp(t)] |t € Fq} = Xq.

Proof. (a), (c) Let B, € h(a). Then we have 8+ v € ®* if and only if {8,7} = {e1 —
es,es + ¢e;} for some s # i, or {B,7} = {e1 + es,e; — s} for some s > i, or {B,7} = {e1,e;},
and in all of these cases 3+ = a € k(). In particular, we have 3+~ & ®* if 8,7 € a(«a) or
if 8,7 € £(«). This implies (a) and (c).
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(b) By Lemma 5.6 we have h(a) N k() C w(a) Nk(a) = (. Since H,, P(k(a)) are pattern
subgroups we get that the restriction of 7 to H, is injective.

(d) Suppose that ht(a) > 1. We have seen in the proof of (a) and (b) that for all 5,7 € h(a)
we have 8+ v € ®T if and only if {8,7} = {e1 — es,es + ¢;} for some s # i, or {B8,7} =
{e1+es,e;—es} for some s > i, or {5,7} = {e1,e;}, and in all of these cases S+ = a € h(a).
It follows from Lemmas 3.3 and 3.4 that Z(H,) = [Ha, Hs] = Xa. So H, is special. The
remaining part of the proof of (d) is analogous to the proof of Lemma 7.2(d). O

LEMMA 7.8. Let ® be a root system of type B,, as described at the beginning of this section.
For all o« = ey + e; € ®T the following are true.

(a) The source s(«) is a closed pattern.

(b) £(a) Uk(a) <s(a).

(c) (o) U{a} Uk(a) < ®T.

Proof. (a) Let 8 € a(a) and 7,7 € ®T such that 8 = v++'. To prove that s(«) is a pattern
it suffices to show that v € a(«) or v/ € a(a).

Suppose that § = e;. Then {v,~7'} = {e; — es,es} for some i < s and hence v € a(a) or
~" € a(a). Suppose next that § = e; — es where 1 < s < 4. Then {v,7'} = {e1 — e, e; — es}
for some 1 <! < s < i and hence v € a(a) or 7' € a(a). Now suppose that 5 = e; + e; where
i <s<n. Then {v,v'} = {e; + e, es — e} for some i <1 < n, or {7,7'} ={es +e1,e; — e}
for some i < 1 < m, or {v,7'} = {es,e;}. Hence in all three cases v € a(a) or v € a(a).
Finally, suppose that 5 = e; — e; where i < s < n. Then {v,7'} = {e; — e;,e; — es} for some
i <l<s<nandagain v € a(a) or 7' € a(a).

(b) Let B € £(a) and v € s(a) such that S++ € . We have to show that S+v € £(a)Uk(a).
If B = es 4+ e; where 1 < s < 4, then v has to be of the form v = e — ¢; where k < [. Thus
B+~ =er+e; where 1 < k < i, or B+ = es+e where s,k < 7. In the first case S+7v € £(a),
and in the second case 8+ v € k(a). Now suppose that 8 = e; + e; where s > 4. Then ~
has to be of the form v = e — ¢; where k < [, and S+ v = ey + e where k # 1,i. Hence
B+ € k(a)ULl(a).

Now suppose that § = e; — e; where s > i, and v = e} + ¢; where k < [, or v = ¢;. Then
B+~ =e +e, where k # 1,i, or f+v = e1 + ¢, where | # 1,4, or f + v = e;. Hence
B+~ € k(a) U £(a). Finally, suppose that 8 = e; — e; where s > i, and v = e, — e; where
k <. Then 4+ v = e; — e; where [ > i. Thus 8 + v € {(«). Finally, suppose that 8 = e;.
Then 8+ v = e; + ¢; where I # 1,i. Hence 8 + v € £(a) U k(«), proving (b).

(c) In light of (b) it suffices to prove that a(a) normalizes ¢(«) U {a}, and this was shown
in Lemma 7.7(d). Hence (c) follows. O

REMARK 3. Note that, in contrast to type 4,, we did not claim in Lemma 7.7 that 7(H,)
is normal in UB,,/P(k(«)). In fact, for all 2 < i < n the patterns h(«) and h(a) U k(a) are
not normal because (ex — e;) + (e; — ep) € h(a) Uk(a).

We can now establish our desired correspondence for long root subgroups of root systems of
type B,,.

PROPOSITION 7.9. Let ® be a root system of type By, as described above. For each o =
e1 +e; € ®F where 1 <i < n the map ¥, : Irr(T,) x Irr(X,)* — Irr(UB,,) o with
(1, A) — (Inﬂ%‘” - Inﬂi‘jv A) U

is a one-to-one correspondence with the property W, (u, \)(1) = ¢®"~#=1 . u(1).
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Proof. The content of Lemmas 7.8 and 7.7(a) is that hypotheses (1)—(3) of Proposition 6.2
are satisfied, and the content of Lemma 7.7(d) is that hypothesis (4) of Proposition 6.2 is
satisfied. This proves the correspondence. O

Our next result gives structural information concerning the group T . To this end we define
closed patterns
b ;j = {es,ertes |1 s,t&{i,j}, and r < s}

where 1 < i < j < n, and
ob(e; +e;):={e1 —€i,...,ei_1 —€;}.

LEMMA 7.10. Let ® be a root system of type B, as described at the beginning of this
subsection. For all & = e + e; € ®* the following is true.
(a) So/Pl(a) Uk()) = So/PU(a))P(k(a)) =Ty x Xq.
(b) To = P(b1,;)/P(b1,; Nk(a)) x P(ob(a))/P(ob(a) Nk(a)).
(c) Ifi < n then kob(a) := by ;\{er —es | 1 <17 < s < i} is a closed pattern that is normal
in by ; and P(kob(«)) centralizes P(ob(c))/P(ob(c) N k(c)).
(d) Ifi € {2,3}, then kob(a) = b1 4, k(a) = n(a) and

Ty 2UB, o x (UA;)"!

(e) Ifi> 3 then P(b1;)/P (b1, Nk(c)) is isomorphic to a quotient pattern group of UB,,_,.
(f) Ifi > 3 then P(by,;)/P(kob(a) U (k(a) Nby;)) = UA; 3.

Proof. (a) follows from the definition of T, and Lemma 7.8(b) and ( ).
(b) By inspection, by ; N ({a}Ua(a)) = 0 and ob(a) N ({a} Ua(a)) = 0. Hence, by ; Uob(a) U
o) Uk(a) C s(a)\{a}. Thus

P(b1; Uob(a))P(l(a) Uk(a))/P(l(e) Uk(cr)) C Ty (7.2)
By definition, ob(a) U by ; U k() U h(a) = @ and therefore

b1,; Uob(a) Uk(a) Ul(a) D oM\ ({a}Ua(a)) = s(a)\{a},

and it follows that we have equality in (7.2). For all 8 € ob(«) and «y € by ; we have S+~ ¢ &
or B+ v € ob(a) and hence P(by;) normalizes P(ob(c)). By definition of ob(a) we have
ob(a)Nby,; = 0 and thus T, is the semidirect product of P(by ;) P(¢(c)) Uk(c))/P(£(c) Uk(cx))
and P(ob(a))P(¢(a) Uk(a))/P(f(a) Uk(x)). Because by ; N €(c) = ) and ob(a) N () = O we
have P(by;)NP(¢(a)Uk(cr)) = P(b1;Nk(a)) and P(ob(a))NP(¢(a)Uk(r)) = P(ob(a)Nk(w)),
which implies (b).

(¢) The only way to write e, — es, where 1 < r < s < i, as a sum of two positive roots is
e, —es = B+ where {8,7} = {e, —ei, e, —es} for some r < t < s. Since by ; is a closed pattern
and 3,7 & kob(a) it follows that kob(a) is a closed pattern which is normal in b; ;. Suppose
that 5 =e, te € by; and v = es —e; € ob(a). Then 8+ € ob(a) only if 5 = e, — e where
1 <r<s<i,that is, if 8 & kob(«). This proves (c).

(d) For ¢ € {2,3} we have {e, —es | 1 <7 < s < i} = (. Hence kob(a) = by; and
the semidirect product in (b) is a direct product. Now Lemma 7.6(b) and (c) imply that
k(o) = n(«). Furthermore, |ob(a)| = ¢ —1 and ob(a) N ( ) = 0. Since P(ob(«)) is elementary
abelian we get P(ob(a))/P(ob(a) N k(a)) = (UA;)""t. Because by; Nk(a) = 0 and by,
generates a root subsystem of ® of type B,,_o we get P(by;)/P(b1; Nk(a)) = UBp_s.

(e) follows from the fact that by ; generates a root subsystem of ® of type Bj,_o.

(f) By definition of kob(a) the set by ; is the disjoint union of kob(a) and the set {e, — e; |
1 < r < s < i}. The latter generates a root subsystem of ® of type A;_3. This completes
the proof. O
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Finally, we consider the highest short root « := ey. A simple calculation shows the following
result.

LEMMA 7.11. h(ey) = {e1,e1 —e;,e; | 2 <i < n}.

We define
lep):={e1 —e; | 2<i<n},
aler) :=={e; | 2<i < n},

and remark that £(e1) is a closed pattern whereas a(ey) is a closed pattern only modulo k(«).

LEMMA 7.12. The following are true.
(a) n(er) ={e1+e- |1 <r<n}andk(e;) ={e,+es |1 <r<s<n}.
) k(e1) is a normal closed pattern in ®+.
(C) {61} U 6(61) U k(el) Sl h(el) @] k(el).
) The group P(h(ey) U k(e1))/P(k(e1)) is special of order ¢'*2("=1). Moreover, modulo
P(k(e1)) [y, He,] = Z(He,) = Xe, for all y € He,\Z(H.,).
) s(e1) is a closed pattern.
) L(e1) Uk(er) < s(er) and s(er)/({er} Ul(er) Uk(er)) is a closed pattern of type A, .
) Tey, 2UA, 2, S, /P(l(e1) Uk(er)) 2 Te, x Xe,.
) The map VU, : Irr(T.,) x Irr(X,,)* — Irr(UB,,)e, with
Se Se; \\UBn
(s A) — (InﬂT:1 p- Infl A)
is a one-to-one correspondence with the property V., (11, \)(1) = ¢" =1 - u(1).

Proof. (b) was shown in §5.

(a) The fact that e; + e, is the sum of the two short roots e; and e, both of which lie in
h(ey) shows that ny(a) = {e1 +e, | 1 <r < n} Cn(a). Now if y+v € & for v € &+ and
v € ni(a), then v = e, — e; and v + v € ny(a), so that n(a) = n1(a) is as claimed.

We note that w(e;) = ®+\k(e1). Now we already noted that the only way to express e, as
a sum of positive roots is as (e, — e5) + e,. Similarly, the only way to express e; — es as a sum
of positive roots is as (e; — e,) + (e, — e5) where r < s. Thus we see that w(e;) = {e; | 1 <
i<n}U{e;—e; | 1<i<j<n}and thus k(er) is as claimed.

(c) follows from the observation that e, + (e; — es) € &t only if r = s, in which case the
sum is equal to e;.

(d) follows from the observation that the sum of any pair of roots from a(e;) lies in k(ey),
which means that a(e;) is a pattern modulo k(e1). The proof of the second statement of (d)
is as the proof of Lemma 7.7(d).

To prove part (e) we note that s(e;) contains all long roots of ®* and the root e;. The long
roots are the positive roots of a D, root system and thus form a closed pattern. If v is a
long root, then e; + ¢ ®*. This shows (e).

To see the second part of (f) note that {e, —es | 1 <r < s <n} =T\ (k(e1)Uh(e1)). To see
the normality of the leg note that (e; —e,. )+ € ®T only if 8 € {e, —es,er+es |1 < s, 7 # t}.
Hence (e1 —e,) + 8 =e1 —es or e; + e; € £(e1) Uk(er), which is our claim.

Now (g) follows from (f).

Finally, (e), (f), (c¢) and (d) are the hypotheses of Proposition 6.2 and thus (h) follows. O

7.3. Type D

Let n > 4 be an integer. We construct a root system of type D, as in [23, §12.1]. Let
e1,€2,...,en € R™ be the usual orthonormal unit vectors which form a basis of R™. Then
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O = {*(e; £e;) |1 <i#j<n}isaroot system of type D,, and the set {as,...,an},
where a; :=¢; —e;41 fori =1,2,...,;n—1 and a,, :=e,_1 + €5, is a set of simple roots. The
corresponding set of positive roots is + = {e; £ e; | 1 <i < j < n}.

From the explicit description of the root systems (or the Dynkin diagram) we see that
{ag,as,...,an} generates a root subsystem ®y, of type D, _1, that {a1,a2,...,an_2,0,}
generates a root subsystem ®,,_1) of type A,_1, and that {as,aq,...,a, 1} generates a root
subsystem @,/ of type A,,_1. We set @], := &1, N®+, U, := &\ o7, <1>(+n_1), = PB(pqy NOT,
\I/?;L_l), = <I>+\<IJ?;L_1), and @, := ®,, N O+, U := &\ @, The sets V], ‘I’ZCH)/ and U,
are normal closed patterns. In fact, P(¥7],), P(\I/?;kl),) and P(U,) are the unipotent radicals
of the standard parabolic subgroups corresponding to {az, as,...,an}, {a1, @2, ..., an_9,an}
and {aq,@a,...,a,_1}, respectively. Furthermore, the sets ‘Iﬁ,, <I>zrn_1), and <I>:LC are closed
patterns and P(®},) 2 UD,,/P(V],) 2 UD,,_; and P(®/,) =2 UD,, /P(V})~=UA,_;.

Let o € ®* and x € Irr(UD,,),. Suppose that a € ®,. It follows from Lemma 5.4 and
Remark 2(a), (c) that P(¥]) C Ker(x). Thus, we can identify x with a single root character
of P(®}) = UD,,/P(¥],) = UD,,_;. In this way, the classification and construction of the
elements of Irr(UD,,),, are reduced to the case D,,_1. Similarly, if o € <I>(+n71), ora € <I>7+L, we

can identify y with a single root character of P(@&_l),) or P(®71,) respectively, and thereby
obtain a reduction to the case A,_; which has already been treated in §7.1. Hence, we only
have to consider positive roots « which are not contained in <I>IC U @&_1), U @I,, that is, the
roots e; + e;, where 1 < i < n. We observe that ® is a subsystem of the root system of type
B,, described in §7.2. Thus most of what follows is a simple consequence of restricting from

type B, to type D,,.

LEMMA 7.13. Let ® be a root system of type D,, as described above. For all positive roots
of the form oo = e + e; where 1 < i < n, we have

ha) ={a}U{er —es,es+e; |1 <s<i}U{e; tese; Fes|i<s<n}.
Proof. This follows from Lemma 7.5 via restriction. O

Next we determine the closed patterns n(a) and k(a).

LEMMA 7.14. Let ® be a root system of type D,, as described above. For all positive roots
of the form o = e; + e; where 1 < i < n the following are true.

(a) The sets n(a) and k(«) are normal closed patterns in ®7.

(b) n(a) ={e1+es|1<s<i}.

(c) k(o) ={es+e |1 <s<t<i}.

Proof. This follows from Lemma 7.6 via restriction. O

Let o € ®T. As already mentioned above, if a € @&_1), U @, then the hook h(a), the
arm a(a) and the leg ¢() are defined as for type A,. Also if a € ®, then we can assume
recursively that h(«), a(a) and £(«) are already defined. For oo = e1 + ¢;, where 1 < i < n, we

define the arm and the leg as in § 7.2 via restriction:

ala):={e1—es |1 <s<ifU{e;Les|i<s<
la):={es+e|l<s<ifU{fertes|i<s<

As for types A, and B, we will see that for each o € ®* the hook h(«) is a closed pattern.
We set H,, := P(h(a)) and call it the hook subgroup corresponding to o.
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LEMMA 7.15. Let ® be a root system of type D, as described at the beginning of this
section. For all « = e + ¢; € ®* the following are true.

(a) The hook h(«), the arm a(«) and the leg () are closed patterns.

(b) The pattern subgroups P(a(«)) and P(¢(«)) are elementary abelian.

(¢) la(a)[ = [(a)] =2n —i = 2. 4

(d) If ht(c) > 1 then the hook subgroup H, is special of type ¢"t?("==2) and [y, H,] =
Z(H,) = X, for all y € H,\Z(H,,). More specifically: For each y € H,\Z(H,) there is
some 3 € h(a) such that {[y,za(t)] |t € Fy} = Xq.

Proof. This follows from Lemma 7.7 via restriction. O

LEMMA 7.16. Let ® be a root system of type D, as described at the beginning of this
section. For all « = e + ¢; € ®T the following are true.

(a) The source s(a) is a closed pattern.

(b) (a) Uk(a) < s(a).

(c) () U{a}Uk(a) ™.

Proof. This follows from Lemma 7.8 via restriction. ]

PROPOSITION 7.17. Let ® be a root system of type D,, as described above. For each o =
e1 +e; € ®1 where 1 < i <n the map ¥, : Irr(T,) x Irr(X,)* — Irr(UD,,), with

(, A) — (Inﬁ%’ E Inﬂ?{; A) vhn

is a one-to-one correspondence with the property W, (u, A\)(1) = ¢>" =72 . u(1).

Proof. The content of Lemma 7.16 is that hypotheses (1)—(3) of Proposition 6.2 are satisfied,
and the content of Lemma 7.15(d) is that hypothesis (4) of Proposition 6.2 is satisfied. This
proves the correspondence. O

We conclude this section by giving structural information concerning the group 7',. For all
1 <i<nanda=e;+e; we define

dii={e,tes|1<r<s<nandr#i#s},
ob(a) :=®T\(n(a) Uh(a)Udr;) = {e, —e; | 1 <7 < i},
kob(a) :=dy\{er —es |1 <r < s <i}.

Note that di; and ob(e; + e;) are closed patterns for all 1 < ¢ < n and that P(ob(«)) is
elementary abelian. Furthermore, we have ob(a) N k() = 0.

LEMMA 7.18. Let ® be a root system of type D, as described at the beginning of this
section. For all « = e + e; € ®T the following are true.

(a) Sa/P(L(a) Uk(a)) 2= Sa/P(l(c)) P(k()) = To x Xo.

(b) To = P(di1;)/P(d1,; Nk(a)) x P(ob(a))/P(ob(a) N k(c)).

(¢) Ifi < n, then kob(a) is a closed pattern that is normal in d; ; and P(kob(«)) centralizes

P(ob(a))/P(ob(a) Nk(a)).

(d) If i = n then P(ob(«))/P(ob(a) Nk(a)) = {1}.

(e) Ifi € {2,3} and i =mn then T, = {1}.

(f) Ifi € {2,3} and i < n then kob(a) = di1 4, k(o) = n(«) and

To=2UD, 5 x (UA) .
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(g) Ifi > 3 then P(d1;)/P(d1,;Nk()) is isomorphic to a quotient pattern group of UD,,_s.
(h) Ifi > 3 then P(dy,;)/P(kob(a) U (k(c) Ndy;)) X UA,_3.

Proof. This follows from Lemma 7.10 via restriction. O

74. Type C

Let n > 3 be an integer. We construct a root system of type C, as in [23, §12.1]. Let
€1,€2,...,e, € R™ be the usual orthonormal unit vectors which form a basis of R™. Then
O :={t(e;te;) |1 <i#j<n}U{£2e; | 1 <i<n}isaroot system of type C,, and the set
{a1,...,a,}, where a; := e;—e;41 fori =1,2,...,n—1 and «, := 2e,, is a set of simple roots.
The corresponding set of positive roots is @ = {e; e; | 1 <i<j<n}U{2¢ |1<i<n}

The highest long root with respect to this base is 2e; = 2a7 + ... + 20,1 + @, Whereas
the highest short root is e; + e2. We note that the long roots of ® form a A}-subsystem. Let
a,f € T with a + 8 € ®*. We recall that the Chevalley commutator relations imply that
if v is short and g is long, then [X,, X3] C Xo45Xoa+s, where a + (3 is short and 2a + 3 is
long, and that if both o and § are short, then [X,, Xg] C Xo4, where a + § is short.

From the explicit description of the root systems (or from the Dynkin diagram) we see that
{ag,as,...,a,} generates a root subsystem ®;. of type C,_; and that {a1,qe,...,an_1}
generates a root subsystem ®, of type A,_;. We set ®f, := & N &F, U = o+\o],
and ®}, = ®,, N ®T, Ul = &F\®,. The sets U], and ¥, are normal closed patterns.
In fact, P(V}) and P(V;,) are the unipotent radicals of the standard parabolic subgroups
corresponding to {ag,as,...,a,} and {a1,as,...,a,_1}, respectively. Furthermore, the sets
@, and @, are closed patterns and P(®],) = UC,/P(¥]) = UC,_; and P(®],) =
UC,/P(Y)2UA, ;.

Let @ € &1 and x € Irr(UC,),. Suppose that o € <I>1+,. It follows from Lemma 5.4 and
Remark 2(a), (c) that P(¥],) C Ker(x). Thus, we can identify x with a single root center
character of P(®},) =2 UC,,/P(¥],) =2 UC,,_,. In this way, the classification and construction
of the elements of Irr(UC},),, are reduced to the case C,,_;. Similarly, if o € <I)j;, we can identify
x with a single root center character of P(@:,) and thereby get a reduction to the case A, _1
which has already been treated in § 7.1. Hence, we only have to consider positive roots a which
are not contained in <I>f, U <I>i,, that is, the roots e; + e¢; where 1 < i < n and the root 2e;. We
begin with single root characters lying above the highest root 2e;.

LEMMA 7.19. Let ® be a root system of type C,, as described above. For o« = 2e; we have
h(a) = {2e1,e1 +es,e1 —es | 2< s <nj. (7.3)

Proof. We observe that the sum of two long roots is never in ®*. Next we observe that the
sum of a long and a short root is either short or not in ®*. Thus if 2e; = 8 + «, then both
B and v are short. This implies that 8 = e; + e5 and hence v = e; F e,;. This proves our
claim. 0

We define the arm a(2e;) and the leg £(2e1) of h(2e;) as follows:
a(2e1) :={e1 —es |1 <s<n} and ¢(2e1):={e1+es|1<s<n}.

LEMMA 7.20. The following are true.

(a) n(2e1) = k(2e1) = 0.

(b) £(e) U{a} dh().

(¢) The group P(h(2e;)) is special of order ¢*+2("=1) . Moreover, [y, Hae,] = Z(Hae,) = Xoc,
for all y € Hoe, \Z(Hae, ).
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(d) s(2e1) is a closed pattern.
(e) £(2e1) < s(2e1) and P(£(2ey1)) is elementary abelian. -
(f) s(2e1)\({2e1} U £(2¢1)) is a closed pattern of type UCp_1, Toe, = UC,_1, and

SQel/P(‘e(Zel)) = T261 X X2el~

Proof. As 2e; is the highest root of ®*, part (a) is clear. Also we note that 2e; is the unique
long root in h(2e1). The short roots in h(a) are all of the form e; £ e, with » > 1 and thus
the sum of two of these lies in ®7 if and only if that sum is 2e;. This combined with Lemma
3.3 proves part (b) and the first half of part (c). The proof of the Lemma 7.2(d) carries over
verbatim to prove the second part of (c).

Now let 3 := e; — es € a(2e1) and suppose that 3 = v+ with 7,7 € ®*. As 3 € D/,
we see that without loss v = e; — e, and v/ = e, —es with 1 < r < 5. As v € a(2e;) this
proves part (d). Now if ey + e, e1 + e5 € £(2e1), then e; + e, +e1 +e5 = 2e1 + e, + e € P,
and thus the Chevalley commutator relations imply that P(¢(2e;)) is elementary abelian. If
e1+es € £(2e1) and B € s(2ey), then ey +e; + 3 € T only if 8 = e, — es where r < s and
then e +e5 + 8 € £(2e1) proving (e).

Finally, we observe that

s(2e1)\({2e1} U L(2¢e1)) ={2¢; |2<i<n}U{e,tes|2<r<s<n}
from which the claims in (f) follow. O

PROPOSITION 7.21. Let ® be a root system of type C,, as described above. For the root
a = 2e; € ®F the map ¥, : Irr(T,) x Irr(X,)* — Irr(UC),) o with

(s A) = (Inﬂ%" Iz Inﬂi"; A) e

is a one-to-one correspondence with W, (1, \)(1) = ¢" 1 - u(1), where T, 2 UC,,_;.

Proof. The content of Lemma 7.20(d), (e), (b) and (c) is that hypotheses (1)—(4) of
Proposition 6.2 are satisfied. This proves the correspondence. The statement about the
structure of T, is the content of Lemma 7.20(f). O

Next we consider the short roots a = e; + e; which are not contained in <I>f, U CIDI,.

LEMMA 7.22. Let ® be a root system of type C,, as described above. For all positive roots
of the form a = e; + e; we have

ha) ={atU{er —es,es+e; | 1 <s<ifU{erLes,e;Fes |i<s<npU{2e,e —e;}.

Proof. Let 8= 2e¢;, B = ey ey € @1 with B+ 3 = «. Then 8’ = ¢; — ¢; and B = 2e¢;.

Next, let B = es & es, B = ey ey € ®F such that B+ 8 = a. We see immediately that
one of the two = signs has to be a + sign, that the other has to be a — sign and that ¢ = ¢'.
Furthermore, we can assume s = 1 and s’ = 4. Hence

(B,8") € {(e1 —es,es+e;) |1 <s<iori<s<njiU{(er1 +es,e —es)|i<s<n}
and the claim follows. O

The content of Remark 2(c) and Lemma 5.4 is that if x € Irr(XU),, then rk(y) = k().
Also recall that Lemma 5.6 states w(a) Nk(a) = 0 for each a € ®*. Using these two facts, we
can now describe the closed patterns n(a) and k().
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LEMMA 7.23. Let ® be a root system of type C,, as described above and let a = e; + e;.
The following are true.

(a) The sets n(a) and k(«) are normal closed patterns in ®.

(b) n(a) ={e1+es |1 <s<i}U{2e}.

(c) k(o) =n(a)U{e, +es |1 <r<s<itU{2e, |1 <r<i}.

Proof. Part (a) was established in §5.

