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Abstract
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Let f € C>(T?) have mean value 0 and consider

sup —
7y closed geodesic |7|

s

where y ranges over all closed geodesics y : S' — T2 and |y| denotes its length. We prove that this
supremum is always attained. Moreover, we can bound the length of the geodesic y attaining the
supremum in terms of the smoothness of the function: for all s > 2,

I 5. (max 10 Al IV A2
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1. Introduction and main result

The purpose of this short note is to discuss an interesting phenomenon: let f be a
smooth function with mean value 0 on T? and suppose we are interested in finding the
largest (absolute) average value f can assume on closed geodesics. More precisely, if
y:S! = T?is a closed geodesic on T2, then we are interested in the maximal possible

size of
1
— f faH!
i J,

where H' is the Hausdorff measure or, since everything is smooth, the usual arc-
length measure and |y| is the length of the geodesic. Our result states that the maximal
value is assumed for a geodesic of finite length and that length can be bounded by the
smoothness of the function.
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Tueorem 1.1. Let f: T? — R be at least s > 2 times differentiable and have mean

value 0. Then
\[del
¥

is assumed for a closed geodesicy : S' — T? of length no more than

1
sup —
v closed geodesic [yl

1° 5o (max 10l 191,111

We believe this to be a rather interesting phenomenon. A priori, it might seem
very implausible. Clearly we can take a closed geodesic y as long as we like, define
f to be, say, 1 on the geodesic and have it assume smaller values everywhere else
(while balancing it in such a way that the mean value is 0). The main result states
that this cannot be done without either introducing very large derivatives or having
the function be so negative as to create shorter geodesics assuming larger extreme
values somewhere else. Or, put differently, smoothness of the function f is enough
to ensure simplicity of the extremising geodesic. We have no reason to believe that
the inequality is sharp but the result is not arbitrarily far away from the truth. If we
consider f(x,y) = sin(x + €y) for some ¢ € N, then the extremising geodesic has length
[yl ~ € while

%3§Ilaaf|ILl(T2) ~0, IVfll,~¢ and Ifl7 ~ 1.

For examples of this type, with functions whose Fourier series is compactly supported,
we can explicitly control the limit s — oo and obtain a sharp result.

CoroLLARY 1.2. Let N € N and let f : T> — R be of the form
f = ) flye™ .

Ikll<N
tffwﬂl
Y

is attained by a closed geodesic y with |y| < N.

Then the supremum

1
su _—
v closed geodesic |7|

The main purpose of this paper is to introduce the phenomenon and ask a simple
question.

Question 1.3. Does such a principle exist on more general compact manifolds? Are
there examples of other geometries where such a bound can be established?

We are not aware of any results in this direction. Variants of our results can
be established on T with d > 3 but the mechanism is the same and will not yield
additional insight into whether this compactness phenomenon is true in a general
context or on other nontoroidal geometries. A result on very general manifolds may
either be false or is likely out of reach since already structural statements about closed
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geodesics are highly nontrivial (see Berger [1, Section 10.4] or Klingenberg [3]).
Possible candidates for examples might be hyperbolic surfaces on which there exists a
suitably accessible description of closed geodesics or groups on which Fourier analysis
is well understood.

2. Proofs

Proor oF THEOREM 1.1. The main idea of the proof is rather simple: we show that
there exists a relatively short geodesic for which the absolute value of the arising
mean value is at least of a certain size. This is done with an averaging argument
and is nonconstructive. The second part of the proof shows that all long geodesics are
uniformly bounded. Throughout the paper, we use A < B to denote A < ¢B for some
universal constant ¢ > 0 and A <, B to denote that the implicit constant depends on s.
We identify T? = [0, 1]> and write

f@) =) Fle b,

kez?

Since we assume that f € CS(TZ) w/igh s > 2, the Fourier series converges. Moreover,
since f has mean value 0, we have £(0,0) = 0. Closed geodesics on T2 can be written
as

y(f) = (at,bt + ¢) where (0,0) # (a,b) € Z* and 0 < ¢ < 1.

We assume henceforth that gcd(a, b) = 1. This implies that the closed geodesic can be
parametrised by 0 < 7 < 1. Moreover, this induces a bijective mapping between closed
geodesics and the set of coprime pairs of integers (a, b) X [0, 1]. We now argue that it
is possible to assume without loss of generality that

2
D Ifk,0) < %

keZ

If this were false, then we consider the function f(x,y) = f(y, x): geodesics over
f correspond to geodesics over f and Plancherel’s theorem implies that the desired
inequality is now satisfied. The integral over a closed geodesic can be written as

1 1 1
|_)1/| f FdH = f Fo(e)) dt = f Z Flhye2m b — f Z Flkye2ritaarslabie) g,
b% 0 0

kez? 0 rez2

1
- f Z Fk) p2rikac 2ritlkya+kab) gy Z Flkr, ko) o2rikac

0 rez2 kax+kab=0

We now interpret this as a function in c. For any fixed (a, b) € Z*> with coprime a, b
and (a, b) # (0, 0), the only solutions to kja + kyb = 0 are given by (ki, kp) = (—db, da),
where d € Z. We will only consider (a, b) # (0,0) for which a # 0: if a =0, then
the representation for the integral over a closed geodesic does not give rise to a
Fourier series but collapses to a number instead. This is not surprising considering
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Ficure 1. Covering lattice points outside the x-axis with lines.

that y(¢) = (at, bt + ¢): if a = 0, then the closed geodesic has length 1 and is invariant
under c (see Figure 1). An application of Plancherel’s theorem yields

2 2
D k)P =] D Fla kel < max Far'|.
kez? kia+k,b=0 L2[0.1] 0zesl b/a,b,c| Yab.c
kya+kyb=0

Now let N € N be a large number to be fixed later. We will sum this inequality over all
geodesics y(t) = (at, bt + ¢) with |a|, |b| < N and a # 0 in such a way that the lines cover
all lattice points outside the x-axis in a radius ~ N. All these geodesics have length
Va® + b*> < 2N. There are ~N? such lines (no improvement over the trivial bound is
possible because asymptotically 6/7% of all lattice points have coprime coordinates).

