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Abstract. We give some sufficient conditions for an expansive diffeomorphism / of
a compact manifold to be such that every neighbouring diffeomorphism shows,
roughly, all the dynamical features of /. These results are then applied to prove a
structural stability theorem for pseudo-Anosov maps.

0. Introduction
Let / be a homeomorphism of the compact riemannian manifold M; we say that
the trajectory through x e M is persistent if given e > 0 there exists a ^-neighbour-
hood of / such that if g belongs to that neighbourhood, then for some y e M,

dist(/n(x),g"(y))<£, neZ.

In this paper we give some sufficient conditions for this property to hold uniformly
on certain /-invariant subsets of M, and, as an application, we prove that Thurston's
pseudo-Anosov maps are 'structurally stable'.

When / is expansive and M itself is (uniformly) persistent then, roughly, the
dynamics of / may be found in each g close enough to / in the C°-topology (see
§ 1); however, these g may present dynamical features with no counterpart in /.
Thus, (uniform) persistence of M is a weaker property than topological stability
([7], [3]); nevertheless, if we restrict the perturbations to a suitable class, we may
still get conjugacy between / and g.

Among other results we prove, for expansive /, that if M is a two or three-
dimensional manifold, the set of non-wandering points of / is persistent (see § 1
for the definition) provided it contains a dense subset of hyperbolic periodic points.
We also show that in the case where / preserves a smooth volume form, then Pesin's
region (see [5, § 1.7]) is persistent when it has positive measure (theorems 2.8, 2.9).
For pseudo-Anosov / we show that if g is C1 -close enough to / and coincides with
/ at singular points, then g is conjugate to / (theorem 3.5).

We believe that, apart from such applications, there is another reason for studying
these persistence properties: it seems plausible to think that if a theory of asymptotic
behaviour is possible, then semi-persistence (i.e. persistence of positive or negative
semi-trajectories) should hold on big subsets of M for large classes of dynamical
systems. For recurrent trajectories (the case we shall mainly be concerned with)
both notions, persistence and semi-persistence, are equivalent, as may easily be
shown.
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Finally, I would like to thank M. Gerber and A. Katok for useful conversations
on these topics.

1. Persistence
Let M be a compact connected riemannian smooth manifold and f:M->M a
homeomorphism. An /-invariant subset K <= M is persistent if for each s > 0 there
exists a C°-neighbourhood N = N(K, e) of / such that for each xelt and each
geN there exists yeM such that

dist (/"(x), g"(y))<e for every neZ.

When K = M(K = (!(/)) we say that / is persistent (resp. O-persistent). Topologi-
cally stable homeomorphisms are persistent but, as may easily be shown, there are
persistent homeomorphisms, for instance pseudo-Anosov maps, that are not
topologically stable.

Obviously if K is persistent, so is its closure K; we shall therefore consider only
compact subsets of M. Assume now that / is expansive, i.e. that there exists a > 0
such that if dist (/"(*), /"(y))^ a for every neZ, then x = y. Such an a is called
an expansivity constant of /. The following lemma states essentially that except for
an identification of 'indistinguishable' points, dynamical systems with expansivity
constant a form an open set in the C°-topology.

LEMMA 1.1. For every 5>0 , there exists a C°-neighbourhood N of f such that if x,
yeM,geNand dist (g"(x), gn(y))< a, n eZ, then dist (gn(x), gn(y))<«,neZ.

Proof. Since M is compact and / is expansive it is easy to show that there exists
m e Z+ such that dist (x, y)=: 8 implies dist (/"(*),/"(y))> a for some neZ, |n |<m.
If

M= min max dist (fn(x),f"(y)),

Ar,>'eM,dist(x,>')aS | n | s m

then n > a. Let N be chosen in such a way that for g in N,

dist (g"(x), fn(x))<j(n ~ a) for every xeM, \n\ s m.
Then if gsN,x,yeM, dist (g"(;c), g"(y))^a for neZ, and if for some n0,
dist (g"°(x), g"°(y)) - 8, we have that for |n| < m,

dist (/"(g'M*)), fn(g"°(y))) =£ dist (gn°+n(x), gn°+"(y))