(b) By definition ng(a) = {e1 + e;}. Let v = ex ¢, € ®T. Then a + v € ®T if and only
if vy =es —e; for some 1 < s < i ory=e; —e;. In the first case we have o + v = e1 + e,
where 1 < s < 7, and in the second case a + v = 2e;. Now if 4/ = 2¢,., then v/ + 6 € ®* for
all 6 = e, + e;. Thus, ny(a) = {e1 +es | 1 < s <i}U{2e1}. Again, if vy = e £ ¢, € T then
v+ (e1 +es) € T if and only if v = e; — e, for some 1 < t < s, and in this case we have
v+ (e1 + es) = e1 + e;. Thus na(a) = ny(a) and therefore n(a) = ni(a) and (b) follows.

(c) Let B =es+e € Pt where s < tandt >4 If s =1 then 8 € h(a) C w(a). If s > 1
then 8 € h(eq +e) and e; + e; € h(a), hence 8 € w(a).

Let 8 = 2e, with ¢ < s. Then S+ (e; —es) = e1 + €5 € h(a) C w(a).

Now let 8 = e; —e; € @ where s < t. If s = 1 then 38 € h(a) C w(a). If s > 1 and
t # i then 8 € h(e; —e¢) and e; — e; € h(a). Hence § € w(a). If s > 1 and ¢t = ¢ then
B € h(er —e;), e1 —e; € h(a) and so we have B € w(a). It follows from Lemma 5.6 that
k(o) C{les+te |1<s<t<i}U{2e|s<i}=M

We claim that M <®*. Let S =e;+¢e;, €M, v € <I>+ with 8+~ € ®T. It follows that + is
of the form v = e —e; with k < s <t < i, or v = e, — e; with k <t < i. In the first case we
have 5+ v = er + e; with k < t < 4, in the second case we have 5+ v = e + e5; with k, s < 1.
Thus, B+« € M in both cases. Let 3 = 2e, € M, v € ®* with 8+~ € ®*. It follows that
v is of the form v = e, — es with k < s < i and that § + v = e + e; with k < s < 7, hence

B+vyeM.
Thus we have M < ®*. By the definition of M we have o ¢ M. Hence Remark 2(a) implies
that M C k(). Thus we have k(a) = M and (c) follows. This completes the proof. O
We define

lleg+e)={ertes |i<s<njU{er—efU{es+e |1 <s<i}

and

aler +e;):={e;Fes | i<s<npU{2e}U{er —es |1 <s<i}

As before, we will show that for each o € ®T the hook h(«) is a closed pattern modulo k(«).
Call H, := P(h(a) Uk())/P(k(«)) the hook subgroup corresponding to «, always bearing in
mind that we calculate modulo P(k(«)).

LEMMA 7.24. Let ® be a root system of type C, as described at the beginning of this

subsection. For all & = ey + e¢; € ®F the following are true.

(a) The hook h(a) U k(«) and the leg ¢(a) U k() are closed patterns.

(b) {a} Ut(a) U k(a) < h(a) U k().

(¢c) P(a(w)) is a pattern subgroup. It is isomorphic to a product of an elementary abelian
group of order ¢"~2 and a special group of order ¢*t2("=%) . The center of the special
group Is X,

(d) |a(a)] =2n—i—1.

(e) If ht(e) > 1, then for each y € (I[,cq(a) X+)\{1} there is some B € {(a) such that
{ly,zs()] [ T € Fq} = Xa.
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Proof. (a), (b) Let 3,7 € h(c). We have 3+~ € ®7 if and only if {3,7} = {e1 —es, €5+ €}
for some s #£ 4, or {8,v} = {e1 — e;, es + ¢€;} for some s # i, or {B,7} = {e1 + es,e; — es} for
some s > 4, or {f,v} = {e; +es,e; —e5} for some s > i, or {B,7} = {e1 —e;,e; — e} for some
s>1,or {8,7} = {e1 + es,e1 — es} for some s > 4, or {B,7} = {2e;,e1 — e;}. In all of these
cases S+ € h(a) Uk(a), and it follows that h(a) U k() is a closed pattern. We also see that
for all 8,7 € ¢(a) with 3+~ € &+ we have 8+ € k(«). Hence (o) Uk() is a closed pattern
and (a) follows.

If B € h(a) and 7 € £(), then either 8+ € {a,2e1} or B+~ & T, and (b) follows.

Also for 8,7 € a(a) we see that 8+ v € {2¢;} if 8,7 € a(a)\{e1 —es | s < i} and that
B,y & ®tif B,y € {e1 —es | s < i}. This shows (c).

(d) follows from (c).

Finally, suppose that ht(«) > 1. We have seen in the proof of (a) and (b) that for all j,
v € h(a) we have 8+ € ®T if and only if {3,7} = {e1 — es,es + €;} for some s # i, or
{B,7} = {e1 — e;,es + €;} for some s # i, or {f,7} = {e1 + es,e; — es} for some s > 1,
or {B8,7} = {e; + es,e; — es} for some s > i, or {B,7} = {e1 — e;,e; — es} for some
s > i, or {B,7} = {e1 + es,e1 — es} for some s > i, or {B,7} = {2e;,e17 — e;}. In all
of these cases S+ v € {af U{e1 tes | i < s < n} U{2¢} U k(e). It follows that
Z(H,) = X, and that P({a} U {(a) U k(a))/P(k(a)) is normal and elementary abelian.
Now let y = [ cpa) Zv(ty) € (I1 ca(a) X+)\{1}. Because y # 1 there is some v € a(a)\{a}
such that ¢, # 0. If v # 2e; then we pick 8 := o —y € h(a) and we get from Lemma 3.1(a)
that {[y,zp(t)] |t € Fy} = Xo = Z(H,). If y € Xoe, P({a} Ul(a) Uk())\P({a}Ul(a)Uk(a)),
then we pick 3 :=e; — e; and again we get that {[y,xz5(¢)] |t € Fy} = X, = Z(H,). O

Next we show the following lemma.

LEMMA 7.25. Let ® be a root system of type C, as described at the beginning of this
subsection. For all « = e + e; € ®T the following are true.

(a) The source s(a) is a closed pattern and k(«) C s(«).

(b) (a) Uk(a) I s(a).

Proof. (a) By Lemma 5.6 we have k(a)Na(a) C k(a) Nw(a) = 0. Hence k(a) C & \a(a) =
s(a). Let 8 € a(a) and 7,7 € & such that B =~ + 7.

To prove that s(«) is a pattern it suffices to show that v € a(a) or v/ € a(«). Suppose
that 8 = e; — es where 1 < s < i. Then {v,7'} = {e1 —ej,e; —es} for some 1 <[ < s < i
and hence v € a(a) or 7/ € a(«). Now suppose that S = e; + e; where i < s < n. Then
{7,7'} ={ei +e,es —e} for some i <l <nor{y,7}={es+ee; —e} for somei<l<n.
Hence in both cases v € a(a) or 4/ € a(«). Next, suppose that 8 = e; — e; where i < s < n.
Then {v,7'} = {e; — e, e — es} for some i < I < s < n and again v € a(a) or ¥ € a(w).
Finally, suppose that 8 = 2¢;, then {v,7'} = {e; + es,e; — e5} for some i < s < n. But then
we have 7,7’ € a(a). This proves (a).

(b) Let 8 € £(ar), v € s(c). First suppose that 8 = e; +e5 where i < s < n. Then S+~ € &T
only if y=-e, —es with i 7 < s (as e; —es € a()) and thus 8+ v =e1 + ¢, € k(o) U l().

Next suppose that 8 = e; — es where i < s <n. Then 8+ v € ®T only if v = ¢, + e, with
i#7r (ase; +es € ala)) ory =e; —e, with s <r. Thus 8+ =e1 + ¢, € k(a) U{l(a) or
B+vy=e1 —e €Ll a).

Next suppose that 3 = e, + e; where s < i. Then 3+~ € & only if y = e, — e, with r < s
ory=e—e; withr <i. Thus S+ €{e,+es | r<s<i}U{e,+e; | r<i}Ck(a)Ulia).

Finally, suppose that 3 = e; — e;. Then 8+~ € ®F only if v = e; + ¢; or ¢; + e, with
r <iore —e. withr > i As~vy € s(a) we see that v = e; + ¢; or e; + e, with r < . Thus
B+ve{2e1}U{er+e | r<ifU{er —er|r>i} Ck(a)Ul(a). Now (b) follows. O
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PROPOSITION 7.26. Let ® be a root system of type C,, as described above. For each o =
e1 +e; € Pt where 1 < i < n the map ¥, : Irr(T,) x Irr(X,)* — Irr(UC,,) o with

(1, A) — (Inﬂ%1 e Inﬂi‘; A) U

is a one-to-one correspondence with the property W, (i, \)(1) = ¢ ==L . u(1).

Proof. The content of Lemma 7.25(a), (b) is that hypotheses (1) and (2) of Proposition 6.2
are satisfied, and the content of Lemma 7.24(b) and (e) is that hypotheses (3) and (4) of
Proposition 6.2 are satisfied. This proves the correspondence. O

We now derive some structural information about T',. To this end we define closed patterns

cij={2e, e, tes |1 st {i,j}, and r < s}
where 1 <7< j<nand
ob(e; +e;):={ea —ei,...,ei.1 —e;} and kob=cy;\{e, —es |1 <r<s<i}.
Also we define T, := S, /P({a} U l(a) Uk(a)).

LEMMA 7.27. If « = eg +e;, then S, /P({(a) Uk()) =2 S, /P(l(a)) 2Ty x X, and T, is a
semidirect product of P(ob(a)) with P(cy;)/P(c1,; N k(«)), where ¢1,; is as above. Moreover,
the following are true.

(a) The kernel of the action of P(c1;) on P(ob) is P(kob).

(b) Fori >3, P(c1,i/(c1,i Nk())) 2 UC,—2/Z;—2(UCh-2),

(¢) Fori >3, P(c1,)/P(kob) = UA,_3,

(d) Ifi =2, then kob = c; 5, ob =0, k(a)) = n(a) = {21}, and T, 2 UC,,_o.

(e) If i = 3, then kob = c1 3, k(o) = {2e1,2e2,e1 + €2}, and Ty, = UCy,_2/Z(UCy,—2) X

Xey—es-

Proof. The fact that S,/P({(a)) =T, x X, follows from the definition of T,, and parts (a)
and (b) of Lemma 7.25.

(a) The set ob(a) is the set of roots of ® which are not contained in k(a) U h(a) U ¢y ;.
Notice that ob(«) is normalized by ¢; ;, proving the first part of (a).

For the second part we observe that no root of ¢y ; has e; in its support. Thus the only roots
from ¢ ; that can be added to an element of ob(«) to yield an element of ®* are of the form
er —es where 1 < r < s < 4. This yields the second part of (a).

(b) We note that ¢; ; € @], and so our claim follows from part (c) of Lemma 7.23.

(c) We observe that 7, s # 1,4; then (e, —es) + (ex — ;) € ®T if and only if 1 <7 < s = k.
Next we note that (e, +es) + (e, —e;) € ®T for all 7, s # 1,0 and that e, + (ex —¢;) & ®T for
all r # 1,4i. Thus (c) follows.

(d) and (e) follow from (a) and Lemma 7.23. O

We can now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. The theorem follows from Propositions 7.4, 7.9, Lemma 7.12(h) and
Propositions 7.17, 7.21 and 7.26.

8. Single root midafis of exceptional groups

In this section we deal with the case that the root system & is irreducible of type Eg, Fr,
FEg, Fy or Go and prove Theorems 1.2 and 1.3. We will use the explicit construction of these
root systems given in [23, § 12.1]. We assume the setting and notation from §§ 2—-6. We assume
throughout this section that Hypothesis 1 holds.
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8.1. Types Fg, E7, Eg

We deal with types Fg and E; by considering suitable root subsystems of a root system of type
Eg. The root system of type Ey is constructed as follows (see [23, §12.1]). Let 1, e, ..., eg € R®
be the usual orthonormal unit vectors which form a basis of R® and let ®5 be the union of the
sets {*(e; £ e;j) | 1 <i#j <8} and

{%(:I:el testeg ey £estegter +eg) | the number of minus signs is even}.
Then ®g is a root system of type Eg and the set {ag,...,as}, where

1 - -
(%1 .—5(61+68—€2—€3—€4—65—€6—67), Qg :=e€] +e3, «3:=ey— e,

Qy 1= €3 — €9, Q5 = €4 — €3, Qg = €5 — €4, Q7 ‘= €g — €5, Qg = €7 — €¢g
is a set of simple roots. The corresponding set of positive roots is
Pf ={eite; [1<j<i<8U{i(tertertestestestester+es)l,

where the number of minus signs of the coefficients of the vectors in the second set is even.

The subsystem of ®g generated by {a1,...,as} is a root system of type Eg which we denote
by ®g, whereas the subsystem generated by {aq,...,ar} is a root system of type E; which
we denote by ®7. For i € {6,7}, the set {ai,...,a;} is a set of simple roots for ®; and
<I>ZTIr = @; N ®; is the corresponding set of positive roots. For a € <I>;-" we always take k(«)
with respect to ®g in this section.

