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ABSTRACT 

T h i s paper i s devo ted t o t h e s tudy of mot ion of an a r t i 
f i c i a l s a t e l l i t e r e l a t i v e t o i t s c e n t r e of mass near p a r a m e t 
r i c r e s o n a n c e in e l l i p t i c o r b i t . I t i s well known f a c t t h a t 
t h e s a t e l l i t e , of t h e form of an e l l i p s o i d w i t h t h r e e unequal 
axes , whi le moving about t h e c e n t r a l p l a n e t , o s c i l l a t e s about 
t h e s t a b l e p o s i t i o n of e q u i l i b r i u m ( t h e l o n g e s t a x i s of t h e 
s a t e l l i t e c o i n c i d i n g wi th t h e r a d i u s v e c t o r of i t s c e n t r e of 
m a s s ) . The o s c i l l a t i o n of t h e s a t e l l i t e about t h i s p o s i t i o n of 
e q u i l i b r i u m i n t h e o r b i t a l p l a n e of i t s c e n t r e of mass i s d e s 
c r ibed by a well known second o r d e r n o n l i n e a r d i f f e r e n t i a l 
equa t ion wi th a p e r i o d i c s i n e f o r c e . N a t u r a l l y t h e r e w i l l be 
r e sonance c a s e s (main a s well a s p a r a m e t r i c ) f o r such a s y s t 
ems. In t h e p r e v i o u s a u t h o r ' s work [ 5 ] , i t was d i s c o v e r e d a 
s e r i e s of p a r a m e t r i c r e s o n a n c e s fo r t h e system ,whiqh c o r r e s p 
onds t o n = J k where k i s a nonrze ro i n t e g e r and n i s a p a r a 
meter depending on t h e shape of t h e s a t e l l i t e . The p a r a m e t r i c 
r e s o n a n c e , f o r k = 1 , has been c o n s i d e r e d h e r e . The f i r s t a p p 
rox imate s o l u t i o n of t h e e q u a t i o n of mot ion has been o b t a i n e d 
by Bogol iubov-Kr i lov method wi th e ( t h e e c c e n t r i c i t y of t h e 
o r b i t of t h e c e n t r e of mass of t h e s a t e l l i t e ) a s t h e small p a 
r a m e t e r . T h i s method e n a b l e s u s t o v i s u a l i s e t h e o s c i l l a t i o n 
of t h e s a t e l l i t e f o r t h e r e s o n a n c e c a s e a s well a s near t h e 
r e s o n a n c e . Three s t a t i o n a r y v a l u e s of t h e a m p l i t u d e s and phase 
of o s c i l l a t i o n have been o b t a i n e d , ou t of which o n l y one i s 
s t a b l e near t h i s p a r t i c u l a r p a r a m e t r i c r e s o n a n c e . At t h e r e s o 
nance t h e r e appear o n l y one s t a t i o n a r y reg ime of o s c i l l a t i o n 
with a v e r y smal l a m p l i t u d e . 

391 

https://doi.org/10.1017/S0252921100066288 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100066288


1 . INTRODUCTION 
Cons ide r t h e mot ion of an a r t i f i c i a l s a t e l l i t e i n t h e 

form of an e l l i p s o i d wi th t h r e e unequa l a x e s r e l a t i v e t o t h e 
c e n t r e of mass which moves a l o n g a K e p l e r i a n e l l i p t i c o r b i t . 
The s a t e l l i t e , w h i l e moving about t h e c e n t r a l p l a n e t . o s c i l l 
a t e s about some p o s i t i o n of e q u i l i b r i u m on account of t h e 
p r e s e n c e of t h e g r a v i t a t i o n a l moment. The p l a n a r o s c i l l a t o r y 
m o t i o n s of t h e s a t e l l i t e i s d e s c r i b e d by t h e well known non 
l i n e a r second o r d e r d i f f e r e n t i a l e q u a t i o n [ 1 ] 

2 
(1+e c o s v ) 5-TJ- - 2e s i n v —• + n 2 s i n 6 = 4e s i n v ( 1 . 1 ) 

dv v 

where n 2 = 3 ( A - C ) / B . 

B i s t h e moment of i n e r t i a of t h e s a t e l l i t e wi th r e s p e c t t o 
t h e a x i s p e r p e n d i c u l a r t o t h e o r b i t a l p l a n e of i t s c e n t r e of 
mass A and C being t h e moments of i n e r t i a about p r i n c i p a l 
a x e s l y i n g i n t h e o r b i t a l p l a n e and such t h a t B > A > C. Also 
6 = 2i|> where if> i s t h e a n g l e which t h e r a d i u s v e c t o r of t h e 
c e n t r e of mass of t h e s a t e l l i t e r e l a t i v e t o t h e c e n t r a l f o r 
c e makes wi th i t s l o n g e s t a x i s ( F i g . 1 ) . v and e a r e t h e 
t r u e anomaly of t h e c e n t r e of mass of t h e s a t e l l i t e and t h e 
e c c e n t r i c i t y of i t s o r b i t r e s p e c t i v e l y . 