+ dist (/»(g"°(x)), g"+"°(x)) + dist (/"(g"°(>0), g"+"°(y)) < ^,

which is absurd. Consequently, dist (g"(x), g"(y))ssS for every neZ. •
Choose 5<3a and let N = N(S) be the corresponding neighbourhood of / given
by lemma 1.1. For g€ N define the relation Rg by

Rg = i(x,y)eMXM: dist (g"(x), g"(y))^ 5, neZ};

then i?g is an equivalence relation and each equivalence class is compact. If n: M-»
M/Rg is the canonical projection, we define a homeomorphism g of the compact
Hausdorff space M/Rg onto itself by

n(g(x)), xeM.
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Persistence in expansive systems 569

Suppose now that K is a compact /-invariant subset of M that is persistent; choose
e<\8 and let N(K, e) be the C°-neighbourhood of / mentioned in the definition
of persistence.

LEMMA 1.2. There is a C°-neighbourhood N<=N(8) of f such that if geN, then
there exists a compact g-invariant subset Kg of M such that f/K and g/ir(Kg) are
conjugate.

Proof. Let N = N(8)nN{K, e) and

Kg = {y £ M: dist (f"(x), g"(y)) < e , n e Z , for some x £ K}.

If yt e Kg, i = 1, 2, and dist (f"{x), g"(y,)) s e, n e Z, then (y,, y2) € i?g. Also, if for
i = 1, 2, dist (/"(*,), gn(y;)) < e, n e Z and w(yx) = ir(y2), then dist (fn(x1),f

n(x2)) <
a for n 6 Z, and therefore xt = x2- These remarks imply that the mapping h: x -> u-(y),
where dist (/"(*), g"(y)) s e, n e Z, is well denned and moreover, that h: K -» 7r(Kg)
is bijective. Since h is continuous and h{f(x)) = g(h(x)), h is a conjugacy between

and g/ir(Kg) as we had to show. •

Remark. If g is itself expansive, say with expansivity constant /?, and lies in N(8) n
N(K, e), where 5 and e are chosen as before, and in addition 8</3, then w/Kg is
a homeomorphism and / / X is conjugate to g/Kg. In particular, when K = M w e
also have that Kg = M since Xg is open in M; thus, in this case / is conjugate to g.

2. Expansive systems
Let / be an expansive C^-diffeomorphism of the compact, connected, smooth,
riemannian manifold M, let ft > 0 be an expansivity constant for / and let P <= M
be /-invariant and such that for each xeP, xe a(x) and x€ w(x), where a(x) and
<o(x) denote the limit sets of the trajectory through x. Assume, furthermore, that
at each xeP there are transversal local stable and unstable manifolds Sx, Ux. In
other words, we assume that for each xeP, there exists gx:Bk->M, g*(0) = x, and
hx:Bi-*M, hx(0) = x, (Bk,B, denote respectively the unit balls in Rk,Rl,k + l =
dim M), such that gx and hx are C'-embeddings, gx(Bk)?

:\hx(Bi) and that for each
x e P, if y £ S*(resp. t/x), then

dist (/"(*), /"(y)) < )3 for n >O(resp. n < 0).

Here we have set gx{Bk) = Sx, hx(B,) = Ux. We assume furthermore that for each
x e P there exists rx>0, such that if y belongs to the trajectory through x and
dist (x, y) < rx, then Syft Ux, and SynUx* 0 .

PROPOSITION 2.1. Suppose that for each xeP, Sx or Ux is one-dimensional. Then P
is persistent.

Proof. Let {M,<t>) be the suspension of (M,/), <f> being the suspension flow; we
assume that M is endowed with some riemannian metric. Call p:MxU->M the
covering projection and let M, stand for p(Afx{(}); we shall identify M with Mo.
It is easy to show that, under the assumptions of the proposition, if £ = p(x, t), xeP,
there exist two cells transversely embedded in M,, the local stable and unstable
manifolds S0 U( of £, that have with respect to <j> the properties analogous to those
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which Sx, Ux have with respect to /, as stated in the previous paragraph. Moreover
if g = p(x, 0), then Sf, Uf coincide with Sx, Ux. Let

A = {(£ 77) e M x M: £ 77 e M, for some t e U}.