We number the positive roots of ®g according to Table A.1. This table contains the following
information. The first column fixes the notation for the positive roots of ®g. The second column
lists the coefficients m; when the root a; = Z?Zl m; o  is written as a linear combination of
the simple roots aq,...,as. The third column expresses the root a; as a linear combination
of the vectors eq,...,es and the last column contains the height ht(c;). For example, the
positive root agg is

o+ 2-as+2-a3+3-as+2-a5+1-ag+0-a7+0-ag

(e1+ex+es+es+es—eg—er+eg)

0469:1
1
2

and we have ht(agg) = 11. In particular, we have

UEg = H X,, UE;= H X, and UEs= H X,.

acdy acdt acdy

Let i € {6,7}. By factoring out the unipotent radical Hwqu\@fr X, we can identify the

group UFE; with a factor group of UFg in a natural way, and it follows from Remark 2 that
for each a € @] we have &3\ @ C k(a).
To formulate the next result we introduce the following set of positive roots:

normal . 5+
R6/7/8 =0y \{aus, as3, as7, as9, a0, Qtea, A67, 70, 71, 72, 73, Q76 QU77,

78, Qg0 (183, (ig4, (g5, (ige, (Y87, (88, (189, (90, (X91, (92, (g4, (95, (X98,

99, (100, X102, X103, X104, X105, X106, X107, X108, X109, X110, (111,

@113, 114, A115, 116, X117, V118 }-
The next proposition includes a construction of all single root midafis of the groups U Eg, U E7,
UFEg and proves Theorems 1.2 and 1.3 for root systems ® of type Eg, E7 and Eg. The proof

of the proposition is based on computer calculations. These calculations are carried out with
the help of computer programs which we have implemented in CHEVIE [10, 30].
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We proceed as follows. Let i € {6,7,8} and let o € ®;. We choose an arm a(a) =
{ai,, @iy, ..., } of the hook h(a) such that the indices ¢y, 4g, ..., 4, are given by the second
column of Table A.2. The corresponding leg is f(a) = {a — v | ¥ € a(a)} and the source
is s(a) = ®\a(a). By computer calculations using CHEVIE we will show that s(a) is a
closed pattern. We know from Lemma 3.3 that we can identify the root subgroup X, with the
quotient pattern group S, /P(s(a)\{a}) of the source group S, = P(s(a)).

Suppose that a € @j\Rg;’;%al. Let f(a) = f(a) U {aj,,aj,,...,q;,} where the indices
1,72, ..., J¢ are the maxima of the sets of integers given in the third column of Table A.2. By
computer calculations using CHEVIE we will show that £(a) U k() < s(a), that the quotient

pattern group P({(a) Uk(a))/P(k(c)) is abelian and that £(a) U {a} Uk(a) < ®;. Hence, we
obtain the quotient pattern group

To = Sa/P({a} Ul(a) U k(a)).

Now suppose that a € <I>:r N Rg%‘/’gﬂ. Again using CHEVIE we will show that

{(a) Uk(a) <s(a) and that £(a) U {a} U k(a) < @, so that we can consider the quotient
pattern group

Ty = So/P({a} Ul(a) Uk(a)).

PROPOSITION 8.1. Let i € {6,7,8} and let ®; be a root system of type E; as described
above. For each positive root a € ®; the following are true.
(a) Ifa € @j_\Rg%%al then W, : Irr'"™(T) x Irr(Xo)* — Ir™ (U E;),, with

(11, A) = (Infie 1o Infige 2)7*

is a one-to-one correspondence.

(b) If o € RpOI&! then Wy : Ire(To) x Irr(Xa)* — Iir(UE;) o with

(b, A) — (Inﬂ%‘ e Inﬁ}g{; A) v

is a one-to-one correspondence.
The number |Irr™9*(UE;),| of midafis for « is given in the second and fifth columns of
Table 3 and the degree (1) for x € Ir™9*(UE;),, is given in the third and sixth columns
of Table 3.

REMARK 4. Let i € {6,7,8} and let @ € ® be a positive root. By definition, all midafis
x € Ir™9%(UE;), have the same degree; this is the number given in the third and sixth
columns of Table 3. For example, [Irr™%(U Eg)q,,.| = ¢3(¢—1) and each x € Trr™ (U Eg)a,,
has degree x(1) = ¢*.

The roots in ®F, @1\ ®F, &3\ @I respectively, are separated from each other by horizontal
lines in Tables 3 and A.2.

Proof of Proposition 8.1. The proof is carried out by computer programs which we have
implemented in CHEVIE. In particular, for all computations with roots we use these CHEVIE
programs.

(a) We demonstrate the proof only for o = ai15 € @;\Rg;’?;‘;l. The proof for the other

roots in (Dj\Rg%‘}lsal is similar. Let o« = «v115. Using the data in Table A.1 we see that the hook

corresponding to « is
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Degree

TABLE 3. Numbers and degrees of the midafis for roots a; € ®F.
qg—1
qg—1

Number of midafis

Root
aq
a3
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Table 3 (Continued).

Root Number of midafis Degree Root Number of midafis Degree

o84 g —1) q"? g6 (g —1) q*
Qg7 qg(q —1) q13 agg qg(q -1) q13
ago ¢°(¢—1) ¢ ag ¢*(g—1) q*
fa Y ’(¢g—1) gt Qg4 ’(g—1) q'
Qg5 ’(g—1) q*° Qg #(g—1) q*°
Qg ’(g—1) q*° Qg ’(¢g—-1) q*°
Q100 qg(q —1) q16 Q101 qg(q -1) q”
102 ¢°(¢—1) ¢"" oaes ¢°(¢—1) q'7
Q104 #(g—1) q*® Q105 ’(g—1) q'®
Q106 qs(q - 1) q18 Q107 qs(q - 1) q19
Q108 ’(¢g—1) q* Q109 ®(g—1) q*°
Q110 qg(q —1) q20 Q11 qg(q -1) q21
Q12 ¢*(qg—1) ' ans ¢*(qg—1) q¢*
Q114 qs(q —1) q22 Q115 qs(q —1) q23
Q116 #(g—1) ¢* Q117 #(g—1) q*
a1s ¢*(g—1) 5 aig ¢*(g—1) ¢
Q120 q7(q —1) 928

h(a) = {y € ®g | there is v € ®F such that v+ = a115}
= {ag, a3, ag, aq7, 23, (25, 30, 33, (38, Ql41, Clad, Q46 (U50, 51, Atsa,
Q57, A58, 64, 65, X69, AT1, 72, A75, A78, (X80, (Y81, (X84, (85, (86, (X90,
(g1, 93, (g5, (97, (98, (X100, (X101, X102, X104, X105, X107, X108, X109,

@112, @113, Q114 Q115 -
According to Table A.2 we make the following choice for the arm and the leg of the hook h(«):
a(a) = {0427 a3, g, 17, (23, (25, (X430, (X33, (38, (41, (44, (46, O50, O51, A54,, A57,
58, g4, Ogs, 71, 72, Q78 Oé84},

5(01) = {04697()475,0[807 Qaig1, Qgs, Qigg, (g0, (g1, (93, (Y95, (Y97, (Y98, (X100, X101, (X102;

@104, X105, X107, X108, X109, X112, (113, 06114}-

Using CHEVIE we verify that s(a) = ®F \a(a) is a closed pattern and using Definition 8 we
get k(a) = {a116, @117, @118, 04119104120}. In particular, we have {(a)Uk(a) C s(«). The normal
closure of {(a) U k() in s(a) is £(a) U k() where

{(a) = {asg, a1, g9, 103, 106, @110, 111 } U £()

and using CHEVIE we verify that ¢(a) U {a} Uk(a) <®J. Also by a direct calculation we see
that h(a) U k() is a closed pattern. We set

Sa := P(s(a))) and H, := P(h(a)Uk(a))/P(k(a)).

We claim that H, is special of type ¢*+21¢(®)] = ¢142:23 and that [z, H,] = Z(H,) = X, for all
x € Hy\Z(H,). The proof is analogous to that of Lemma 7.2(d): a direct calculation shows that
for all 7,v' € h(a) with v+~ € ®F we have v+ € {a} Uk(a). It follows that X, C Z(H,)
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and [Hy, Hy] C X,. Now let @ € Hy\X,. We write z = Hveh(a) x,(ty) as in (2.1). Because
x & X, there is some v € h(a)\{a} such that ¢, # 0. Thus, 7' := a—~ € h(«) and we get from
Lemma 3.1(a) that {[z,z,/ ()] | t € Fg} = Xo = Z(Ho) = [z, Ho] = [Ha, Ho) = ®(Hy). So Hy,
is special of type ¢'*t2¢(®) = 414223 Note that this argument also shows that a(a)Uk(c) and
l(a) U k() are closed patterns and that the quotient pattern groups P(a(a) U k(a))/P(k(«))
and P(¢(a) Uk(a))/P(k(a)) are abelian groups.
To apply Lemmas 2.1 and 6.1 we introduce the following notation (only for this proof):

e U:=UEF3/P(k(a)),

e H:=S5,:=8,/P(k(a)) CU,

e /:=X,CU,

e X := H’yea(a) X"/ cU,

Y := P({(a) Uk(a))/P(k(er)) C U,
o Irr(U), :i={x € rr(U) | Xo € Ker(x)},
where X, denotes the image of X, in U.

We have just seen that X is an abelian group and it follows from (2.1) that X is a set
of representatives for U/H. A direct calculation shows that for all 7,7 € #(a) such that
¥ +7+" € ®F we have v+’ € k(a). Thus Y is abelian. By Lemma 5.4 and Definition 6(a) we
have Z C Z(U). We have Y < H and ZY < U because £(a) U k(o) < s(a) and £(a) U {a} U
k() < ®F . Furthermore, we have Y N Z = {1} because a ¢ {(c). Hence, conditions (a)-
(d) in Lemma 2.1 are satisfied. Suppose that A € Irr(Z)* and let A be the inflation of A to
ZY = Z x Y. Suppose that there is z € X\{1} such that “X = X. Hence we have A(u®) = A(u)
for all w € ZY. In particular, A(u®) = A(u) for all u € Ly := P({(a) U k(a))/P(k()) and
therefore A([u,z]) = 1 for all u € Lg. It follows that [u,z] € Ker()\) for all u € L, and
then also [z,u] = [u,z]~! € Ker(\) for all u € L. Since X is abelian and Z C Z(U) we
get that [z,u] € Ker(\) for all w € XZL, = H, and hence Z = [z, H,] C Ker(\). Thus
1 = A(Z) = A(Z) which is impossible since X is non-trivial. Hence, condition (e) of Lemma 2.1
is also satisfied.

It follows from Lemmas 3.3 and 5.1 that H/Y =T, x X, where

Ty = So/P({a}Ul(a)Uk(a)),

and Lemma 2.1 gives a one-to-one correspondence

U, Iir(Ty) x Irr(Xo)* — Iir(U)g NTer(U, 1y), (i, A) (Inﬂga,u . Inﬂ%a)\)U.

We are interested in the characters x € Irr(U), such that the degree x(1) is minimal. Let
d == min{x(1) | x € Irr(U)a} and Irr™(U), := {x € Irr(U), | x(1) = d}. For every
A € Irr(X,)* we have

Yo (p, A)(1)

~ {[U cH] = ¢l = ¢* if 4 is linear, (8.1)

>q?3 if 41 is non-linear.

Let x € Irr(U)\Irr(U, 1y). We claim that x(1) > ¢**. There are exactly ¢ — 1 irreducible
characters of H, not having X, in their kernel, namely the characters (Inﬂi&:“’“ M) He where
X € Irr(X,)*. Each such character has degree ¢/*(®) = ¢?3. Since X, Z Ker(y) it follows that
x € Irr(U,11,). Thus the restriction x|zy has an irreducible constituent g € Irr(ZY,1p,).
Note that [ is a linear character since Y and ZY = Z x Y are abelian. Since x € Irr(U),,
ZY QU and Z C Z(U) we have X, Z Ker(f1), and since x & Irr(U, 1y ) we have fily # 1ly.
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It follows that there is some root
B e Z(Oé)\f(Ol) = {agg, (g4, 99, At103, 106, X110, Q111 }

such that Xg Z Ker(j1). We only demonstrate the case f = ai9s. The other cases are similar.

We choose the subhook h'(8) = {as,a103,8 = aigs} according to Table A.2. A direct
calculation shows that h'(8) U k(«) is a closed pattern so that condition (a) of Lemma 6.1
is satisfied. The fact a5 + 103 = B implies that the group Hj := P(h'(8) U k(a))/P(k(c))
satisfies condition (e) of Lemma 6.1. We have already seen above that H,, satisfies condition
(d) of Lemma 6.1 and also condition (c) is obviously satisfied. As in Lemma 6.1, let h{,5 be
the closed pattern generated by h(a) U h'(8) U k(«) so that

hlag = {ag, a3, as, ag, a7, a3, Azs, O30, (33, (38, (41, a4, A6, 50, O51, 54,
Q57, A58, 64, Q65 A9, Q71 , (72, Qi7s, Qi78, (80, A1, (Y84, V85, (V865 Y90,
Q91, (93, Ag5, g7, Al98, X100, X101, 1025 X103, X104, X105, X106, X107,
01108,04109,01112704113705114a041157011167(1117,04118,01119704120}~
A direct calculation shows that h ;\a(a) normalizes ¢(a) U k() so that condition (b) of
Lemma 6.1 is also satisfied. Define E’aﬁ = {a, B} ULl(a) Uk(a) and L’aﬁ = P( ;6)/P(k(a))
as in Lemma 6.1. Let p = ,&,|L;B. Since fi is a linear character we have p € Irr(L, ;) and

the properties of i imply that u satisfies the assumptions in Lemma 6.1. Because u is a

constituent of x|L;ﬁ there is a constituent ¢ € Irr(H;ﬁ, w) of XIH&B and Lemma 6.1 gives us

x(1) = 1p(1) > ¢l@I+1 > 423 Tn particular, we get that the degree x(1) is not minimal among
the degrees of the irreducible characters in Irr(U),.

