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Abstract

We consider spectral radius algebras associated with Cy contractions. When the operator A is algebraic,
we describe all invariant subspaces that are common for operators in its spectral radius algebra 4. When
the operator A is not algebraic, B, is weakly dense and we characterize a set of rank-one operators in By
that is weakly dense in L(H).
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1. Introduction

Denote by L(H) the algebra of all bounded linear operators on a complex Hilbert
space H. Given an operator A € L(H) with spectral radius r, we define a sequence
of positive numbers d,, (or d,,(A)) by d, =m/(1 +rm), and we note that, for
each m €N, the series Y oo d2" A*" A" converges in the norm topology to a
positive invertible operator. We denote by R, (or R, (A)), its positive square root
(O a2 A" AmMY2 . The spectral radius algebra By consists of all operators
T € L(H) such that sup,,y ||RmTR,;1 | <oo. The study of these algebras started
in [6] where it was shown that, when A is compact, the algebra B4 has a nontrivial
invariant subspace. A similar result followed for some normal operators [3]. A major
role in these results was played by the ideal Q4 = {T : ||R), TR,;1 | — 0}. We state
the facts that are used in this paper and direct the reader to the articles [2-9] for more
information.

PROPOSITION 1.1. Let A be an operator in L(H). If AT = ATA, where A € C and
M| <1, then T € Ba. In particular, the commutant {AY C Ba. If there exists a
nonzero compact operator in Q 4, then B has a nontrivial invariant subspace. Finally,
Bs = L(H) if and only if the operator A is similar to a constant multiple of an
isometry.
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A contraction A is completely nonunitary if there is no invariant subspace M for
A such that A|, is a unitary operator. A completely nonunitary contraction A is said
to be of class C if there exists a nonzero function 2 € H such that h(A) = 0. The
inner function v such that vH* = {u € H* : u(A) = 0} is the minimal function of A
and is denoted by m4. The operator A is algebraic if there is a polynomial p such that
p(A)=0.

One of the most studied concrete Hilbert spaces is the Hardy space H?2, and one of
the best-understood operators is the unilateral shift. Throughout the paper we use S to
denote the forward unilateral shift of multiplicity 1, and {e, }> , the orthonormal basis
such that Se,, = e,,+1 when n > 0. It is known that S may be viewed as multiplication
by z on H?. A classical result of Beurling states that every invariant subspace of §
is of the form OH? for some inner function 6. The compression of S to H? & 6H?
is called a Jordan block. This subspace is denoted by #(6) and the compression in
question by S(0).

At this stage it is useful to point out that the term Jordan block has a different
meaning in linear algebra. For example, if 0(z) = 1y (z)z,u,g (z)? for all z € C, where
the Mobius transformation is given by w; (z) = (z — 1)/(1 — 2z), then S(0) acts on a
space of dimension five and is a direct sum of two Jordan blocks. To avoid confusion,
we will say that, in this example, S(0) is a direct sum of two simple Jordan blocks.

This paper may be viewed as a sequel to [9]. We continue the study of spectral
radius algebras associated with Cyp contractions. However, in the previous paper, the
emphasis was on establishing that the inclusion {A} C By is proper. Here, our focus
is on the structure of the algebra B4. In particular, we show that there are significant
differences between the cases when my is a finite Blaschke product and when it is not.
In the latter case, By is always weakly dense in £(H). (Throughout the paper, density
will always mean weak density.) We establish this fact by characterizing the set of
rank-one operators in B4 and by showing that its (finite) span is dense in £(7{). This
set is more easily understood in the case when A = S(0) (Theorem 2.4) and less so
for a general contraction of class Cy (Theorem 4.3). The case where A is algebraic is
studied using mostly finite-dimensional tools. For such an operator, the quasisimilarity
model S(®) is a (possibly infinite) direct sum €, S(6x), but each operator S(6) acts
on a finite-dimensional space. Therefore, S(®) is similar to a direct sum of simple
Jordan blocks and, moreover, S(®) = S(®1) ® S(®2) where S(®,) contains all the
blocks with maximal eigenvalues (that is, of absolute value equal to the spectral radius
of A). Our main result for algebraic Cy contractions (Theorem 4.6) is that if, relative

to this decomposition,
(T Tr
T = <T3 T4> IS BS(@)),

then 73 = 0 and T; consists of upper triangular blocks, relative to the representation of
S(®3) as a direct sum of simple Jordan blocks.

The organization of this paper is as follows. In Sections 2 and 3 we investigate
the basic Cg contraction S(6). In Section 2 we consider the case where 6 is not
a finite Blaschke product. We show that Bg) is weakly dense in L£L(F#(0)) and
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characterize a set of rank-one operators with dense span that it contains (Theorem 2.4).
In Section 3 we study the Jordan block S(6), where 6 is a finite Blaschke product, so
that S(@) acts on a finite-dimensional space. As a first step we show that if S(6)
is a simple Jordan block, then Bg) is the algebra of all upper triangular matrices
(Theorem 3.4). We then consider a more general situation, where S(0) is a direct
sum of simple Jordan blocks but the corresponding eigenvalues are all of the same
absolute value. In this case, T € Bg) if and only if T is a block matrix (relative
to the same decomposition), in which each block is upper triangular (Corollary 3.7).
The main result of this section (Theorem 3.10) takes care of the most general S(6),
a direct sum of simple Jordan blocks with no restriction on their eigenvalues, and gives
a complete characterization of operators in Bg). In Section 4, we consider general
Cy contractions and we describe the corresponding spectral radius algebras. We use a
quasisimilarity model for A € Cop and we show that relevant properties are preserved
under quasisimilarity. In particular, it turns out that the structure of B4 depends on
whether the minimal function my is a finite Blaschke product or not. In the latter case,
we get the analogue of Theorem 2.4, namely, B4 contains a set of rank-one operators
with dense span (Theorem 4.3). When my is a finite Blaschke product, we obtain a
complete characterization of 54 (Theorem 4.6), analogous to that in Section 3.

2. Jordan blocks on infinite-dimensional spaces

In this section, we consider the operators S(6), where 6 is an inner function that
is not a finite Blaschke product. This implies that #(6) is an infinite-dimensional
subspace of H>. We demonstrate that, in this situation, the algebra By is dense in
L(F(0)) because it contains a set of rank-one operators with dense span. We make
use of two operators acting on H2. When f = D k-0 Jrek € H 2 we define

Df =) Vkfrermr and Jf =) (fi/NVk+ Desr.

k>1 k>0
Although D is an unbounded operator on H?, it is not hard to see that the operator
DJ* is bounded. We start by introducing an important dense subset of #(6).

PROPOSITION 2.1. Let 6 be an inner function that is not a finite Blaschke product,
andlet N = {u € #(#) : Du € H2}. Then the set N is dense in F(0).

PROOF. Suppose, to the contrary, that there exists & € J(6) such that 2 L A/. Note
that, if g is any function satisfying g L J(9H?), then J*g € N. Therefore h L J*g
and Jh L g, which implies that J% belongs to the closure of J(6H 2). In other words,
there exists a sequence of polynomials {p,} such that J(@p,) — Jh in the norm of
H?2. Moreover, J @pn —h) > Oweakly. Let f e H 2 Then

{Opn —h, J*f)=(JOpa — h), f) — 0.

Since the range of J* is dense, it follows that 6p, — h — 0 weakly. In particular,
(@pn — h, Bv)y — 0 for all v e H?. But (h, Ov) =0, so (@pn, Ov) — 0. Taking into
account that multiplication by € is an isometry, we see that (p,, v) — 0, that is,
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the sequence p, converges weakly to 0. Consequently, the same is true of J(6p,).
However, J(0p,) — Jh, and it follows that Jh =0, and hence that » =0. We
conclude that V is dense in #(0). O

Next we demonstrate the relevance of A

THEOREM 2.2. Let 6 be an inner function that is not a finite Blaschke product. A
rank-one operator u ® v is in By~ if and only if u € N.

PROOF. Suppose first that u € N. Since [|R,(u ® v)R, || = |Ruull| R, v| and
IR, 1| <1 hold universally, it suffices to show that sup,, || R, (S(0)*)u|l < co. The
assumption on 6 guarantees that the spectral radius (S(0)) is equal to 1, so

dn(S0)) =dpn(S*) =m/(m + 1).
Relative to the decomposition H 2—0H?® H(9),

2 ®y * *

m

while # may be identified with w = 0 @ u. Clearly,
(R2(SHw, w) = (RE(SO)")u, u),

SO |Ru(SHw| = [|Rn(S@)*)ull. In order to prove that sup,, || Ry (S*)w]| < oo,
we note that R, (S*) may be represented in the basis {ex} as a diagonal matrix
diag(am.0, Wm.1, - - .) Where g = 1 +d2 +dt + - - -+ d2*. Now

Ry (S )w = Rp(S*) Y wier =Y wiRu(S*)ex =Y wiam kex

and
IR (SHYwI* =D lwgPlem > <D fwrl*(k + 1).

Since Dw = Du € H?, the last series converges, which shows that the condition
u € NV is sufficient and in addition that the algebra Bg)+ contains the set N @ #(6),
which is dense in the set of all rank-one operators on #(6). Consequently, Bg) is
dense in L(F(0)).

Suppose now that u ® v € Bg()*. Then ||R,, (S(O)*)u]| ||R,;1 (S@*v]| is
a bounded sequence, so sup,, ||[R,(S(O)")ul <oo or lim, ||R,51(S(9)*)v|| =0.
However, the latter is impossible. Indeed, if there exists such a nonzero vector v, then
| R (S(6)*)ug| ||R;1 (SO)*)v|| = 0 for all up € N. In other words, ug @ v € Qo)
and it would follow from Proposition 1.1 that the algebra Bg)+ has a nontrivial
invariant subspace, contradicting the fact that it is dense. Thus, || R, (S(6)*)u| must
be bounded and, as above, if w =0 @ u, then sup,, || R (S*)w|| < oo. Consequently,
there exists M > 0 such that ) |wk|2|am,k|2 < M for all m € N. Since the last series
converges uniformly in m, we may pass to the limit as m — co. We obtain that

> |wg|?(k + 1) < M, which implies that Dw € H> andu € V. O
As a consequence of Proposition 2.1 and Theorem 2.2 we obtain the following
characterization.
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THEOREM 2.3. Let 0 be an inner function that is not a finite Blaschke product. Then
the algebra Bsg)+ is dense in L(H(0)). Moreover, it contains a set of rank-one
operators with dense span, and u @ v € Bsgy+ if and only if u € N, with N as in
Proposition 2.1.

In order to describe Bg), we employ a connection between the Jordan block
S(0) and the operator S (5)*, where 0 (z) = 0(z). We recall (see [1, Corollary 3.1.7])
that there exists a unitary operator U : #(0) — H (0) such that S(6)*U = US(®).
Further, [3, Theorem 2.4] implies that there exists an isomorphism ¢ : Bsg) — Bs)*,
defined by U(X) = UXU*. Using Theorem 2.3, we obtain that Bg) is dense. We
omit the proof since it is straightforward.

THEOREM 2.4. Let 0 be an inner function that is not a finite Blaschke product and let
N’ ={ue H(O): DUu € H?}. Then the algebra By is weakly dense in L(H(6)).
Moreover, it contains a dense set of rank-one operators and u ® v € Bgg) if and only
ifu € N', where U is the unitary operator such that S(é)*U =US@0).

REMARK 2.5. In [1, Exercise 5, p. 42] the operator U is given explicitly. Using this
formula, a short calculation shows that the condition DUu € H? may be written as

2
Z m Z 9m+j+luj

< 00,
m=>1 j=0

where ) and uy are Taylor coefficients of 0 and u, respectively.

3. Jordan blocks on finite-dimensional spaces

We now turn our attention to the case where 0 is a finite Blaschke product, and
S(0) acts on a finite-dimensional space. In this situation, S(8) may be represented as
a direct sum of simple Jordan blocks. More precisely, S(0) = @"_, Jy,;, where

o 1
o 1
Jo; =
o 1
o
We start with the case where n = 1. The following analysis is based on results and
techniques from [4]. We review them here in order to make the article self-contained.

LEMMA 3.1 (See [4, