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A note on simultaneous approximation

J. M. Mack

We observe that goodrsimultaneous rational approximations to
given rationally dependent real numbers must satisfy the same

rational dependence relationships as do the given numbers.

If 61, ...y en (n =2 2) are given real numbers, one can always find

integers pj, «.., pn, q , with g arbitrarily large, such that
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Sets of rational fractions PR ??- satisfying (1) are called good

simultaneous approximations to ©6;, ..., en .

If 1, 03, ..., 6n are linearly dependent over the rational field,

we note here a simple general result connecting good simultaneous

approximations to 8;, ..., Gn with the dependence relations satisfied
by these numbers. Namely, we prove the
LEMMA. Suppose the n real mumbers 0, ..., 6, satisfy r linear

relations

n
2 aijej = bi (=1, ..., 7),

g=1
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where the a;; are not all zero, and the a;; and bi are integers.
Then there exists a constant ¢ > 0 , depending on the a;: s such that

the following statement is true:

., Pl Py ,
if 573 veey 7;- ij integers, q > 0 an Lnteger) satisfy
max |q6j - pjl <e,
J
then
n D
Voa.L=b, (i1=1, ..., 7).

= ij q T

That is, simultaneous rational approximations to a set of rationally
dependent real numbers either satisfy the same rational dependence

relationships or else must be very bad approximations.

The proof is simple. We have, for each Z =1, ..., r ,

e~

n
Loagpy =y + Loag;lyady) s

and so

- < .,
e 1 lagl
Thus if we choose for ¢ any positive number less than or equal to

En§x .g |aijl] ’ ,» the left hand side of the above inequality is an
1 g=1
integer with absolute value less than 1 and so vanishes.
This result is relevant to the problem of constructing satisfactory
higher dimensional generalisations of the continued fraction algorithm.
We see that no such generalisation can be expected to produce good
simultaneous rational approximations to sets of 7 = 2 arbitrarily chosen

real numbers unless it is able to recognise all rational dependence
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relationships connecting the numbers. A particular instance of this
observation is implicit in Perron's investigation of the generalised

Jacobi algorithm (see [23, §87, 8 and [1], Kap. 14, Nr 7).
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