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Introduction. According to a well-known theorem of alge
bra [ 3 , p . 4 7 j , an integral domain can be embedded in a field, 
called its field of quotients. Every freshman is familiar with 
the simplest form of this theorem concerning the integers and 
the rational numbers . Many generalisations have been given in 
which a "ring of quotients'1 is constructed for a given ring [ e . g . 
6 , 7 , 1 1 , 1 2 , 13J. Of course , we cannot expect a ring of quotients 
to be a field, or even a skew field. As Malcev ^9J has shown, 
there even exist rings without proper divisors of zero which 
cannot be embedded isomorphically in a skew field. The most 
recent construction, by Utumi [.12 J , gives a ring of quotients 
for any ring with zero left annihilator. We show in this paper 
that this construction can be extended to a rb i t r a ry r ings , in fact, 
to a rb i t r a ry modules . The method used is more abs t rac t : a 
fundamental relation between r ings , defined by Utumi in t e rms 
of their e lements , is here replaced by a corresponding relation 
between modules, defined by means of homomorphisms. 

As an i l lustrat ion, let us see how the rational numbers 
can be defined by the method of [ l 2 j , il3] an<3 the present 
paper . 

A rational number may be regarded as a l inear opera tor , 
or par t ia l endomorphism, of the additive group of the in tegers . 
For example, 2/3 is the mapping of the ideal (3), composed of 
the multiples of 3, onto the ideal (2), which sends 3k onto 2k. 
It is easily seen that 2/3, as a par t ia l endomorphism, cannot be 
extended. It is called irreducible [ l J . On the other hand, 4/6, 
which sends 6k onto 4k, can be extended to the irreducible pa r 
tial endomorphism 2/3. This extension is unique; in fact, it can 
easily be shown that any par t ia l endomorphism of the additive 
group of the integers whose domain is a non-zero ideal can be 
extended in one and only one way to an irreducible par t ia l endo
morph i sm. 

How a r e ar i thmetic operations performed when we use 
this definition of the rational numbers? 

Consider for example the addition of 1/6 and 3/10. Their 
domains, (6) and (10), have the intersection (30). Restrict ing 
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the given summands to this domain, we obtain 5/30 + 9/30 = 
14/30, by the usual method of adding homomorphisms . This 
resul t may be extended to the i rreducible par t ia l homomorphism 
7/15, which is therefore the required sum. 

Again, let us consider the multiplication of 35/6 by 10/7. 
We must r e s t r i c t the domain of 10/7 so that its image will be 
contained in the domain (6) of 35/6, that i s , t o \ 7 k \ l 0 k £ (6)] = 
(21). Then we have (35/6) (30/21) = 175/21, by the usual method 
of multiplying homomorphisms . This resul t may be extended to 
the irreducible par t ia l homomorphism 25/3, which is therefore 
the required product . 

When rat ionals a r e defined as l inear ope ra to r s , ra ther 
than as sets of pa i rs of integers [ 3 , p . 4 5 j , the operations of 
addition and multiplication need not be defined by a tour de force, 
but a re a lready determined by the corresponding definitions for 
par t ia l homomorphisms. This has the advantage that the ve r i 
fication of the associat ive and distributive laws requi res little 
or no computation. 

If R is a r ing, and B and A are right R-modules , and if D 
is any R-submodule of B, then an R-homomorphism ^ of D into 
A is called a par t ia l homomorphism from B into A. Its domain, 
image and kernel a re denoted thus: dom$ « D, imci , ker <f> = 
^ d £ D|̂ > d « 0 } . ^ is called i r reducible if it cannot be extended 
to a par t ia l R-homomorphism from B into A, whose domain p ro 
per ly contains D. 

We shall requi re a few well-known facts about par t ia l 
homomorphisms . 

PROPOSITION 0 . 1 . Every par t ia l homomorphism can be 
extended to an i r reducible one. 

Proof. The par t ia l homomophisms from B into A a re pa r 
tially ordered by the inclusion relation between their g raphs . It 
is easily seen that the union of an increasing sequence of such 
graphs is again the graph of a par t ia l homomorphism. The 
existence of i rreducible par t ia l homomorphisms extending a given 
one then follows by Zorn 's Lemma |[2, p.42J . 
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PROPOSITION 0 . 2 . Two partial homomorphisms from 
B into A p o s s e s s a common extension if and only if they coincide 
on the intersect ion of their domains . 