It follows from [3, § 4], that for some y> 0 there exists a Lyapunov function

that vanishes on the diagonal of MxM and so that, if 0<dist (£ 77) < y, then
(i) <H(fcl,)>0

(ii) * ( £ 77) < 0 (>0) for 77 e Sf (resp. 77 6 t/f),
(iii) <&(€,r,)>0.

Here % and $ are defined as in [3, p. 197].
Let p be a fixed positive number and choose a fixed cr>0 such that "%(£ 77) < <r
implies dist (£, 77) <p. Let x e P and let gx: B-» M be an embedding of the unit ball
in Rm (for suitable m) onto Sx. Let

*Ux, 0 =-h e M,: %(<£,(*), 77) < o-}.

We assume, as we may, that Sx<= int K^ix, 0) and prove the following lemma.

LEMMA 2.2. For each y e Sx, <£(y, t) e Ka(x, t), t > 0.

Proo/. For n large enough there is no ye Sx such that <̂ >(y, O^^Coc, t), te[0, «]
and <£(y, n) ^ S^CJC, M). Otherwise we could find a sequence of integers nk -* 00 and
a sequence of points znk, %(/"*(JC), znk) = <r, such that for each /c,

dist ( f ( r * U ) ) , / " ( ^ ) ) ^ /3, n 2 ~nk;

by taking limits, and since / is expansive, we reach a contradiction. Now assume,
arguing again by contradiction, that for some t0 > 0 and some y0 6 Sx, we have that

^ix, t0). Then, for some n>0 , both sets

{yeSx: <t>(y, t) £ Ka{x, t) for some /, 0< t< n}
and

{y e Sx: <f>(y, Qeint KM, 0, O^t^nj

are open and non-empty. By (iii) and the assertion at the beginning of this proof,
they are also disjoint; since obviously their union is the connected set Sx, this is
absurd. •

LEMMA 2.3. There exists T= T(x)<0, so that if t<T, then for any uedB, there
exists s = s(t, u), 0 < 5 < 1 such that <f>(g(su), t) e dK^x, 0-

Proof. As before, the expansivity of /implies that for each uedB there exists t0<0,
such that <f>(g(u), to)^K^{x, t0)- Then, if h<t0, <f>(g(su), tJedK^ix, h) for some
s, 0< s< 1, since otherwise, the set

{se[0, l]:<Mg(s«), t)f£Ka(x,t)foTsomete[tu0]}

would be non-empty, and then a connectedness argument like the previous one
would lead to a contradiction. Since dB is compact, this completes the proof of the
lemma. •
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We remark for further use that it follows, again by a connectedness argument, that
if t<0 and <f>(g(su), t)&Ka(x, t) for 0 < s < s o , then

for any T , 0 S T < - ( , and any s , 0 s j < s o .
Choose p' > 0 such that <tt(£ 77) < a if £ 77 e A and dist (£ 77) < p', and then choose

<r'>0, such that °U.{t;, rj) < cr' implies dist (£, 77) <p ' . We assume with no loss of
generality that the T of lemma 2.3 is less than —1 and for t < T we define C, by

C, = {<Mg(su), 0: Os s< so(t, u)},

where <£,(g(so(', " ) ) e a ^ U > 0 and <£,(£(«<))eintK<,(x, t) for 0<s<50(f, «)•
Let p">0 be such that for £ 776 A, dist(£ 77) <p" implies <%(& T))<<T', and

choose / > 0 with the property that

dist (</>,(£), 0,(77)) >/dist (£77) forO<t<l and i

LEMMA 2.4. °U{i)>,{x), 77) is bounded away from zero uniformly on

{77 £ C,ndJC^U 0 : ' s r , X € ? } .