Altogether, this implies that
1
— f fdH!
v J,

Using our assumption on the amount of L?>-mass on frequencies Z x {0}, we can derive
the weaker inequality

2
> IfRP - s < N max |- ffd‘Hl
=N 2 vl Jy

— — 2
> VPP = 37 17k, OF < N? max .

k=N V=N <2V

2

[yI<2N

We now bound the left-hand side in a way that implies a natural choice for N by
showing that

S i A
2 L
D, VP s—F

KNIV A2 11115
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If the inequality was false, we could reach a contradiction by using

VAR = 4> > WPIF0P =42 > kPIFP
kez? IIk\IZIIVfII,‘zIIfIIZQ
IV £12 _
4n2”f”2—““f2’2 D 0P 2 IV AR g,
LAT? IV A2 10

For the choice N = ||Vf||Lz/||f||L2, we thus derive

A1 A
L L

IfoPR - —=£ >
IIkZI<:N 2 4

Altogether, we have shown the existence of a relatively short geodesic satisfying

2
iffd?{ . A1
vl Jy

VAl
This concludes the first part of the proof.

The second part of the proof shows that sufficiently large geodesics yield integrals
that are always smaller than the lower bound we just obtained. The combination of
those two facts then yields the desired outcome. Consider the ‘long’ closed geodesic
v(t) = (at, bt + ¢). Here, ‘long’ means that Va2 + b2 is large, as embedded in a one-
parameter family y, indexed by ¢ (we can assume that a # 0 # b since the geodesic has
length 1 otherwise). We will assume without loss of generality that a > b: if that is not
the case, then we run the subsequent argument on f(x,y) = f(v, x). (The subsequent
argument only uses bounds on the Fourier coefficients of f that are radial and has no
preferred directions.) We know that, averaged over ¢, the mean value of the average
value over vy, is 0 and we want to show that it can never be very large. Moreover, since

1

ma
IV Ail2 1075

y(t) = (at, bt + ¢),

there is a periodicity in ¢ with period < |y|~! because the geodesic crosses the x-axis
at least ~ |y| times at equally spaced intervals because a > b. We now use a standard
estimate for periodic functions g : T — R with mean value O: there exists at least one
point for which g(xp) = 0. Then

g(0)? = g(0)? - g(xp)* = f

Xo

d * ’ ’
d—yg(y)2 dy =2 f 80E ) dy < 2llgllr2x w8 22,0+

Xo

The periodicity in ¢ implies that we can pick the point x at distance < |y|~! from x and
thus

1
2lIgll 2 018 20000 S m”g”Lz(T)”g,“LZ(T)-

Therefore, since x was completely arbitrary,

1 1/2 ml/2
Igllimco) < sl o8y
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This implies that

max — f far'|=|l >, flger
0<es<1 [Yapell Jy,,. koTih=0 L2[0.1]
1 . 1/4
s Y kP
|7| kia+kab=0
— 1/4
(D WalPift k)P
kiatkab=0

We bound these quantities by invoking uniform bounds on the Fourier coefficients of
C’ functions: for any s > 1,

maXg|=s ||6af||L‘
lIKI*
Using this uniform estimate, we obtain the following bound for the first term:

D1 ftk k) = > If(-db,da)?

kia+kab=0 dez
d#0

1 1
<s 0 ) &5 (@ + b2)*
(rlnlax 100 Sl dZEZ: d?s (a® + b2)
d#0

(maxloz\zs ||aaf”L‘ )2
= (@ + by

(k)] <

The same kind of estimate can be applied to the second term and results in

D1 kPIfta k)P = ) daf(~db,da)?

kya+k,b=0 deZ
d#0

1
<, (Ilgi?naafny) > TS

deZ
d#0

(maxla\:s ”aozf”L' )2
~S (az + bZ)s—l ’

where the last step requires s > 2. For s > 2, these two bounds imply that

maxXiq|=s ||6af“L1
L70.1] ~S (az + b2)s/2

ﬁ k) e27rikzc

kia+ko,b=0

Since a, b have no common divisors, the length of a closed geodesic indexed by
v(t) = (at, bt + ¢) is Va? + b2. Altogether, this implies the uniform estimate

sl

maxlal K ||6(lf“Ll

yl®
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This allows us to find a critical length beyond which geodesics are bound to be
suboptimal by solving for

2

maxiq)= [0 fll2! - A1
~S s

[yl* IV £l.2

which yields the desired result. o

Proor or CoroLLARY 1.2. The main result states that
-2
1° 5o (max 10l 191,112

For functions

fo= )" Flkye 9,

lIkll<N

the quantity maxy=s [|0, fllz1 can be controlled fairly well. Assume that a = (@1, @2)
with @) + @, = s. Then, using the triangle inequality and the Cauchy—Schwarz

inequality,
1efll = || D KPR FRETED| < N kol FR)
IkI<N B i<
SN TRl S NIl
<N

It remains to compute the implicit constant in <y, which is known [2, Theorem 3.2.9]
to grow at most like ¢* for a universal constant ¢ > 0. Letting s — oo then implies
the result. In fact, a stronger statement is true (and would yield a simple alternative
proof). The main algebraic identity shows that all longer closed geodesics are actually
orthogonal to f and always yield 0. O
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