Using a similar argument for the other roots 3 € £(a)\¢(c), we get that x(1) > ¢3 for all
X € Irr (U)o \Irr (U, 1y ). It follows that d = ¢*3 and

L™ (U)o = {x € Irr(U)a | x(1) = ¢**} C Trr(U)o N Irr(U, 1y).

Hence ¥, maps Irr'™(T,) x Irr(X,)* one-to-one onto the set of irreducible characters in
Irr(U), of minimal degree. Identifying the irreducible characters of U with their inflations to
U Eg, we see that the map ¥, defined in part (a) of the proposition maps Irr"™(T,,) x Irr(F,)*
one-to-one onto Irrmida(U Eg).. This completes the proof of part (a) of the proposition.

(b) We demonstrate the proof only for a = aj12 € @4 N Rg‘/’?}lgal. The proof for the other

roots in @f N Rg;’?}lsal is similar. Let o = «a12. Using the data in Table A.1 we see that the

hook corresponding to « is
h(a) = {y € ®§ | there is 7' € ®§ such that v+ = a2}
= {ag, a0, 17, 18, 25, Qi26, (32, (133, (L34, (L40, 41, (a2, Oi4g, g9, Cls0, L5,
a56, 61, (625 V68, 69, (74, AU75, (80, (X81, (X85, (X86, (V89 , (X90, (X91, (X93, (X94,
Qg5, (98, (x99, (X100, X102, X103, X105, X106, X108, 0110,01112}~
According to Table A.2 we make the following choice for the arm and the leg of the hook h(«):
a(a) = {az, aio, 17, g, s, o, 32, 33, 34, (40, 41, 42, (48, 49, CU50,
55, (56, 61, 0462, Ol68 5 (U741
U(a) = {9, a7, g0, 81, s, Alg6, U895 (190, X915 (193, V94, CV95, (X985 (Y99, (X100,
@102, 1035 V1055 1065 (V108> (V110 ) -
Using CHEVIE we verify that s(a) = ®F\a(«) is a closed pattern, and using Definition 8

we get

k?(Oé) = {04977 @101, ¥104, X107, X109, X111, *¥113, X114, X115, X116, X117, X118, ¥119, 04120}~
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In particular, ¢(a) U k(a) C s(a). Using CHEVIE we verify that ¢(a) U k(a) < s(«), that
{(a) U {a} Uk(a) Q®F and that for all v, € £(a) with v+ € ®F we have v+ € k().
Let a(a) = {ai,, @iy, - . ., a4, } where 41 < iy < ... < i,. Again using CHEVIE we see that for
all j,k € {1,2,...,r} with k > j we have a;, + (o — ;) € ®F or a;, + (@ — ;) € k(a).
We set S, := P(s(a)). To apply Lemma 2.1 we introduce the following notation (only for this

proof):
o U:=UEg/P(k(a)),
o H:=5,:=5,/P(k(e)) CU,
e /:=X,CU,
o X = nyea(oz) X"/ cu,
e V:=P{(a)Uk(a))/P(k(a)) CU,
o Irr(U), :i={x € rr(U) | Xo € Ker(x)},

where X, denotes the image of X, in U.

It follows from (2.1) that X is a set of representatives for U/H. By Lemma 5.4 and
Definition 6(a) we have Z C Z(U). We have Y < H and ZY < U because ¢(a) U k(o) < s(a)
and /(o) U{a} Uk(a) 9 ®F. Furthermore, we have Y N Z = {1} because a & ¢(c). Hence, the
conditions (a)-(d) in Lemma 2.1 are satisfied. )

Suppose that A € Trr(Z)*. Let A be the inflation of A to ZY = Z x Y. Note that X is a linear
character. Suppose that there is © € X\{1} such that =X = X. Because A is non-trivial on X,
there is ¢ € Fy such that X(xa(t)) = Mza(t)) # 1. Tt follows from Lemma 3.1(a) that there
exist some root v € ¢(«) and an element ¢’ € F, such that [z, 2, (t') '] = z,(t). Hence

Ny () = Ma ™2y () -2y (1) - (1) = Aza(8) A2, () # Mas (1)),

contradicting A = . Hence condition (e) of Lemma 2.1 holds. Condition (f) of Lemma 2.1
is also satisfied because | X| = ¢l*(®)! = |Y|. Tt follows from Lemmas 3.3 and 5.1 that H/Y =

T x X4 where
Ty = So/P({a}Ul(a) Uk(a)).

Now Lemma 2.1 gives the one-to-one correspondence

U, Ir(Ty) x Irr(X,)* = Ir(U)a, (g, A) — (Inﬂ% e Inﬂg}{a)\)U.

Identifying the irreducible characters of U with their inflations to UFs gives the one-to-
one correspondence ¥, defined in part (b) of the proposition. Note that the bijection W,
maps Irr'"™(T,) x Irr(X4)* onto Irr™4%(U E;),. This completes the proof of part (b) of the
proposition.

Using Lemma 3.3, we can easily compute [Irt"™(Ty)| = [T /[T, Ts]| and get

[Irr™ 9 (U Eg) | = |Wo (Irr"™(T) x Trr(Xo)*)| = [Tee™(T,,)| - [Ter(F,) |
= [r™(T)| - (¢ — 1).

For every x € Irr™ (U Eg),, we have x(1) = ¥, (u, A)(1) for some linear character u of T,
and A € Trr(X,,)* and hence

X(1) = o, N)(1) = [UEs : Sa] - (1) - A(1) = ¢l*)L.

This gives the entries in Table 3 and completes the proof of Proposition 8.1. O
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REMARK 5. Let i € {6,7,8} and let a € ®; be a positive root.

(a) We could not find a canonical choice for the arm a(«). However, in some sense the choices
in Table A.2 are best possible; see Remark 7.

(b) For roots a € & N Rg‘;’;‘}lsal Proposition 8.1(b) reduces the classification of the midafis in
Irr(UE;)4 to the character theory of the subquotient T,. We illustrate using the example of
a =12 = %(61 +eg+es+eq+es+es+er+es) for i =8 how information on the structure
of T,, can be obtained. The following are true:

(1) n(a) = {es +e¢; | 1 <j <7} = {113, 0115, 0116, 117, @118, X119, X120}

(2) k(a) ={este; | 1<j<T}={agr,ai01, @104, @107, 1095 111, X113,

@114, Q115, Q1165 Q1175 Q1185 1195 120}
(3) ala) ={ei +e; | 1 <j<i<T}={az, 1,17, 018, Q25, 026, 32, 033,
34, 40, V41, 42, (48, 49, O50, 55, (OU56, V61, 0¢62704687O‘74}7
(4) (o) ={3(xe1 Leatestestestes+er+es) | exactly two signs
are negative} = {agg, 75, 80, 81, 85, Ai86, 89, V90, X915 93,
@94, 095, 98, (199, (X100, 102, 1035 105> 1065 (V1085 CV110 ) -
Equations (3) and (4) are the result of the calculations recorded in Table A.2. The other
equations can be confirmed by our CHEVIE programs, but they can also be proved by hand.
Equation (1) follows from the equation

egﬂ:ej:%(:l:elﬂ:...:tej_l:|:€j:|:€j+1...:|:€7+68)
+%($€1?...ZFej‘,li6j$€j+1...$€7+68>.

For (2) we observe that Z(UFEg/P(n(a))) = X4, Xeg—e,. Factoring out X.,_., and repeating
yields the claim after seven iterations.
We now define the following subsets of &7

ag:={e; —e; | 1 <j<i<T7}={as aqas a6 a7, as, a1, d12, 013, 014,
Q15, (19, (a0, Qia1, A2, (a7, (Lag, (29, (135, (36, (43 },
vi={3(te; testeztestestester+eg) | exactly two + signs}
= {01,0497016,6124,0431,043970147}7
fi= {%(iel tegtestestestegter+es)|exactly four + signs}
= {23, @30, 37, (38, Q44 g5, Qgg, 51, 52, Ql53, s, 5T, ALs8, (Ls9, CLG0,
ag3, A4, OG5, 66, A6T7, AT0, AT71, 72, 73, A76, A7T, A78, (X79, (Y82,

g3, (g4, (g7, (g8, (X92, 0496}-

With this notation we observe that s(a) = k(a)U{a}UasUvU fULl(a). Also let K denote the
standard Dy-parabolic subgroup of Fg(q) with Levi decomposition K = @ x D (with respect
to our choice of the root datum). Then

Z2(Q) = P(k(e)), Q/Z(Q) = P({a}UvU fUl(a) Uk(a))/P(k(a)),

and (X, | v € a(a) Uag U (—ag)) is a maximal parabolic subgroup of D with Ag-Levi factor
A= (X, |~ € agU(—as)) and unipotent radical P(a(«)). We remark that Z(Q) is the natural
module and Q/Z(Q) is a half-spin module for D. Hence both are elementary abelian. With
these facts at our disposal we can now observe the following:
(1) Hy, = P(h(«)) is a special group which is normalized by P(ag),
(2) P(v) :=P(vUk(a))/P(k(e)) and P(f) := P(f Uk(a))/P(k(a)) are elementary abelian
and centralize each other,
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(U()) := P(£(a)Uk(x))/P(k(cx)) is normalized by P(ag) and centralized by P(v)x P(f),
normalizes P(v) and P(f), -
P(v) is the natural module for A and P(f) is the alternating cube of the natural module,
T, = (P(v) x P(f)) x P(ac),
P(vUag) 2 UA7(q).

8.2. Type Fy

We construct a root system of type Fy as in [23, §12.1]. Let e, eq,e3,e4 € R* be the usual
orthonormal unit vectors which form a basis of R*. Then ®4 := {£(e; £ ¢;) | 1 < i # j <
43U {£e; | 1 < i <4 U{3(ker e +e3+eq)} is a root system of type Fy and the set
{a1,..., a4}, where ag :=eg —e3, ag :=e3 —eq, a3 :=e4 and oy = %(el —ey—e3—e€4), 18 a
set of simple roots. The corresponding set of positive roots is

O ={e;+te; |1<i<j<4}U{e|1<i<4fU{F(e1tertesteq)}.

We number the positive roots of ®4 according to Table A.3. This table contains the following
information. The first column fixes the notation for the positive roots of ®4. The second column
lists the coefficients m; when the root a; = Z?Zl m;o; is written as a linear combination of
the simple roots ay, as, as, ay. The third column expresses the root «; as a linear combination
of the vectors ey, es, e3,e4 and the last column contains the height ht(c;). For example, the
positive root aig is

0519:1'041+2'OQ+3'013+1'OL4:%(61+62+63+64)

and we have ht(aqg) = 7.

The construction of the single root midafis of the group U F} is similar to the one for UFE;.
Let Rjo™al .= &1\ {ag, ago} and let o € ®F. We choose an arm a(a) = {ay,, @iy, ..., a5, } of
the hook h(a) such that the indices i1, s, ..., 4, are given by the second column of Table A 4.
We define and construct the leg (), the source s(«), the source group S,, the enlarged leg

/() and the quotient pattern group 7', of S, in the same way as for UE; (distinguishing the
two cases o € R}°™3 and o € Ryermal),

PRrROPOSITION 8.2. Let &4 be a root system of type Fy as described above. For each positive

root o € @ the following are true. o _
(a) If a € ®F\Ryo™ then U, : Trr'™(T,) x Trr(X,)* — Tir™9*(U Fy),, with

(1, A) — (Inﬂ%‘” ix Inﬂi‘jv A) vt

is a one-to-one correspondence.
(b) If a € RFo™al then U, : Irr(Ty) x Irr(X,)* — Irr(UFy), with

(y, A) — (Inﬂ%cx e Inﬂi‘z A) v

is a one-to-one correspondence.
The number |Irr™*(UF,),| of midafis for « is given in the second and fifth columns of
Table 4, and the degree x(1) for x € Irrmida(UF4)a is given in the third and sixth columns
of Table 4.

