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The construction of diagrams

for abelian groups

Ernest C. Ackermann

Christine W. Ayoub has defined diagrams for abelian groups and

has shown that the structure of an atelian group A is determined

by certain subgroups 1. of A which arise naturally from a
If

given diagram for A . In this paper it is shown that a given

diagram for A is formed from certain elementary diagrams for

the T. .

Ayoub, [?]» considered certain series of finite length for abelian

groups which arose in connection with the study of the group of units of

primary homogeneous rings. She has used these diagrams to determine the

structure of these groups, [2]. Her definition is essentially the

following.

DEFINITION 1. Let S = {0, 1, . . . , n} . A function j : 5 -*• 5n n n

i s called admissible if j(i) = j(i') # n implies i = i' and for

0 5 i < n , j(i) > i with j(n) = n . The series

A = A > A > ... > A = 0 for the abelian group A i s a j-diagram (with

respect to the prime p ) if j i s an admissible function,

(1) j(i) = n implies pA. = 0 , and

(2) j(i) < n implies the mapping,

a- + A . •*• pa • + A ., .
% i + l F 1 j ( t

for a- £ A. , is an isomorphism of A.I A. onto
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We shall denote the range of j by fl(j') , use diag(yl) to represent

the Q-diagram for A , and when (2) holds write

A./A. ^ ^ A ., . ,/A .. .. . All groups considered are additive abelian

groups.

In t h i s paper we shall show that a l l j -diagrams for a group A may

be constructed in a natural way from certain elementary diagrams for direct

summands of A . Results from [/] will be used, some of which are stated

in the following theorem.

THEOREM 1 ( A y o u b ) . Let A have the j-diagram

A = A > A > . . . > A = 0 . Then for 0 5 t < n ,

( 1 ) A.I A. is an elementary p-group,
i' i+1

(2) if a € A.I A. then o{a) = p where j (i) = n ,

j (i) < n (and therefore A is a bounded p-group),

(3) there are subgroups T. S A^ satisfying A. = A. + T. ,

A;+1 n T. = pT. = T..

(U) if the T. are chosen as in (3), then A = © T. ,

and

(5) let T. be as in (k); then T. equals the direct sum of

v. v.
cyclic groups of order p , where j (i) = n t

v.-l
3 (i) < n , and rank(T.) = dim(,4.A4. ) [as a vector

space over Z ).

EXAMPLE 1 . L e t B b e t h e d i r e c t sum o f c y c l i c g r o u p s o f o r d e r p

Then B h a s a j - d i a g r a m , B - B > B' > . . . > B = 0 , where B . = pB.
0 1 V t- 1-—X

for 1 < i S v and j{i) = i + 1

then B. = © vp'b ) , 0 5 i < \) .

for 1 < i 5 v and j{i) = i + 1 for 0 2 i < v . Thus if B = © (b >
m m

m
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Miller [3] considered the problem of constructing a diagram for A

from diagrams for direct summands of A .

DEFINITION 2. Let B ( i ) = B^ > Bn
(i) > . . . > B{i) = 0 be a

0 1 n.v

j.-diagram for the group B , 1 £ i £ k . A j-diagram for A is said

to be woven from the j.-diagrams for the B , 1 £ i £ h , if

A = © BK ' , for every r > 0 , ^ = © Bv , and given
i l i=l n i

A , = © S where for some M , l £ u £ ? c , n n = n + 1

and for a l l t t u , np+1 t = n
p t •

EXAMPLE 2. Let Bx ' be a cyclic group of order p with diagram

B > pB > p2B = 0 and B be a group of order p with diagram

B ^ > p B ^ 2 ' = 0 . Then a diagram for A = B^1' © B"2' which is woven from

the diagrams for B and B is

4Q = B ( l ) © B ( 2 ) >;!-,_ = pB ( l ) © B ( 2 ) > ̂  = pB ( l ) © pB^ > A =

= p 2 B ( l ) © P B ( 2 ) = 0

where iqQ/Al y

We will now proceed to show that if diag(/4) is a j-diagram for A

and the T. are as in Theorem 1 each with a diagram as that given in
is

Example 1 then diag(/4) is woven from the diagrams for the T. . Thus for

r . k. .-i
each u , 0 S u < n , A = © \ ® \P %t/ • \)\ where for each

i ^ R(j) , T. = © <t, . ,> and fe. is chosen appropriately.
V (i,m) U ' m ) v

LEMMA 1 . Let A have a j-diagram, A = A > A > ... > A = 0 ,

and j be the restriction of j to the set {u, ..., n} . Then
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© T. implies A = © T.\ ©
k.

, for

k.
0 5 u < n j where if v i ^{ju)

 and v e RU) then j t'(i) = v with

1 £ R(j) and k. > 1 .

Proof. A > ... > A = 0 with the given j is clearly a j -

diagram for A . Thus by {h) of Theorem 1, there exis ts S £ A such

tha t A = ©_ S . Now V { R{j ) implies either v = u , v > u

k.
w i t h v £ i?(j) , or V > u w i th V € i?(j) and i> = Q V{i) where

i k R(j) and k. > 1 . Thus from (3) of Theorem 1 we w i l l be done i f for

= T , and i f v 2 u with v d R(j) weV > u and V \. RU) we l e t

k. k.
let 5y = p

 l 2 \ where j ̂ (i) = y , i ̂  i?(j) .

THEOREM 2. £et A have a j-diagram and A = © 2\ wit^ the
itR(j)

T. as in Theorem 1 . Then diag(A) is woven from the following diagrams

for the T. : T . = T . > T . > . . . > T. = 0 with T. . = pT. ,
' ' ' 1, ' '

and j .(/c) = k + 1 /o r 0 S k < v. .

k.
Proof. From Lemma 1 we have A =

u
Ti © p and

.- ©
k.

© p V . Now i f u \ R{Q) then

k.
pV . Since j{u) $ R[j ) or

j{u) = n we have in the former case, from the proof of Lemma 1, that
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V © © T. ©
k.

© or in the latter case

• A © P iTi since pT = 0 . If M € ff(j) then

4 = © r . ©p "r, ©
k.

© P %
k

where j {h) = u and

i+h
i?(j) . Again considering whether j(w) ^ i?(j ) or j{u) = n we

have that either
k.

© p V

M+l © 21,. | © © P Tv Thus we see that diag(4) is woven

ith
from the j.-diagrams for the T. , i \ R{j) .

%> Is
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