Proof . Let <£ and *j/ be partial homomorphisms from B 
into A, such that j>z = </>z for all z € d o m ^ A domvJ> . Put 

X(x-*.y) = ^ x + + y 
for x e domfi, y e dom \j>. To show that this definition makes 
s e n s e we m u s t verify that equal values of x -»• y imply equal 
values o f ^ x + ^ y . By l ineari ty , this is the s a m e as showing 
that x + y - 0 impl ies ^ x -*-^y - 0 . Now if x + y • 0, then 
y = - x e dom^A domvjj, so that *|> y = £ y « -j6x. It is e a s i l y seen 
that X is a homomorphi sm of domf + d o m ^ into A, extending both 
$ andij* . 

The c o n v e r s e is obvious . 

COROLLARY 0 . 3 . If two partial homomorphi sms from 
B into A coincide on the intersect ion of their domains , then if 
one of them is irreducible it extends the other . 

PROPOSITION 0 . 4 . I f f is an irreducible partial homo
m o r p h i s m from B into A , C a submodule of B such that domtyrsQ 
s 0 , then C = 0 . 

Proof . L e t ^ be the zero mapping of C into A, then vp 
co inc ides with <f> on the intersect ion of their domains (which is 
0) , hence by 0 . 3 C c dom</>, so that C = dom^A C = 0 . 

*• A re lat ion among three m o d u l e s . In sec t ions 1 to 4 , 
R denotes an a s s o c i a t i v e r ing, and A , B , C right R-modules . 
Homomorph i sms and submodules are understood to be 
R - h o m o m o r p h i s m s and R - s u b m o d u l e s . 

Let C be a submodule of B . We write C £ B (A) if every 
homomorphi sm of C into A can be extended uniquely to an i r r e 
ducible partial homomorphism from B into A . That i s , C £i 
B (A) if and only if, for any partial homomorphism (f> from B 
into A , C c k e r ^ impl ies i m ^ = 0 . 

For it is obvious that the f irs t statement impl ies the 
second . A s s u m e the second statement and let<|/,X be two par 
tial homomorphi sms from B into A coinciding on C. Then CÇz 
ker (v|> -7C) and so (<J> - X) ( d o m ^ d o m X ) = 0 . By 0 . 1 and 0 . 2 , 

v|> and?C p o s s e s s a common irreducible ex tens ion . In particular; 
if 4* andX are a lready irreducib le , they must be equal . 
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PROPOSITION 1.1 . (i) B à B (A), 
(ii) if C éz B (A) and D£.A, then C £r B (D). 
( iii) if C ^ B (A) and C £ D S B , then C £: D ( A) and D £ B (A). 
(iv) if A ? A\ B : B ! and C t C , then C £= B (A) if and only 

if C! ib. B1 (A') . 

These proper t ies a re immediate consequences of the defi
nition. 

PROPOSITION 1.2. If C ^r B (A) and ty is a homomorphism 
into B , then vj; " lC ^ ^ " 1 B (A) • 

Proof. Let «J> be a par t ia l homomorphism from ^ ~*B into 
A such that vp " i c c. ker ^. Then, f o r d fc ^ * 1 B , d 6 C implies 
<£ d = 0 . Thus we can define a par t ia l homomorphism $> ! from 
B into A with domain C + \\) dom^ by 4> '( c + v|> d) = <{> d ( c e C, 
d e dom<j> ) . Since $ 'C = 0 and C ^ B (A), therefore im <f> ' 
= 0, and so im<£ = 0. Thus tj> - 1 C ^ Ù> ~lB (A), as was to 
be proved. 

PROPOSITION 1.3. 

(i) if C<= B (A) and D c B, then C^D ^ D (A). 
(ii) if C ^ B (A) and B £: E (A), then C <= E (A), 
(iii) if C £: B (A) and D 6 B (A), then C^D es B (A). 

Proof, (i) is deduced from 1 .2 by letting \|> be the injec
tion of D into B, so that ip - l C a C^D. 