Proo/. Let /* = min $ ( £ 77) for f, 7; e A and lp"< dist (f, 77) < p. Then by the remark
at the end of the last paragraph, we may write for u e dB, t < T, and 0 < s £ so(f, u),

f ..
<U(x, g(su))-<K(<i>,(x), 4>,(g(su))) = J <U{+Ax), <t>Ag(su))) dr

f° ..

- J :
Since ^!(x, g(s«)) ̂  0 (see [3, p. 202]), this inequality proves the lemma. •
Now we assume that Ux is one dimensional. Since the previous arguments also
apply to Ux when we move forward, for some z=f{x),n>0, there is an embedding
hz:[-l, l]-»M, hz(0) = z such that

Ms) e *„.(*,<)), - l s j s l ,

M-D, MD e 3X .̂(^0)
and

Moreover, the positive numbers %(z, M~l))» ^{2, M l ) ) are uniformly bounded
away from zero for x e P, by the forward version of lemma 2.4. As / is expansive

For a suitable sequence rp-»-oo, <£(*, tv)^z and if »- is large enough
dist(<£(x, K),z)<rz. Therefore C,.n/i([-l , 1 ] ) # 0 and C,Kh([-l, 1]). Since
*(& 77)<0(>0) for any pair of points &v>£*V,&VG Q (resp. fc([-l, 1])), then
C,v and fc([—1,1]) have exactly one point of transversal intersection.

Let sv 6 (—1,1) be such that h(sv) e CK. It is easy to see that if v is larger than
some i>o(x) we may find points uv, /„ e dK^{x, tv) such that
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(1) If s > 0 is small enough, uv{lv) may be joined, within the ball of radius p'
centred at <f>(x, tv), to h{sv + s) by an arc transversal to CK whose (mod 2) intersection
number with CK is 0 (resp. 1).

(2) For some A > 0,

tfl(<f>(x, tv), uv), %(</>(x, tv), /„) > A,

for every xeP.
(3) There is an arc Xv joining uv to /„ within Ka\x, tv).

Let i/» be a flow on M such that if>,-(Mt) = M,+,.. If i/r is C'-close enough to <f>, we have
(a) maU(g, v)<0 it t; = 4>(x, t) and 77 € C,ndK^(x, t), f< T
(b) m°U(i,uv),

 m<U(Z, lv)>0 X£=4>(x,tv) and v>vo{x).

Here

and

1)}, t r i e A.

Assume that for some xeP there is no x'eM such that dist (tl/,(x'),
teU. Then, given j eR there is no yeMs such that dist(<f>,(<t>s(x)), il>t(y))^p for
f>0, for, otherwise, if 4>,n(<j>s{x))^x, tn^-<x>, and iA,n(y) converges, say to yoo, we
would have dist {<j>,{x), ^t(yx))<p, ten. Consequently, there is a t*>0 such that
if y e Ka\x, r_), then (/'(y, t) i. K&{x, tv +1) for some t, 0 < t < f* and any »»= 1, 2,
Indeed, if such a t* did not exist, by taking limits we would find a positive I/J
semi-trajectory close to the positive 4> semi-trajectory through x, which is absurd.

Choose v> vo{x) and such that tv + t*<T and let s{t) be a small positive
continuous function such that for t € [0, t*],

<t>,{h(sv + s(t)))eintKa{x, tv + t).

Since so(t, u), ||M|| = 1, („<(<( ,+/* is upper semicontinuous and S\{t, u),
0<s1(t, u)<so(t, u), defined by

dist (<j),(x), <f>,(g(su)))>p' if st(t, «)<5<so(f> ")»

and
dist (<f>,(x), 4>,{g(su))) = p if s = s^/, M),

is lower semicontinuous, it is easy to see that there exists a continuous s'(t, u),
Si(t, u)<s'(t, u)<so(t, u) defined for ||w|| = 1, tv-^t< tv + t*. Let C, be defined by

