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1. This paper gives what appears to be a new Rodrigues' formula for the Associated

Legendre Polynomials defined by [5, p. 122]

jA PJLx), (l.i)

with the restriction that m is an even positive integer, which helps to evaluate some integrals.
Putting m = 2k in (1.1) and replacing Pn{x) by the Gegenbauer Polynomial C*(x) and

using [3, p. 176]

(=)"<*»-: LcjiKx), (i.2)
\ax/

we obtain P2\x) = 22\-im)2k(l-x
2)kC2i+

2Ux). (1.3)

Putting a =v-£ in the relation [4, p. 283]

2a+v+*r(a+l)r(v+i)r(v-a + «-|)r(2/i+m)r(2v + n)
-*c

m!n!r(v-a-|)r(v-a+«+l)r(2/z)r(2v)

'-m, m+2/i, a + 1, a-v+f; 1"

T, v+a+n+f,

1, a-v+f; 1")

, a-v-n+fj

we get

m

(m ^ n, m + n even). (1.4)

Consider

(l-x2)fcCfl
2^(x) = ZA,C*±Ux). (1.5)

Multiplying both sides of (1.5) by

(l-x2)kCk
ntUx),

integrating with respect to x between the limits (—1, 1), and using the result (1.4) and the
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orthogonal property of the Gegenbauer Polynomials, we find A,, and substitution in (1.5) then
gives

!
r ( i - n + / ) r ( n + 2 f c + i - 2 0 B - 2 l ( ) - ( }

On expanding Ck
n±\,(x) in powers of (1 -x)/2 with the help of [3, p. 176]

n! C|}(x) = (2A)nF(-n, n + 2A; A + | ; | - | x ) , (1.7)

(1.6) becomes

? 1-in-ifc-i,-in,-i« + i , - i n - i s -
and because [1, p. 26]

"a, 1+ia, b , c , d , e , -m ; 1["a, 1+ia, b , c , d , e , -m ; 1"]

L ia , 1 + a-b, 1 + a-c, 1+a-d, 1 + a-e, 1 + a + m J
(l + a)m(l + a-d-e)m p n + a-b-e, d , e, -m; 11

[ + fl_ft , i + a_C) rf+e-a-m J
(1.3) reduces to

2. Let
,C£Ux). (2-1)

Giving particular values for k = 1, 2, 3 , . . . we deduce that

r!

To prove (2.2), we expand Cnt.\r{x) with the help of (1.7) and get the result (1.8). Hence the
result (2.2) is true.

Substituting the value of Cnt\r{x) and using [3, p. 180]

0 " + V -1)" = 2m+m,n! C:_+*(x) (2.3)
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in (2.2), we see that the Rodrigues formula for P"(x) is given by

.-»« \ \ (2-4)

It can be easily verified that <£((x) given by [2] is— —P2
+1(x) satisfying (2.4).

n(n + l)

3. Taking m, p and q as positive integers and / any integer, consider

( p £ / , q=0, 1,2,...). (3.1)

Substituting the value of P*p(x) and using (1.1) in (3.1), applying Demoivre's theorem of
differentiation and using the relations (2.3) and

Jx=±l

in (3.1), we obtain

= 0 for g = 0 , l , 2 , . . . , / > - / - I , (3.2)

+ p + l + q)\q\

|_—m — p — q — I, l + m—p—q — l

for q = p-1, p-l+l, ...,(m-p-l), and

i-2l-q)\m\

V-m, -
(3.4)

-2m,l l J1
for q = m-p-l+1, m-p-l+2,..., m-2l.

We have, from [3, p. 175],

ax
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Now consider

(3.6)

From this, with the help of (3.5) and (2.3), we get, for q g k,

A ^ _ V (-k)£k\(n-q)\ (-ir"(l-*2rr(g-r+Dn-,22f+-«
^n-flW — 2^ T-. TTTT -1 —77 ^n-q \X)

! ( ) ! ( 2 2 + l )

+ £ (-t>-w-2"'";("-2r"tt)-c;;iliW.
r!

and as

n!

we have

= fc+l,fc+2,...,n; (3.7)

= 0, 1, 2, ...,k.

; n (3g)

J

4. Consider the integral

(l-x2)-lKp(x)P2
n

k(x)dx (m + neven). (4.1)L<
Without loss of generality we can take m ^ n. Substituting the value of Pl\x) from

(2.4) in (4.1) and integrating by parts as many times as necessary, using the results (3.2), (3.3),
(3.4) and (3.7), (3.8), we obtain:

(i) When p-l^k and m - 2 / < n,

1 a-x2y'Pi"(x)P2
n

k(x)dx = 0; (4.2)
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(ii) When p-l < k ^ m — p—l,

r (i-*v.
(-1) '

-p+/, -g + p- / , -p-q-l;
— m — p — q — I, l + m — p — q — I

r
x3f2

|_

r-k + q + 1, k + q + l, - | n+ |q + l, -\n + \q + l; 1]
x4F3 . (4.3)

l-in + q + 1, -±n + q+±,2 + q J

Thus under diiferent conditions we can find the value of the integral (4.1) with the help of
(3.2), (3.3), (3.4), (3.7) and (3.8).

On the same lines it can be proved that

P2*(x)dx = 0( (4.4)

if m ^ n, p — I ̂  k and / satisfies the condition

n-m
2 ~

and generally

r KX)PIP((x)P2*(x) dx = 0, (4.5)

where /(x) is any polynomial of degree /, under the conditions m +1 < n and p ^ k.

I wish to thank Dr B. R. Bhonsle for his guidance during the preparation of this paper.
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