Proof. The proof consists of computer calculations carried out by the CHEVIE programs

mentioned in §8.1. The proof is analogous to the proof of Proposition 8.1 with Table A.2
replaced by Table A 4. O
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8.3. Type G4

We construct a root system of type Ga as in [23, §12.1]. Let e, es,e3 € R? be the usual
orthonormal unit vectors which form a basis of R3. Then &5 := +{e; — ez,e9 — e3,e1 —
es,2e1 — eg —e3,2ea — e — e3,2e3 — e1 — ez} is a root system of type G and the set {a, s},
where oy := e; — eo and ap := —2ey + e + €3, is a set of simple roots. In particular, oy is a
short root and s is a long root. The corresponding set of positive roots is

@3’ ={a1, a9, a3 1= a1 + ag, aq := 201 + a9, a5 1= 3a1 + a9, ag := 31 + 200},

The construction of the single root midafis of the group UG} is similar to the case o € RPormal
for UE;. We define arms of the hooks for the positive roots as follows:

alay) :=alag) :=0, alaz) :=alay) :=alas) :={a1}, alag) = {as,as},

with corresponding legs ¢(a;). Let a € @7 . It is easy to see that s(a) := ®J \a(a) is a closed
pattern and that £(a) U {a} Uk(a) < ®F, so that we can consider the quotient pattern group

T = P(s(a))/P({a} Ul(a) Uk(a)).

PROPOSITION 8.3. Let ®5 b(ia root system of type Go as described above. For each positive
root a € ®F the map ¥, : Irr(T,,) x Irr(X,)* — Iir(UGy), with

(1, A) — (Inﬂ%‘ e Inﬂi‘:/\) v

is a one-to-one correspondence. The number |Irr™*(UGY),| of midafis for the root « is given
in the second and fifth columns of Table 5, and the degree x(1) for x € Irr™9*(UGy), is
given in the third and sixth columns of Table 5.

TABLE 4. Numbers and degrees of the midafis of UF 4.

Root Number of midafis Degree Root Number of midafis Degree

a qg—1 1 a2 qg—1 1
a3 qg—1 1 oy qg—1

as qg—1 q ag qg—1 q
ar q—1 q o q(g—1) 7
ag q(g—1) q aio q(g—1) 7
011 (g—1) q a12 (g—1) ¢’
ais q(g—1) ¢ aia (g—1) ¢
ais Qi(q -1) q‘; aie (Ij(q -1) QE
Q17 q (g—1) q; ais q4(q -1) 7
aig Q3(q -1) q. azo (I4(q -1) q
az (g—1) q Qg ¢ (¢—1) q
23 q'(q—1) q° 24 (g —1) q’

TABLE 5. Numbers and degrees of the midafis of UGz.

Root  Number of midafis Degree Root Number of midafis Degree

o1 qg—1 1 ) qg—1 1
as A~ 1 q o q(g—1) g
as g (g—1) q ae q(g—1) q
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Proof. The proof is analogous to the proof of Propositions 8.1 and 8.2 (but the calculations
can be carried out by hand). O

REMARK 6. It turns out that the group T, is elementary abelian for all a € <I>§r , so that
we have Irr(UGy)o = ™% (UGy), for all a € ®F. It follows that the only characters
x € Irr(UG>) which are not single root characters and are not covered by Proposition 8.3 are
the trivial character and the linear characters x € Irr(UG2) with |rs(x)| = 2.

REMARK 7. Let ¢ € {2,4,6,7,8} and ®; a root system of type Ga, Fy, Eg, E7, Es,
respectively, with set of positive roots ®; as in §§8.1-8.3. We use the notation from §§8.1-8.3.
The arms a(«) in Tables A.2, A.4 and §8.3 are chosen such that for all a € ®; the following
condition is satisfied.

(1) The source s(a) = ®\a(a) is a closed pattern.

For all roots o € <I>;" N Ryermal the choice of a(a) in Tables A.2, A.4 and §8.3 implies that the
corresponding leg ¢(«) satisfies the following condition:

(2) L) Uk(a) < s(a).

Now suppose that a € & \RPormal (where R5o™al .= @F). In this case there is no choice
of a(a) such that (1) and (2) are satisfied simultaneously. For each choice of a(a) with
corresponding leg ¢(a) such that condition (1) is satisfied let M be the normal closure of
{(a) Uk(a) in s(a) and define £(c) :== M\k(«) so that £(a) 2 £(c). For all a € ®;F\ Rpormal
the choice of a(a) in Tables A.2 and A.4 implies that #(a) has the following properties:

(3) £(a) Uk(a) < s(a), {a} Ul(a) Uk(a) < ®F and the quotient pattern group P(f(a) U

k(a))/P(k(«)) is abelian.
Among all choices of the arm a(a) such that conditions (1) and (3) hold, the choice in
Tables A.2 and A.4 minimizes |[¢(c)|. This is achieved as follows. Let

O, = {(aj,a;) € ®f x ®f | aj +ajy = a and j < j'}.

Among all pairs (¢, /) € II, we choose the (unique) pair where the first index j is maximal
(since the roots of each root system are labeled by increasing height, this guarantees that both
ht(a;) and ht(e;) are ‘not too small’). Write (v,7’) for this pair of roots.

For each choice of a(a) we have heart(a) := ®; \h(a) C ®\a(a) = s(a). Let N, be the
normal closure of {7} in the closed pattern generated by heart(a) U {7}, and N, the normal
closure of {7’} in the closed pattern generated by heart(a) U{+'}. Suppose that the arm a(«)
is chosen such that conditions (1) and (2) or conditions (1) and (3) hold. Then we have either
v € l(a) or 7 € £(c). In the first case we have N, N h(a) C ¢(a), and in the second case
N, N h(a) C £(co). Hence in both cases we have N, N N, N h(a) C £(a). This considerably
reduces the number of possible choices for ¢(a) and hence a(«) such that conditions (1) and
(2) or conditions (1) and (3) are satisfied.

Then we do an exhaustive search over the remaining possibilities to filter out those choices
which satisfy conditions (1) and (2). If there is such a choice then we know that o € Rpermal
and we choose a(a) such that conditions (1) and (2) hold. If there is no such choice then we
know that a € ®;\ R2™al and we run through all possibilities satisfying conditions (1) and
(3) and choose a(a) so that [¢(c)| is minimal.

We consider the example ¢ = 8 (that is, ®; is of type Es) and a = a115. The hook h(«a) was
determined in the proof of Proposition 8.1. We have |h(a)| = 47. Hence there are 2(7(@)=1)/2 —
223 = 8388608 possible choices for the arm a(a). The pair (a, ajr) € I, with maximal first
index j is (7v,7") = (@75, ars). Using the CHEVIE programs, we get

N, NNy N h(a) = {ags, 290, @91, Q95, Q98 100, 101, X102, X104; X105, X107+

108, 109, X112, X113, 04114}-
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It follows that there are at most 223~ IN+NNy/Nh(@)l — 923-16 — 97 — 198 possible choices such

that conditions (1) and (2) or (1) and (3) are satisfied. Testing these 128 possibilities, we see
that there is no choice of a(«) such that conditions (1) and (2) are satisfied simultaneously.
Thus a € <I>§\R’6‘7§‘/“8al. Furthermore, we see that for all choices of a(a) such that conditions

(1) and (3) are satisfied simultaneously we have [¢(a)\l()| > 7. Hence the choice of a(a) in
Table A.2 minimizes |¢()].
8.4. Proof of Theorems 1.2 and 1.3

We can now complete the proof of the main results stated in the introduction.

Proof of Theorem 1.2. Let ®; be a root system of type Eg, E7, Eg, Fy or G5 as in §§8.1-8.3
and o € . If i # 2 and o € &\ RP'™2! then the statement of the theorem follows from
Propositions 8.1(a) and 8.2(a).

Suppose that ¢ = 2 or that a € R?"rmal. Considering degrees, we see that the one-to-one
correspondences ¥, in Propositions 8.1(b), 8.2(b) and 8.3 map Irr"™(T,) x Irr(X,)* onto
Irr™9%(U/'Y;) .. This completes the proof of Theorem 1.2. O

Proof of Theorem 1.3. The theorem follows from Propositions 8.1(b), 8.2(b) and 8.3. O

Appendix

TABLE A.1l. Positive roots in the root system ®g of type FEs.

Linear combination

of simple roots Linear combination
Root a7 as asay as ag ar ag of e,...,es Height
o 10000000 %(61—62—63—64—65—66—67+68) 1
Qs 01 0000O00O0 e1+ e 1
as 001000O00O0 —e1 + e 1
Qy 000100O00O0 —ea +e3 1
Qs 00001000O0 —e3+ ey 1
Qg 00000100 —eq + €5 1
Qa7 00000O0OT1O —es5 + €5 1
Qs 00000O0O0T1 —eg +e7 1
Qg 10100000 %(*61+62*63764765766767+68) 2
a1 01010000 e1+e3 2
a1 00110000 —e1+e3 2
Q12 00011000 —ex+ ey 2
13 00001100 —e3 +e5 2
Q1q 00000110 —eq + €5 2
15 0000O0O01T1 —es5 + €7 2
o1 10110000 %(—61—62—|—63—€4—65—66—67+€8) 3
Q17 01110000 es+e3 3
a1 01011000 e1+ ey 3
Q19 00111000 —e1 + ey 3
Qg 00011100 —eg + €5 3
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Table A.1 (Continued).

Linear combination

of simple roots

Linear combination

Root «j as az aq a5 g a7 v ofer,...,es Height
Qi1 00001110 —e3 + eg 3
Q9o 0000O0OT1T1T1 —ey + ez 3
o3 11110000 %(61+€2+63—€4—65—66—€7+68) 4
Qo4 10111000 %(—61—62—634—64—65—66—67+€8) 4
Qo5 01111000 eg +eq 4
Q26 01011100 e; +es 4
Qa7 00111100 —e1 +e;5 4
as 00011110 —es + g 4
a9 00001111 —es +er 4
aso 11111000 lle1+ex—e3+es—es—eg—er+es) 5
a3t 10111100 i(—e1—ex—e3—es+es—es—er—+es) 5
a3z 01121000 e3+eq 5
a3 01111100 es +es 5
Q34 01011110 e1 + es 5
@z 00111110 —e1 + eg 5
as 00011111 —es + €7 5
37 11121000 %(61—62+63+64—65—66—67+€8) 6
38 11111100 %(614—62—63—844-65—66—67—|—€8) 6
39 10111110 %(—61—62—63—64—654-66—€7+68) 6
Q0 01121100 es +es5 6
a1 01111110 es + eg 6
Qo 01011111 e; + ey 6
a3z 00111111 —e1 +e7 6
44 11221000 %(—61+62+63+e4—e5—66—e7+eg) 7
45 11121100 %(61—€2+63—€4+65—€6—€7+68) 7
a6 11111110 %(61—}—62—63—64—65+€6—€7+68> 7
Qa7 10111111 %(—61—62—63—64—65—66+67+€8) 7
Qg 01122100 eq4 + es5 7
Q9 01121110 es + eg 7
Q5o 01111111 eg + ey 7
sy 11221100 %(—61—1-62—1—63—e4+e5—66—e7+eg) 8
aso 11122100 i(e1—ex—e3+es+es—eg—er+es) 8
as3 11121110 ller1—este3—es—e5+eg—er+es) 8
54 11111111 %(614—62—63—64—65—66+67+68) 8
ass 01122110 es+ eg 8
ass 01121111 es +er 8
as7 11222100 i(—ei+er—es+estes—es—er—+es) 9
Qs 11221110 i(-ei+ert+es—es—es5+es—er—+es) 9
Qs 11122110 lle1—ex—es+es—es+eg—er+es) 9
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Table A.1 (Continued).

Linear combination

of simple roots

Linear combination

Root a7 as asz oy a5 g a7 g of e,...,es Height
60 11121111 %(61—€2+€3—64—€5—€6+€7+68) 9
a6l 01122210 es + eg 9
Qg2 01122111 eq+ er 9
a3 11232100 i(—e1—extes+es+es—es—er+es) 10
64 11222110 i(—er+ex—es+es—es+es—er+es) 10
s 11221111 i(-ei+extes—es—es—eg+er+es) 10
66 11122210 i(e1—ex—es—es+es+eg—er+es) 10
a7 11122111 i(e1 —ex—es+eq—e5 —eg+er+es) 10
Qs 01122211 es + ey 10
Q69 12232100 ile1+extes+es+es—eg—er+es) 11
amo 11232110 2i(—ei—extestes—es+es—er+es) 11
an 11222210 i(-ei+ex—es—es+es+es—er+es) 11
Q7o 11222111 L(-ei+ex—es+es—es—eg+er+es) 11
a3 11122211 ie1—ex—es—es+e5—eg+er+es) 11
Qs 01122221 e + er 11
ars 12232110 ile1+extestes—es+eg—er+es) 12
arg 11232210 2i(—ei—extes—es+es+es—er+es) 12
a7y 11232111 ZL(—ei—extestes—es—eg+er+es) 12
s 11222211 %(—61+€2—63—€4+€5—66—|—67+€8) 12
arg 11122221 tle1—es—e3—eg—e5+eg+er+eg) 12
080 12232210 %(61+€2+63—€4+€5—|—66—€7+€8) 13
os1 12232111 %(61+€2—|—63+€4—€5—66—|—67+€8) 13
ago 11233210 i(-e1—ex—es+es+es+es—er+es) 13
083 11232211 %(—61—€2+€3—64+€5—€6—|—67+€8) 13
oga 11222221 %(—61+€2—€3—64—€5+€6+67+68) 13
oss 12233210 %(61+€2—63+64+65+€6—€7+68) 14
086 12232211 %(61+€2+63—64+65—€6+67+68) 14
gy 11233211 %(—el—eg—eg+e4+e5—eg+e7+eg) 14
asg 11232221 L(-ei—extes—es—es+eg+er+es) 14
agg 12243210 %(61—62+63+€4+65+€6—67+68) 15
Qg0 12233211 i(e1+ex—es+es+es—eg+er+es) 15
Qg1 12232221 ile1+ex+es—es—es+eg+er+es) 15
Q92 11233221 L(—ei—ex—es+es—es+eg+er+es) 15
Q93 12343210 L(—ei+extestestes+es—er+es) 16
Qg4 12243211 i(e1 —extestes+es—eg+er+es) 16
ags 12233221 i(e1+ex—es+es—es+eg+er+es) 16
Qg6 11233321 L(—ei—ex—es—estes+eg+er+es) 16
Qg7 22343210 —er + eg 17
Qg8 12343211 L(-ei+extestestes—eg+er+es) 17
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Table A.1 (Continued).