C', = {<f>,(g(su)): \\u\\ = l,0<s<s'(t, u)}

for tv<t<tv + t*.
For y € Xv, let t(y), 0 < t(y) < t*, be such that IJJ,(y) e int /^.(x, <„ + r) if 0 < / < f(y)

and tl/,(y)edKir'(x,h + t) if f = f(y). It follows from (c) that t(y) depends con-
tinuously on y (see for instance [3, p. 198]). Now we define, for i = 0,1, x'vc Xv as
the set of y such that there exists a differentiable arc, contained in the interior of
the ball of radius p centred at <f>(x, tv + t(y)), transversal to C'ny) and joining

https://doi.org/10.1017/S0143385700002157 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700002157


Persistence in expansive systems 573

<]>(y,t(y)) to <f>ny)(h(sv + s{t(y)))), with the property that its (mod 2) intersection
number with C',iy) is i. Since by (a) ^(y, t(y))e C',iy) for no y in xv, and since two
arcs joining i/»(y, t{y)) to <t>,iy){h(sv + s(t(y)))) contained in the above mentioned
ball are homotopic within the ball, we conclude that x'v is well defined, i = 0,1, and
that

= Xv and #
As both are open and since by (b) they are also non-empty, we have a contradiction.
Thus, for each x&P there exists x'eM such that dist {\\i,(x1), <f>,(x))<p, teR. Now
the proof of the proposition may be completed readily on the basis of the remarks
included in the two last paragraphs at the end of the proof of proposition 3.1 in [3,
p. 200]. •

The next corollary follows immediately from the previous proposition and well
known results about stable and unstable manifolds for hyperbolic sets.

COROLLARY 2.5. Let f be an expansive diffeomorphism of M. Assume that there is
a collection % of transitive hyperbolic subsets of M such that [_} %€ is dense in ft. / /
for each element of $f the stable or unstable manifolds of its points are 1 -dimensional,
then f is ft -persistent. This is true, in particular, when ft contains a dense set of
hyperbolic periodic points satisfying the assumptions regarding their stable or unstable
manifolds.

COROLLARY 2.6. Let f be an expansive C2-diffeomorphism of M and fi a normalized
measure on the Borel sets of M defined by a volume form, and invariant under f. Let
P be the subset of M that consists of the points whose Lyapunov exponents are all
different from zero. Assume that n(P) > 0 and furthermore that for each xeP there
is either only one positive exponent or only one negative exponent. Then P is persistent.

Proof. Since P contains a dense subset of recurrent trajectories, proposition 2.1
applies by [5, proposition 4.7]. •

The following lemma may be applied to get some other consequences of proposition
2.1 concerning low-dimensional M. Let / be a diffeomorphism of the compact
connected riemannian manifold M. A point x e M is stable if for every e > 0 there
is 8 > 0 such that if y e M and dist (x, y) < 8, then dist (fn(x), /"(y)) =s e for every
n>0.

LEMMA 2.7. / / / is expansive there are no stable points.

Proof. Suppose that x e M is stable, let e be less than half the expansivity constant
of / and let 8 be as in the definition above; we assume 8 < e. Let (M, <f>) be the
suspension of (M,/) and % % % the Lyapunov functions for <f>. Let cr>0 be such
that if we define Ka(x, t) as before, then dist (<f>,(x), £)<8 for each £e Ka(x, i).
For y e dKa (x, 0) we have that dist (/"(y), /"(*)) < s, n > 0 and therefore, on account
of the expansivity of/ we must have that for some T<0 , ^l(<f>t{x), f )<0 for every
f e BKa{x, t) and every t< T. Indeed, if this were not the case we would reach a
contradiction through a connectedness argument on an arc contained in Ka{x, t)
and joining 4>,(x) to a point £e dK^{x, t) such that %(0,(x), £) > 0. In this way we
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could find y,edKa(x,0) such that <f>s(y) e Kv(x, s), f<s<0 , for negative t of
arbitrarily large absolute value.