(ii) Let <f) be a par t ia l homomorphism from E into A such 
that C c kerd). By 1. 1 (iii) , C £ d o m ^ B (A), and so <£ (dom^ 
/ > B ) » 0 . But by (i) d o m ^ B £;dom (i(A); hence im<^ - 0 . 

(iii) B y ( i ) , W é D ( A ) , Therefore by (ii) , C^D£= B(A), 

The relation C £= B (A) discussed in this section can also 
be defined in t e r m s of elements ra ther than homomorphisms . 
Let I be the ring obtained from R by formally adjoining the 
in tegers . That is to say, if N is the ring of in tegers , I = R + N 
as a d i rec t sum of modules, with multiplication defined by the 
rule: (r + n) (r1 + n1) • ( r r 1 + n r ' •+ n !r) 4- nn! ( r , r ! £ R;n, n1 e, N). 

PROPOSITION 1.4. C ér B (A) if and only if, for any a e 
A and b e . B , a ^ 0 implies the existence of an i * I such that 

80 

https://doi.org/10.4153/CMB-1958-009-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1958-009-3


bi € C and ai=k 0. 

We omit the proof of this resu l t , as we shall make no use 
of i t . While 1.4 could have been used in the proofs of many p ro 
positions in this paper , we have prefer red to appeal to 1.2 in
stead. 1.4 generalizes the corresponding relation between rings 
given by Utumi. 

2« Rational extensions. By an extension of a module C is 
meant a module B together with an isomorphism of C into B . 
However, there is no harm in assuming that B actually contains 
C. The isomorphism is then the inclusion mapping of C into B, 
and need not be specially mentioned. 

If C £ B and C £ B ' , a homomorphism <h of B into B1 is 
called a homomorphism over C if it induces the identity mapping 
of C. 

Eckmann and Schopf 15l have called B an essential exten
sion of C if D £ B and C/^D » 0 imply D - 0. This is the same 
as saying that the identity mapping of C is an irreducible par t ia l 
homomorphism from B into C. 

For the second statement implies the f irst by 0 .4 . Con
verse ly , let B be an essential extension of C and <f> an irreducible 
par t ia l homomorphism from B into C which extends the identity 
mapping of C. Then C r\ ker <j> - 0, and so ker <f> - 0. If d e 
dom</> then, for some c e . C, >̂ d = c = <£c, hence ^ (d - c) = 0 
and therefore d - c - 0. It follows that dom$ * C, and so the 
identity mapping of C is i r reducible . 

PROPOSITION 2 . 1 . Let A1 be an essent ial extension of A. 
Then C é B (A) if and only if C £ B (A1). 

Proof. Assume C £=. B (A) and let ^ be a par t ia l homo
morphism from B into Af such that C £ ke r^ . By 1. l(i i i) , 
C^ f "1A (A), so that i m ^ A = <£ ($ ~lA) = 0, hence im <£ - 0. 
Therefore C ^ B (A1). 

The converse holds by 1. 1 ( i i) . 

We shall call an extension B of C a rational extension if 
C é B ( B ) , ""• 
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PROPOSITION 2 . 2 . B is a rational extension of C if and 
only if it is an essent ia l extension and C é B (C). 

Proof. Let B be a rat ional extension of C and suppose ! ] 
P S B and CXD = 0. The projection -* of C •+• D onto D is a par t ia l 
endomorphism of B such that IT C - 0. Hence D - im TT = 0 . 
Therefore B is an essent ia l extension. Moreover , C ^ B (C), 
by 1.1 (i i) . 

The converse follows from 2. 1. 

PROPOSITION 2 . 3 . If A é, B (B) and B è C (C), then 
A*= C ( C ) . 

Proof. We have A fr B (B) and B £: C (C). By 2 . 1 , A ^ 
B ( C ) . Hence by 1.3 (ii), A *= C (C). 

PROPOSITION 2 . 4 . If A and B a r e rat ional extensions of 
C, then there exists exactly one i r reducible par t ia l homomorphism 
^AjB over C from A into B . Moreover , if also D is a rat ional 
extension of C, 

(i) ^A,A i s the identity mapping of A, 

(ii) dj$ D°X B c a r i b e extended to C/A,D> 

(iii) rfA,B"X = CTB,A • 

Proof. Since C ^ A (A) we have C k A (C) by 2 . 2 , hence 
C - A (B) by 2 .2 and 2 . 1 . The identity mapping of C is t he r e 
fore extendible to a unique i rreducible par t ia l homomorphism 
tfA,B from A into B . 