Linear combination

of simple roots

Linear combination

Root «j as az aq a5 g a7 v ofer,...,es Height
Qg9 12243221 %(61—62+63+€4—65+€6+€7+68> 17
a0 12233321 1(e1+ex—e3—es+es+eg+er+es) 17
aln 22343211 —eg + e 18
@102 12343221 %(—614—624—63+64—€5+€6+67+€8) 18
ajp3 12243321 1(e1—extes—es+es+eg+er+es) 18
algs 22343221 —e5 + es 19
a5 12343321 L(-er+extes—est+estestertes) 19
Q106 12244321 1le1—ex—es+es+es+eg+er+es) 19
algr 22343321 —eq4 + eg 20
a8 12344321 L-er+ex—estestestestertes) 20
algg 22344321 —e3 + eg 21
Q110 12354321 i(-ei—estestestes+est+er+es) 21
a1 22354321 —eg + es 22
a2 13354321 lle1+extes+es+es+eg+er+es) 22
a3 23354321 e1 + eg 23
aia 22454321 —e1 + es 23
alls 23454321 e + eg 24
Q116 23464321 es + eg 25
anlr 23465321 eq + es 26
alls 23465421 es + eg 27
a9 23465431 e6 + es 28
a0 23465432 er + es 29
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TABLE A.2. Arms and subhooks for roots a € ®F .

Root Arm a(«) Subhooks h'(B)
aq
(6]
a3
Gy
as
ag
Qg 3
10 4
a11 4
Q12 5
13 6
Q16 ]., 4
(6514 2, 3
18 2, 5
Q19 3, 5
Q20 4, 6
sz 1,2,10
o4 1, 5, 12
ass  2,3,5
Qo6 2, 6, 13
Qo7 3, 6, 13
Q30 1, 2, 5, 9
31 1, 6, 9, 13
sy 4,10,11,12
Q33 2, 3, 6, 13
asy 1,4,10,12,18
ass  1,2,6,9,13
Q40 4,6,10,11,17
s 3,9,11,16,17,19
ass 1,4,6,10, 16,20 {2,24,30}, {2,27,33}
aus  5,12,13,18,19,20
as1 3,6,9,11,16,17,23
ase  1,5,12,13,18,20, 26
s 3,5,9,13,19, 24,25, 30 {6,32,40}, {1,40, 45}
sz 4,11,12,16, 19,20, 24, 27, 31
aee  2,10,17,18,23,25,26, 30,32, 33
Q7
14 6
Q21 5, 7
Qo8 4, 7, 12
34 2, 7, 10, 14
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Table A.2 (Continued).

Root Arm a(«) Subhooks h'(3)
Q35 3, 7, 11, 14
Q39 1, 7, 9, 14, 16
o 2,3,7,14,21
s 1,2,7,9,14,21
g9 4,7,10,11,14,17
sy 1,4,7,10,14, 16,23 {11,21,35}, {2,35,41}
ass  5,7,12,18,19,25, 32
ass  3,7,9,11,14,16,17,23
sy 1,5,7,12,18,21,28, 34 {9,20,31}, {2,31,38}
{4,38,45}
g1 6,13,14,20,21,26,27, 28
aea  3,5,7,9,19,21,24, 25,30 {11, 34,49}, {11, 38,51}
{1,49,53}
s 1,6,13,14,20,21, 26,28, 34
aro 4,7,11,12,16,19,24, 32, 37, 44 {10, 21,34}, {3,34,41},
{1,41,46}
an 3,6,9,13,14, 21,27, 31, 33,38 {7,40,49}, {1,49,53},
{5,49,55}, {1,55,59}
ars  2,7,10,17,18, 23,25, 30, 32, 37,44
ars  4,6,11,14,16,20,27,28,31, 35,39 {12, 33,48}, {1,48, 52},
{7,48,55}, {3,52,57}
{1,55,59}, {3,59, 64}
aso 2,6,10,14, 17,23, 26,33, 38, 40, 45, 51 {7,48,55}, {1,55,59}
{3,59,64}, {4,64,70}
ass  5,12,13,19,20,21,24, 27, 28, 31, 35, 39
ass  2,5,13,18,21,25, 26,30, 33, 34, 38, 41, 46 {12,51,63}, {7,63,70}
{6,70,76}
ase 4,10,12,18, 20,26, 28, 32, 34, 37, 40, 45, {5,51,57}, {5,58,64},
49,53 {6,64,71}
oo 3,11,17,19,25,27,32, 33,35, 40, 41, 48,
49, 55,61
agr  1,9,16,23,24,30, 31,37, 38, 39, 44, 45, 46,
51,52, 53
ag
Q15 7
9292 6, 8
Q29 57 87 13
36 4, 87 12, 15
49 2, 87 10, 15, 18
Q43 3,8,11,15,19
asr 1,8,9,15,16,22
aso 2,3,8,15,22,29
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Table A.2 (Continued).

Root

Arm a(«)

Subhooks h'(B)

Q54
Q56
Q60
62
Qg5
Qg7

Qg8
Q72

ars

Q4
a7

ars

Q79
asgi
g3

g4

asge

agy

gy

@90

1,2,8,9,15,22,29
4,8,10,11,15,17,22
1,4,8,10,15,16,22, 23
5,8,12, 15,18, 19, 25, 32
3,8,9,11, 15,16, 17,22, 23
1,5,8,12,15, 18,24, 30, 37

6,8, 13,20, 26, 27, 33, 40, 48
3,5,8,9,15,19, 24, 25, 29, 30

1,6,8,13,20,22, 26,29, 36, 42

7,14,15, 21,22, 28,29, 34, 35, 36
4,8,11,12,15, 16, 19, 24, 32, 37, 44

3,6,8,9,13,22,27,29, 31, 33, 38

1,7,14,15,21,22, 28,29, 34, 36, 42
2,8, 10,15, 17,18, 23,25, 30, 32, 37, 44
4,6,8,11,16, 20,22, 27, 31, 40, 45, 51

3,7,9,14, 15,21, 22, 29, 35, 39, 41, 46

2,6,8,10,17, 22, 23,26, 33, 38, 40, 45, 51

5,8,12,13,19, 20, 24, 27, 31, 48,52, 57, 63

4,7,11,14, 15, 16,22, 28, 35, 39, 49, 53, 58

2,5,8,13,18, 25, 26, 29, 30, 33, 38, 48, 52, 57

{11,29,43}, {2,43,50}

{19,22,43}, {2,43,50},
{4,50,56}

{11,38,51}, {11,42,56}
{7,51,58}, {1,56,60}
{9, 28,39}, {2,39,46}
{4, 46,53}, {5,53,59}

{10,29,42}, {3,42, 50},

{1,50,54}

{11,42,56}, {11,46, 58}
{1,56,60}, {5,56,62}
{5,58,64}, {1,62,67}

{10,29,42}, {3,42,50},
{1,50,54}, {12,50, 62},
{1,62,67}, {12,58, 70},
{3,67,72}

{8,49,56}, {1,56,60},
{5,56,62}, {1,62,67},
{6, 62,68}, {1,68,73}
{15, 48,62}, {1,62,67}
{3,67,72}, {18,58, 75},
{4,72,77}

{15, 26,42}, {3,42, 50},
{1,50,54}, {4,50,56}
{1,56,60}, {3,60,65}
{8,34,42}, {3,42,50},
{1,50,54}, {8,55,62}
{1,62,67}, {6,62, 68}
{3,67,72}, {1,68,73}
{3,73,78}
{10,43,56},{1,56, 60},
{3,60,65}, {10,64,75}
{12,65,77},{6,75,80},
{6,77,83}
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Table A.2 (Continued).

Root

Arm a(w)

Subhooks h'(3)

Qg1

Q92

g4

Qg5

Qe

gy

Qg9

@100

@101

@102

2,7,10,14, 15, 17,22, 23, 34, 41, 46, 49, 53, 58

5,7,12,15,19,21, 24, 28, 29, 35, 36, 39, 43,
47

4,8,10,12, 18,20, 26, 32, 37, 40, 45, 48, 52, 63,
69

2,5,7,15,18, 21, 25, 29, 30, 34, 41, 46, 55, 59,
64

6,13, 14, 20, 21, 22, 27, 28, 29, 31, 35, 36, 39, 43,
47
3,8,11,17,19, 25,27, 32, 33, 40, 44, 48, 51, 57,
63, 69

4,7,10,12,15, 18,28, 32, 34, 36, 37, 42, 49, 53,
55,59

2,6,13, 14, 21, 22, 26,29, 33, 34, 38, 41, 42, 46,
50, 54

1,8,9,16,23, 24,30, 31, 37, 38, 44, 45, 51, 52,
57,63, 69
3,7,11,15,17,19, 25,32, 35, 41, 43, 44, 49, 50,
55, 56, 62

{8,55,62}, {1,62,67}

{6,62,68}, {3,67,72}

{1,68,73}, {4,72,77},
{3,73,78}, {4,78,83}

{13,49,61},{1,61,66},
{8,61,68}, {3,66,71}

{1,68,73}, {4,71,76}

{3,73,78}, {4,78,83}

{11,29,43}, {1,43,47}
{2, 43,50}, {1,50, 54},
{11,54,65}, {5,65,72}
{6,72,78}

{8,49,56}, {1,56,60}

{3,60,65}, {8,61,68}

{1,68,73}, {8,70,77},
{3,73,78}, {10,71,80}
{8,76,83}, {8,80,86}

{8,82,87}, {14,77,88}

{9, 36,47}, {2,47,54},
{4,54,60}, {5,60,67}
{6,67,73}

{8,58,65}, {8,61,68}
{5,65,72}, {1,68,73}
{11,66,76}, {8,71,78}
{2,76,80}, {5,76,82}
{8,76,83}, {14,72,84},
{2,82,85}, {2,83,86}
{5,83,87}, {2,87,90}
{20, 58,76}, {5,76,82}
{8,76,83}, {5,83,87}
{7,83,88}, {5,88,92}

{9,61,71}, {4,71,76}
{8,71,78}, {14,67,79}
{2,76,80}, {5,76,82}
{4,78,83}, {2,82,85}
{2,83,86}, {5,83,87}
{4,85,89}, {2,87,90}
{4,90,94}
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Table A.2 (Continued).

Root

Arm a(«)

Subhooks h'(B)

@103

Q104

@105

@106

@107

108

@109

4,6,10, 14, 20, 22, 26, 28, 34, 36, 40, 42, 45, 49,
53,56, 60

1,7,9,15, 16,23, 24, 30, 37, 39, 44, 46, 53, 58,
59,64, 70,75

3,6,11,14, 17,22, 27, 33, 35, 40, 41, 43, 49, 50,

51,56,58, 65

5,12,13, 18,20, 21, 26, 28,29, 34, 36, 42, 48,
52,55,59, 61,66

1,6,9,14, 16,22, 23, 31, 38, 39, 45, 46, 47, 51
53,54, 58, 60, 65

3,5,13,19, 21, 25, 27,29, 33, 35, 41, 43, 48, 50,
55,57, 62, 64, 72

1,5,9,13,21, 24,29, 30, 31, 38, 39, 46, 47, 52,
54,57,59,64, 66, 71

{13,58,71}, {8,71,78},
{12,71,82}, {7,78,84},
{2,82,85}, {8,82,87}
{2,87,90}, {7,87,92}
{2,92,95}

{8,66,73}, {3,73, 78},
{4,78,83}, {2,83,86}
{5,83,87}, {2,87,901,
{4,90,94}, {3,94,98}
{13,53,66}, {8,66, 731,
{7,73,79}, {13,70,82}
{2,82,85}, {8,82,87}
{4, 85,89}, {2,87,901,
{7,87,92}, {4,90,94},
{2,92,95}, {4,95,99}
{8,64,72}, {4,72,77},
{6,72,78}, {2,77,81}
{4,78,83}, {7, 78,84},
{2,83,86}, {4,84,88}
{2,88,91}

{13,70,82}, {2,82,85},
{8,82,87}, {4,85,89}
{2,87,90}, {7,87,92}
{3,89,93}, {4,90,94},
{2,92,95}, {3,94,98}
{4,95,99}, {3,99,102}
{6,59,66}, {6,67, 73},
{6,70,76}, {7,73,79},
{2,76,80}, {6,77,83}
{2,83,86}, {7,83,88}
{12,80,89}, {2,88,91},
{8,89,94}, {7,94,99}
{6,99,103}

{8,70,77}, {2,77,81}
{6,77,83}, {2,83,86}
{7.83,88}, {12,80,89},
{2,88,91}, {3,89,93}
{8,89,94}, {3,94,98}
{7,94,99}, {3,99,102}

{6,99,103}, {3,103, 105}
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Table A.2 (Continued).