If z eM is an a-limit point of x, we must then have that il{4>t(z), 77) <0 for
every t] &bKa{z, i) and every teR. This implies that if (eK^(z,t0) for some t0,
then 4>M)GKa{z, t) for any t>t0; therefore <£(z, 0 e^aU, 0) for arbitrarily large
t Since a may be chosen arbitrarily small, this implies xeco(z) and since if
dist (x, x') < S,

limdist (/"(*),/"(*')) = 0,
n-»oo

this in turn, implies xe <o(x). But if y lies in a suitable neighbourhood JVcJVfof
*, we have by the same reasoning, that yea»(y) = w(x). Now let y'ew(x); then
y'e<u(z), and therefore

for some m>0. It follows that for some n,f"(y') lies in N, i.e. that a>(x) is open.
As M is connected, W(AC) = M = W(Z), but this implies that every point in M is
stable, which is absurd, since we could then find a sequence of iterates of / converging
to a trivial map, uniformly on M. •

In the following theorems dim M = 2 or 3.

THEOREM 2.8. Let f be an expansive diffeomorphism of M. Assume that there is a
collection of transitive hyperbolic subsets of M whose union is dense in ft. Then Cl is
persistent.

THEOREM 2.9. Let f be an expansive C2-diffeomorphism of M and \x a normalized
measure on the Borel sets of M, defined by a volume form and invariant under f.
Assume that the subset P of M that consists of the points whose Lyapunov exponents
are all different from zero has positive measure. Then P is persistent.

These theorems follow at once from lemma 2.7 and our previous results.

3. Applications
As may easily be seen the previous results apply equally well to the case of
pseudo-Anosov 'diffeomorphisms' and to the case of the homeomorphisms con-
sidered in [4], in spite of the fact that they fail to be diffeomorphisms at a finite
number of points (however, they are Lipschitzian homeomorphisms). They are
expansive and have a dense set of hyperbolic periodic points (see [4] and [1, expose
9, p. 177]). Therefore we may state:

COROLLARY 3.1. Pseudo-Anosov maps and the homeomorphisms constructed in [4]
are persistent.

In order to find homeomorphisms conjugate to these we only need, according to
the remark at the end of § 1, to show that there are expansive homeomorphisms
arbitrarily close to them, whose expansivity constants are bounded away from zero.
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This could be achieved by constructing suitable Lyapunov functions (see the remark
after lemma 3.3 in [3]).

Let / be a homeomorphism defined on an open and bounded neighbourhood M
of 0 in Rn, /(0) = 0, and let U:MxM-*R be a continuous function, U(x, x) = 0.
Let J V c M b e a compact neighbourhood of 0 such that there exists a continuous
function p:N-»R+, p(x)>0 if x # 0 , with the following properties: U(x, y) and
U{f{x),f{y)) are defined if x, yeN and

U(x, y) = U(f(x), f(y)) - U(x, y) > 0;

U(x,y)>r(x)\\x-y\\2,

if xeN, yeBx(p(x)). Here Bx(p) denotes the ball with radius p centred at x, and
r:N-*R+ is a continuous function such that r(x)>0 if x # 0 . Let V:MxM-»R,
V(x, x) = 0, x e M, be another continuous function such that

|VUy)|<a||x-yf

for some a > 0, x, y e M, with the property that V(x, y) > 0 if x ̂  y, x, y e N.

LEMMA 3.2. There exists a continuous function W: MxM-*U, W(x, x) = 0, x e M,
and positive numbers p0, p 1 ; 5, k, B 0 ( P i ) c int JV, such fhaf:

(i) W(x,y)>0 ifx*yandxeN,yeBx(8);
(ii) /orxeBo(po) andyeBx{8) we have W(x, y)>kV{x, y);
(iii) for \\x\\ >p1 ( W(x, y) = [/(x, y), W(^, y) = U(x, y).