Since the identity mapping of A extends the identity map
ping of C, we have ( i) . Since ^ ^ D ^ A j B i s a par t ia l homomor
phism from A into D inducing the identity mapping of C, its 
unique irreducible extension coincides with cX,D, that is (i i) . 
It follows from (i) and (ii) that c^AjBO^A and ^ 3 A^A B c a n D e 

extended to the identity mappings of B and A respect ively . F r o m 
this it is easy to deduce (i i i) . 

Note in par t icular that C^A,B is an i somorphism in conse
quence of (ii i) . 
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PROPOSITION 2 . 5 . If A —* B means that C A > B i s a 
full homomorph i sm, then -* is a quas i -order ing of the rational 
extens ions of C . If we identify two rational extens ions which 
are i somorphic over C, - » b e c o m e s a part ia l order ing . 

Proof . In v iew of 2 . 4 we have 

(i) A - » A , 

(ii) if A -> B and B - * D , then A -> D , 

(iii) A -> B and B -* A if and only if A and B are i s o m o r 
phic over C. 

THEOREM 2 . 6 . Every module C has a m a x i m a l rational 
ex tens ion . 

Proof . In the part ia l ly ordered s y s t e m of 2 . 5 , cons ider 
any ascending sequence of rational extens ions of C: 

B i - » B2 - * B3 -* 

Now the homomorphi sms c f e ^ B i + 1 a r e actual ly i s o m o r p h i s m s 
by 2.4*. Hence , without l o s s of genera l i ty , we m a y a s s u m e 

B i S. B2 V B 3 £ 

Let B be the union of these B i . Then B is a l s o a rational ex ten
s ion of C. For let ^ be a part ial endomorphism of B such that 
C S ker <f> . Given b £ dom^> , we want to show that £ b » 0 . 
Now b e Bi and <̂ b € B i for s o m e i, and ^ induces the partial 
endomorphism ^ i of B{ with domain Bi r\ <f> "*Bi . S ince 
£ i C « <f>C = 0, therefore >̂ b • ^ib = 0 . Thus C £ B ( B ) . 

The e x i s t e n c e of a max imal rational extens ion M now 
fol lows by Zorn's L e m m a |^2 ,p .423 . 

Here "maximal" m e a n s that for any rational extens ion B 
of C, M -* B impl i e s B -> M. In v iew of 2 . 5 we can say that 
M -* B i m p l i e s that B and M are i somorphic over C. Hence M 
is a l s o m a x i m a l in the s e n s e that no proper extension of M i s a 
rat ional extens ion of C. We shal l show later (4 .3 ) that M is 
unique up to i s o m o r p h i s m over C. 

It i s known that there e x i s t s a m a x i m a l e s s e n t i a l extens ion 
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E of C, unique up to isomorphism over C, which contains a 
submodule isomorphic over C to each essent ia l extension of C. 
Moreover E is injective, that i s , every par t ia l homomorphism 
from any module into E can be extended to a full homomorphism. 
This has been shown when R contains a unity by Eckmann and 
Schopf [ 53 , in general by Johnson \_8 J . 

PROPOSITION 2 . 7 . The intersect ion of all kernels of 
endomorphisms of E which contain C is a maximal rat ional ex
tension of C. 

We omit the proof of this proposition as we shall make no 
use of it . While many of the resu l t s in this paper could have 
been deduced from it, we have p re fe r red to keep the paper self-
contained. 

One might perhaps think that the maximal essent ia l exten
sion of a module is itself a rational extension, and therefore a 
maximal rational extension. While this is often the ca se , Utumi 

[12 , ( 1 . 1)J has given an example to show that an essent ia l 
extension need not be ra t ional . We shall p resen t this example 
here : 

Let F be any field, S the ring of polynomials in the inde
te rminate x over F modulo x^. Consider the subring R of S 
generated by 1, x^ and x ^ . It is easy to verify that, regarded 
as an R-module, S is an essent ia l extension of R but not a 
rat ional extension. 

(To be continued) 
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