Root

Arm a(w)

Subhooks h'(3)

110

111

112

113

114

115

116

ai17

118

119

120

4,11,12,19, 20,27, 28, 32, 35, 36, 40, 43, 48,
49,55, 56, 61, 62, 68, 74

1,4,12,16,20, 24, 28, 31, 36, 37, 39, 45, 47
52,53, 59, 60, 63, 66, 67, 70

2,10, 17, 18, 25, 26, 32, 33, 34, 40, 41, 42, 48,
49,50, 55, 56, 61, 62, 68, 74
1,2,10,18, 23, 26, 30, 34, 37, 38, 42, 45, 46,
52,53, 54,59, 60, 66, 67, 73, 79

3,9,11,16,19, 24,27, 31, 35, 39, 43, 44, 47,
51,57, 58,63, 64,70, 71, 76, 82

2,3,9,17,23,25, 30, 33, 38,41, 44, 46, 50, 51
54,57, 58,64, 65, 71,72, 78, 84

4,10,11,16, 17,23, 32,37, 40, 44, 45, 49, 51
53,56, 58, 60, 63, 65, 70, 76, 77, 83, 88

5,12, 18,19, 24, 25, 30, 32, 37, 44, 48, 52, 55,
57,59,62, 63,64, 67,69, 70,72, 75, 77, 81

6,13,20,26,27,31,33, 38, 40, 45, 48, 51, 52,
57,61,63,66,68,69,71,73,76, 78, 82, 83, 87

7,14,21, 28,34, 35,39, 41, 46, 49, 53, 55, 58,
59,61, 64, 66,70, 71,75, 76, 80, 82, 85, 89, 93,
97
8,15,22,29, 36,42, 43, 47, 50, 54, 56, 60, 62,
65,67,68,72,73,74, 77,78, 79,81, 83, 84, 86,
87,88

{10,57,69}, {7,69, 75}
{6,75,80}, {8,75,81}
{5,80,85}, {6,81,86}
{5,86,90}, {7,86,91}
{5,91,95}, {6,95,100}
{6,72,78}, {6, 75,80},
{8,75,81}, {7,78,84},
{5,80,85}, {6,81,86}
{5,86,90}, {7,86,91}
{11,85,93}, {5,91,95}
{8,93,98}, {6,95,100}
{7,98,102}, {6,102,105}
{5,105, 108}

{17,82,93}, {8,93,98}
{7,98,102}, {6,102,105},
{5,105, 108}, {4,108,110}
{8,75,81}, {6,81,86}
{5,86,90}, {7,86,91}
{4,90,94}, {5,91,95}
{4,95,99}, {6,95,100}
{4,100, 103}, {5,103, 106}
{10, 82,89}, {8,89,94},
{7,94,99}, {6,99,103}
{5,103,106},{11, 106, 110}
{1,110,111}

{2,82,85}, {2,87,90}
{2,92,95},{2,96,100}
{12,100, 106},{3, 106, 108}
{1,108, 109}
{13,88,96}, {2, 96,100},
{4,100, 103}, {3,103,105}
{1,105, 107}

{2,88,91}, {2,92,95}
{4,95,99}, {3,99,102}
{1,102,104}
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TABLE A.3. Positive roots in the root system ®4 of type Fj.

Linear combination
of simple roots

Linear combination

Root Q1 Qo Qi3 Qg of ey, e, €3, €4 Height
Qa7 1000 €9 — €3 1
[6%) 0100 €3 — €4 1
a3 0010 e 1
Qg 0001 %(61 — €2 — €3 764) 1
as 1100 ey — €4 2
Qg 0110 €3 2
ar 0011 %(61—62—634-64) 2
ag 1110 €2 3
Qg 0120 es + eq 3
10 0111 s(e1 —ex +e3—eyq) 3
11 1120 €2 + €4 4
12 1111 %(61 + ey —e3 — 64) 4
13 0121 %(61 —eg +e3+ 64) 4
Q14 1220 es + e3 5
15 1121 %(61 + €2 —e3 + 64) 5
16 0122 €1 — €y 5
aiy 1221 s(e1 +ex+es—eq) 6
18 1122 €1 — €3 6
19 1231 %(61+€2+€3+64) 7
Q20 122 2 €1 — €4 7
Q21 123 2 (] 8
99 124 2 e1 + eq 9
Qo3 1342 e1+es 10
Q24 23 4 2 e1 + eg 11
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TaBLE A.4. Arms and subhooks for roots o € ® .

Root Arm a(«)

Subhooks h'(8)

a1
(%)
6%}
Oy
Qs
Qg
(€%
ag
Qg
a10
aq
@12

=N WRE R W
W w
\]
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Table A.4 (Continued).

Root Arm a(a) Subhooks h'(3)
13 3,4,7

14 2,5,6

a5 1,3,4,7

16 4,7

a7 2,475,6,8

a8 1,4,7

a9 3,6,7,8,9,10

aso  2,4,5,10 {1,13,15}

o1 3,4,6,7,8,10,13

o 3,7,9,11,13 {6,12,17}, {4,17,20}
s 2,6,9,10,13,16

o 1,5,8,11,12,14,15

We thank the referee for a careful reading of the manuscript and for

saving the authors from incorrect attributions concerning the numbers N (®).

10.

11.

12.

13.

14.

15.

16.

17.

18.

References

. C. ANDRE, ‘Basic characters of the unitriangular group (for arbitrary primes)’, Proc. Amer. Math. Soc.

130 (2002) 1943-1954.

C. ANDRE and A. M. NETO, ‘A supercharacter theory for the Sylow p-subgroups of the finite symplectic
and orthogonal groups’, J. Algebra 322 (2009) 1273-1294.

A. BOREL and J. TITs, ‘Groupes réductifs’, Publ. Math. Inst. Hautes Etudes Sci. 27 (1965) 55-150.

R. W. CARTER, Simple groups of Lie type, Pure and Applied Mathematics 28 (John Wiley & Sons, London,
1972).

P. CELLINI and P. PAPI, ‘Ad-nilpotent ideals of a Borel subalgebra. II’, J. Algebra 258 (2002) 112-121,
special issue in celebration of Claudio Procesi’s 60th birthday.

P. Diaconis and I. M. IsAAcs, ‘Supercharacters and superclasses for algebra groups’, Trans. Amer. Math.
Soc. 360 (2008) 2359-2392.

F. DiGNE and J. MICHEL, Representations of finite groups of Lie type, London Mathematical Society
Student Texts 21 (Cambridge University Press, Cambridge, 1991).

D. Z. DJoKoVIC, ‘On conjugacy classes of elements of finite order in complex semisimple Lie groups’,
J. Pure Appl. Algebra 35 (1985) 1-13.

S. FoMmIN and N. READING, ‘Root systems and generalized associahedra, Lecture notes for the IAS/Park
City Graduate Summer School in Geometric Combinatorics’, Preprint, 2008, arXiv:0505518v3.

M. Geck, G. Hiss, F. LUBECK, G. MALLE and G. PFEIFFER, ‘CHEVIE—a system for computing and
processing generic character tables’, Appl. Algebra Engrg. Comm. Comput. 7 (1996) 175-210.

S. M. Goopwin, T. LE and K. MAGAARD, ‘The generic character table of a Sylow p-subgroup of a finite
Chevalley group of type D4’, Preprint, 2015, arXiv:1508.06937.

S. M. GoopwiN, T. LE, K. MAGAARD and A. PAOLINI, ‘Constructing characters of Sylow p-subgroups of
finite Chevalley groups’, Preprint, 2015, arXiv:1512.02678.

S. M. GoopwiIN, P. MoscH and G. ROHRLE, ‘Calculating conjugacy classes in Sylow p-subgroups of finite
Chevalley groups of rank six and seven’, LMS J. Comput. Math. 17 (2014) 109-122.

S. M. GoopwIN, P. MoscH and G. ROHRLE, ‘On the coadjoint orbits of maximal unipotent subgroups of
reductive groups’, Transform. Groups 21 (2016) 399-426.

S. M. GoopwIN and G. ROHRLE, ‘Calculating conjugacy classes in Sylow p-subgroups of finite Chevalley
groups’, J. Algebra 321 (2009) 3321-3334.

Z. HALASI, ‘On representations of solvable linear groups’, PhD Thesis, Central European University,
Budapest, 2009.

7. Havrast and P. P. PALFY, ‘The number of conjugacy classes in pattern groups is not a polynomial
function’, J. Group Theory 14 (2011) 841-854.

G. HiGMAN, ‘Enumerating p-groups. 1. Inequalities’, Proc. Lond. Math. Soc. (3) 10 (1960) 24-30.

https://doi.org/10.1112/51461157016000401 Published online by Cambridge University Press


http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/0505518v3
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1508.06937
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
http://www.arxiv.org/abs/1512.02678
https://doi.org/10.1112/S1461157016000401

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.

34.
35.

36.

37.

CHARACTERS OF SYLOW p-SUBGROUPS 359

F. HIMSTEDT, ‘On the decomposition numbers of the Ree groups 2F4(¢?) in non-defining characteristic’,
J. Algebra 325 (2011) 364-403.

F. HiMSTEDT and S.-C. HUANG, ‘On the decomposition numbers of Steinberg’s triality groups 3D4(27) in
odd characteristics’, Comm. Algebra 41 (2013) 1484-1498.

F. HivsTeDT, T. LE and K. MAGAARD, ‘Characters of the Sylow p-subgroups of the Chevalley groups
Dy(p™)’, J. Algebra 332 (2011) 414-427.

F. HIMSTEDT and F. NOESKE, ‘Decomposition numbers of SO7(¢) and Spg(q)’, J. Algebra 413 (2014)
15-40.

J. E. HUMPHREYS, Introduction to Lie algebras and representation theory, Graduate Texts in Mathematics
9 (Springer, New York, 1997).

B. HupPERT, Endliche Gruppen I, Die Grundlehren der Mathematischen Wissenschaften 134 (Springer,
Berlin, 1967).

I. M. IsaAacs, Character theory of finite groups (Dover Publications, New York, 1994).

1. M. IsaAcs, ‘Counting characters of upper triangular groups’, J. Algebra 315 (2007) 698-719.

T. LE, ‘Irreducible characters of the unitriangular groups’, PhD Thesis, Wayne State University, 2008.
T. LE and K. MAGAARD, ‘On the character degrees of Sylow p-subgroups of Chevalley groups G(p/) of
type E’, Forum Math. 27 (2015) 1-55.

E. MARBERG, ‘Heisenberg characters, unitriangular groups, and Fibonacci numbers’, J. Combin. Theory
Ser. A 119 (2012) 882-903.

J. MICHEL, ‘The development version of the CHEVIE package of GAP3’, Preprint, 2013,
arXiv:1310.7905v2.

T. OkuyaMA and K. WAKI, ‘Decomposition numbers of Sp(4, q)’, J. Algebra 199 (1998) 544-555.

I. PAK and A. SOFFER, ‘On Higman’s k(Un(Fq)) conjecture’, Preprint, 2015, arXiv:1507.00411.

D. I. PANYUSHEV, ‘Ad-nilpotent ideals of a Borel subalgebra: generators and duality’, J. Algebra 274 (2004)
822-846.

J.-Y. SHI, ‘The number of &-sign types’, Quart. J. Math. Oxford Ser. (2) 48 (1997) 93-105.

E. N. SOMMERS, ‘B-stable ideals in the nilradical of a Borel subalgebra’, Canad. Math. Bull. 48 (2005)
460-472.

A. VERA-LOPEZ and J. M. ARREGI, ‘Conjugacy classes in unitriangular matrices’, Linear Algebra Appl.
370 (2003) 85-124.

K. WaKI, ‘A note on decomposition numbers of G2(2")’, J. Algebra 274 (2004) 602—606.

Frank Himstedt Tung Le

Technische Universitat Miinchen North-West University
Zentrum Mathematik — M11 Mmabatho 2735
Boltzmannstr. 3 South Africa

85748 Garching lttung96@yahoo.com
Germany

himstedt@ma.tum.de

Kay Magaard

School of Mathematics
University of Birmingham
Edgbaston

Birmingham B15 2TT
United Kingdom

k.magaard@bham.ac.uk

https://doi.org/10.1112/51461157016000401 Published online by Cambridge University Press


http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1310.7905v2
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
http://www.arxiv.org/abs/1507.00411
https://doi.org/10.1112/S1461157016000401

	1 Introduction
	2 Notation and a reduction lemma
	2.1 Character-theoretic setting
	2.2 Lie-theoretic setting

	3 Pattern subgroups
	4 Root kernels and root centers
	5 Representable sets
	6 Single root characters
	7 Hook subgroups and midafis in classical groups
	7.1 Type A
	7.2 Type B
	7.3 Type D
	7.4 Type C

	8 Single root midafis of exceptional groups
	8.1 Types E6, E7, E8
	8.2 Type F4
	8.3 Type G2
	8.4 Proof of Theorems 1.2 and 1.3

	References