Proo/. Let px be such that Bx(pi), /(Bj(pi))cint N, and let pi<Pi be such that
r1(Bx(pi))cBx(pi) . Choose p'0<\p\, and po<p{, such that f{Bo(po))ciBo(p'o)
and let c: R" -» R+ be a smooth function such that c(x) = 1 if x e £*<,( Po) and c(x) = 0
if || x || > p;. Choose 5 > 0 such that

min p(x)
\ xeJV,||i||ap0

and k such that

inl3
\

o-= min r(x)>2ka sup \c(f{x))-c(x)\.
xeN,\\x\\zp0 < e M

Let W(x, y) = [/(JC, y) + kc(x) V(x, y). Then W is defined in M x M and obviously
W(x,x) = 0, xeM.

W(x, y) = U(x, y) + fcc(/(x)) V(f(x), f(y)) - kc(x) V(x, y)
= U(x,y) + kc(f(x))V(x,y) + k(c(f(x))-c(f(y)))V(x,y);

therefore if ||x||<p0, W(x, y)= U{x, y) + kV(x, y)>kV{x, y) for every yeNand
(ii) is proved.

On the other hand if x 6 N, \\x\\ s:p0,

-y\\2-ka( su
WM.II

W{x,y)^cr\\x-y\\2-ka( sup
W I I I I

if || x - y|| < S, and this inequality, together with the previous one, proves (i). Since
(iii) follows at once from the properties of c and the choice of pr and pi, this
completes the proof. •
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Now we consider, for 2 in a neighbourhood of 0 in C, the flow </> defined by the
differential equation

z = zp/z"'l = z2p-l/\z\2p-2,

p = jn, n = 2, 3 , . . . , and prove

LEMMA 3.3. Let V = Re(z-<o)(z2p'1-co2p-1); then

where as before V(z, w)=limr^0(l/f){ V(<f>t(z), <£,(w))- V(z, at)}.

Proof. V = A + B, where

A = Re (zp/zp~l - w"/(op-1)(z2p-1 - to2"-1)

and

B = (2p-l)Re(z-a>)(z2p-2zp/zp-l-<o2p-2dip/a>p-1).

Since

A>Re (\z\2p + \a>\2"-(\CJ\\Z\2"-1 + \z\\w\2p-1)),

and this expression is non-negative as may easily be shown, the proof will be complete
if we show that

S>|z- W | 2 ( |z | 2 p - 1 + !a>|2p-1)(|z| + |W|)-1 .

We have to show then, that

ReU-wXlzl^MH'^k-^kr'+M^Xkl + Mr1

where r = 2p — 2. This inequality is equivalent to

and except for non-negative factors, the left hand side equals

Re ((|zr-|<o|r)(H | | ))

which is non-negative as we had to show. •

LEMMA 3.4. Let f = <f>i. Then for some K>0,

V(z,co)=V(f(z)J(io))-V(z,a)>K\z-<o\2(\z\2p-1 + \a>\2p-1)(\z\ + \w\r1.

Proof. Since the right hand side of z = z2p~1/\z\2p~2 is Lipschitzian, there exist
positive constants h, k, such that

|<fc(z)-*,(<u)|:Sfc|z-ft>|, |<fc(z)-0,(«)|2:fc|z-ftl|

if 0 < f < l . Therefore, letting P(z, at) = (|z|2p"1 + |w|2p"1)(|z| + |w|)"1, we have that

V(z,t»)=\ V(<f>s(z),<l>s(<o))ds
Jo

P \
Jo
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for some t, 0< t< 1. As \4>,{z)-<j>,((o)\> h\z-u>\ and since

k\z\*\4>,(z)\*h\z\, fc|a>| > |0,(o.)| s fcH,
we can easily obtain the inequality in the statement of the lemma. •

We again consider the diffeomorphism f = 4>i, and assume that in some neighbour-
hood of 0 we have a Lyapunov function W for /, constructed as in lemma 3.2 and
therefore satisfying, for x in some neighbourhood of 0 and y such that dist (x, y)<8
for some fixed 8>0, WsikV, whert V is the function of lemma 3.3. We also
assume that

where x = (xux2),y = (yt, y2) and the Ai>; = Auj(x, y) are functions of class C2p~2+e,
e > 0, such that at x = 0, y = 0, their 2p — 3 jet is trivial. It follows from the lemmas
that, for x and y satisfying the above conditions,

where H(x, y) is a positive definite homogeneous form of order 2p — 2 in the variables
xi, yi, x2, y2. Let g be a homeomorphism close to /, and consider

Wg(x, y) = W(g(x), g(y))- W(x, y)

= W(g(x), g(y)) - W(f(x), /(y)) + Wf(x, y);

we may show by considering the nature of W, that given p > 0 such that {xeR2:
||x||<p}c M, there exist positive numbers e, 5 so that if g(0) = 0and ||(g—/)'(*) || s e
for ||jc||<p, then Wg(x, y)>0, xeB0(P), 0< | |v-x| | < 5.

Now, let / be a pseudo-Anosov map or a 'diffeomorphism' as those considered
in [4] and let sd = {(A,, <pt): i = 1 , . . . , n} be a coordinate atlas for M. Given e > 0,
we shall say that a homeomorphism g:M-*M is C'-e-close to / if for every
x € M, dist (g(x), f{x)) < e and

WWj °g°<pTl-<Pj°f° v r 1 ) ' ^* ) ) ! ! < e

for every i such that xeAh and every / such that f(x), g(x)eAj. (If e is small
enough there always exists such a y.) Now we may state:

THEOREM 3.5. Let f-.M^M be a homeomorphism as those considered in [4] or a
pseudo-Anosov map. There exists e > 0 such that ifg is a homeomorphism Cx-e-close
to f that coincides with f at singular points, then g is conjugate tof.

Proof. By the remark at the end of § 1, corollary 3.1, and [3, lemma 3.3], we have
only to show that there is a Lyapunov function U and a S > 0 such that for any g
satisfying the assumptions of the theorem we have Ug(x, y)>0 if xeM and
0<dist(x, y)<8.

Consider one of the homeomorphisms of [4] or an iterate of a pseudo-Anosov
map such that all its singularities are fixed points. Since at singular points there are
coordinate neighbourhoods such that these 'diffeomorphisms', when expressed in
those coordinates, coincide with the / of lemma 3.4 (see fl], [2], [6]) we only need
to show that there is a Lyapunov function U° (smooth except at singular points)
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such that for y close to x,

U°(x, y) s p(dist (x, y))2 for some p > 0,

provided x lies outside some fixed neighbourhoods of the singular points, and that
for x inside these neighourhoods, it satisfies the assumptions of lemma 3.2 and
condition (*). In fact once we have such a function we define (modulo coordinates),
for x inside the mentioned neighbourhoods, U{x, y) as the W(x, y) of lemma 3.2,
(V being the function of lemma 3.3), and for x outside some smaller neighbourhoods
of the singular points, we define U(x, y) as U°(x, y). By the remarks that follow
the proof of lemma 3.4 it is easy to show that if e > 0 is small enough, there is a
8>0 depending only on e such that Ug(x, y)>0 for xeM, 0<dist (x, y)<8,
provided g satisfies for this e the hypothesis of the theorem.

Let / be a homeomorphism like those considered in [4] obtained by lifting the
Anosov diffeomorphism h: T2-» T2 through the projection w.M^ T2. Let u° be a
quadratic Lyapunov function for h (see [3, p. 194]) and define U°(x, y) by
U°(TT(X), 7r(y)); since, as may easily be shown, U° has the required properties, the
proof is complete in this case.

Now let / be a pseudo-Anosov 'diffeomorphism' and m e Z+ such that all the
singularities of fm are fixed points and all their 'prongs' also remain fixed. We
construct U° for fm in the following way: let x and y be nearby points in M; we
consider the stable (unstable) leaf through y, find its intersection z(£) with the
unstable (stable) leaf through x, and take the transversal measure n(x, y)(ft(x, y))
of the segment [x, z] (resp. [x, £]). Let U°(x, y) = /x2(*, y)-/£2(x, y); it is easy to
check that this U° has all the required properties. Since if gm has expansivity
constant a the same is true for g, the proof is complete. •
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