When t h e c e n t r e of mass of t h e s a t e l l i t e moves a long a 
c i r c u l a r o r b i t (e = 0 ) , and hence two p o s i t i o n s of e q u i l i b r 
ium can be e a s i l y o b t a i n e d a s 6 = 0 and 6 = IT. The f i r s t eq 
u i l i b r i u m p o s i t i o n \\>& = 0 ( i . e . i|> = 0) i s s t a b l e and i t c o r 
r e s p o n d s t o t h e s a t e l l i t e ' s p o s i t i o n in which t h e l o n g e s t a x 
i s of i n e r t i a c o i n c i d e s w i t h t h e r a d i u s v e c t o r of t h e c e n t r e 
of mass ( F i g . 1 ) . 

The system moves under a fo rced v i b r a t i o n on account of 
t h e r i g h t hand p e r i o d i c s i n e f o r c e in t h e e q u a t i o n ( 1 . 1 ) . T h e 
c h a r a c t e r i s t i c f e a t u r e of t h e o s c i l l a t o r y system d e s c r i b e d by 
t h e e q u a t i o n of t h e t y p e ( 1 . 1 ) i s t h e o c c u r r a n c e of r e s o n a n c e 
(main a s well a s p a r a m e t r i c ) . The paramet r ic ! r tesonance were 
e a r l i e r found fo r n = ± 1/2 [ 1 ] and n = 9/4 [ 4 ] . Also t h e 
a u t h o r [ 5 ] has d i s c o v e r e d a s e r i e s of p a r a m e t r i c r e s o n a n c e s 
for n = l / 2 k where k i s a non-ze ro i n t e g e r . 

The c a s e n = 1/2 was c o n s i d e r e d by Bele t sky .V .V. but he 
d id not e l a b o r a t e t h e behaviour of t h e mot ion a t and near t h e 
r e s o n a n c e . The s o l u t i o n of t h e problem i n t h e g e n e r a l c a s e 
which i s v a l i d a t t h e r e s o n a n c e a s well a s near t h e r e s o n a n c e , 
has been a t t e m p t e d by Eogo l iubov-Kr i lov method fo r v e r y small 
v a l u e of t h e e c c e n t r i c i t y . 

2 . SOLUTION OF THE EQUATION OF PLANAR OSCILLATION NEAR RE
SONANCE 

Cons ider t h e e c c e n t r i c i t y e, a small q u a n t i t y of t h e 
f i r s t o r d e r i n f i n i t e s i m a l and assume t h a t t h e n o n - l i n e a r i t y of 
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t h e e q u a t i o n can a l s o p roduce t h e e f f e c t of t h e o rde r of t h e 
e c c e n t r i c i t y . 

The e q u a t i o n of mot ion ( 1 . 1 ) can now be w r i t t e n a s 

rf 6 2 
+ n 6 = e[4 s i n v + 26* s i n v - 6" c o s v + a ( 6 - s i n 6 ) ] 

^ h 2 ( 2 ' 1 } 

where d = — . 

e 

The solution in the first approximation of (2.1) at the re

sonance n = s- will be sought in the form: 
6 = a cos $ , <f> = \ v + k (2.2) 

where amplitude a and phase k must satisfy the system of ord
inary differential equations. 

dT= e A l ( a ' k ) 

| £ = n - \ + e B^a.k) (2.3) 

and A-.Bĵ  are the particular solution and periodic with res-

respect to k of the system of partial differential equations: 

a A _oo 

( n " 2 > 3k~ " 2 a n ^ = IT ^ e 

2TT O=°° 

2 i r 27r - i 2 o 0 ' 
x / / f (a,v,<{>)e cos<|) dv d<t> 

0 0 i l l l 
i . o E i L o . i : " i2oe 

3 
a<n- j > 3 i r + 2 n A i = - rr r e 

2 T a=°° 
2 u 2 i r i 2 o 9 ' 

x / / f _(a,b,(f>)e s in* dv d<f> 
0 0 ° 

(2 .4 ) 

where 0 = <\> - g- = 0* 

2 
f (a,v,<(>) = 4 s i n v -2 an s i n v s i n <)> + an c o s v c o s <|> + 

+ a [ a c o s <}>-sin(a c o s <f>)] 
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Substituting the value of fo(a,v,i|>) of the right hand side of 
(2.4) and then integrating, we obtain 

3A 
(n- \ ) 3 ^ - 2an ^ = c ^ a ^ U ) ) + a nfo~2) cos 2k 

a(n- g- ) ^ + 2n A1 = - an(n-2) sin 2k (2.5) 

The particular solution, periodic with respect to k of t h i s 
system i s easily obtained as 

A l = _ an(n-2) sin 2k 

\ = " 2ln" C a ~ 2 J i ( a )^ ~ S T ^ c o s 2k (2.6) 

where J, (a) i s the Bessel' s function of the f i r s t order. Sub
st i tut ing values of A, and B, from (2.6) in (2.3), we get: 

da _ ean(n - 2) „, 
__ = U L s l n gk 

dk _ n 1 . p J l ( a ) en(n - 2) „. ,„ _ . 
dT 2 - 2 + 1 2 ^ c o s 2 k (2-7) 

The system of equations (2.7) can be written as 

da_ = _ 1 3E 
dv a' 3 k 

dV = f 5 T ' ' l ' ( 2 - 8 ) 

where 

„ _ en(n - 2 ) 2 m ^ r a / T / \ i ^ a 
H = i—_ L a c o s 2k + n[ | (JQ(a)-l )] - ̂ — 

2 .2 

(2.9) 

Here J (a) i s the Bessel's function of zero order, o 
Obviously the system of equations (2.8) has a f i rs t integral 
of the form 

H= CQ (2.10) 

which reduces the problem to quadrature. Here C_ i s the cons
tant of integration. 
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However, i t i s p re fe rab le to analyse the integral curves 
in the phase plane ( a , k ) . In order to plot the integral cur
ves, l e t u s put the equation (2.10) in the form: 

-a 2 en(n-2)cos 2k = 4CQ + a 2 ( l - 2 n ) + 4n f (a) (2.11) 

where 
n2 4 

f (a ) - JQ(a) + J - - 1 - S g - - . . . (2.12) 

The in t eg ra l curves (2.11) have been p lo t t ed in (Fig. 2) for 
n = 0.55 and e = 0 .01 . Clear ly the re ex is t t h r e e s ta t ionary 
regime of t h e amplitude for k = 0 and k = + jj" o u t o f which 
only one i s s t ab le for k = 0. 

The s t a t iona ry regimes of the amplitude and phase are 
given by equating t h e r i g h t hand s ide of equat ions (2 .7) to 
zero: 

« p ( ° 2 - 2> s in 2k = 0 

i . e . (2.13) 
, nJ-, (a) en(n - 2) 

I ~ 2 + — 2 — - COS 2k " °-
7T 

The f i r s t equation g ives k = 0, ± §- , . . . 
The second equation of (2.13) can be put in the form 

3x2' 2 n Z 

where plus and minus signs corresponds to the va lues k = 0 
and k = ±5- r e s p e c t i v e l y and in the Bessel ' s ' funct ion only 
f i r s t t h r e e terms of t h e expansion has been r e t a ined . 

The s t a t i o n a r y va lues of t h e amplitude for n = 0.55 and 
k = 0 has been obtained as a = 1.25 and for n = 0.55 and 
k = ± =- they a re a = 1.15. Only one of these s t a t iona ry so
lu t i ons ( i . e . a = 1.25 and k = 0) i s s t ab le which i s obvious 
from (Fig. 2 ) . As n decreases from 0.55 to 0.5, t he s tab le 
s ta t ionary value of the amplitude reduces to a = 0.34, k = 0 
and t h e other two uns tab le s t a t iona ry so lu t ions vanishes . As 
the value of n decreases fur ther t he re will be no s ta t ionary 
value of t h e ampli tude. The system wil l be moving with chan
ging amplitude and phase. However, from t h i s nature of the 
in tegra l curves in (Fig. 2 ) , i t follows t h a t t he amplitude 
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B > A > C 

FIG. I 

2i-or 0 - 0 . 3 3 
• - Q . 0 ) i i 

x 133 

FIG. 2 
OSCILLATION OF THE SATELLITE IN ELLIPTIC ORBIT. AMPLITUOE 

PHASE CHARACTERISTIC FOR TJ-0.33, e .Q.OI 
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FIG-3 

MAXIMUM AMPLITUOE OF OSCILLATION IN ELLIPTIC 
0R8IT FOR PARAMETRIC RESONANCE 7?« 1/2, K» 0 

will never i n c r e a s e i n d e f i n i t e l y . I t w i l l j u s t o s c i l l a t e b e t 
ween two f i n i t e v a l u e s f o r d i f f e r e n t k. 

The e x p r e s s i o n f o r t h e a m p l i t u d e of o s c i l l a t i o n i n t h e 

resonance c a s e i s g i v e n by s u b s t i t u t i n g n = TJ- i n ( 2 . 1 4 ) and 
i s o b t a i n e d a s : 

a = 2 / 3 ( 1 - / 1 ^ 2 ? ) ( 2 . 1 5 ) 

The ( F i g . 3 ) show t h e maximum v a l u e of t h e s t a t i o n a r y a m p l i t 
ude fo r d i f f e r e n t v a l u e s of e in t h e r e s o n a n c e c a s e which has 
been p l o t t e d w i t h t h e he lp of ( 2 . 1 5 ) . The a m p l i t u d e i n c r e a s e s 
with i n c r e a s i n g e . As t h e formula ( 2 . 1 5 ) has been o b t a i n e d 
from t h e f i r s t a p p r o x i m a t i o n , i t w i l l g i v e b e t t e r r e s u l t o n l y 
for t h e small v a l u e s of e . 
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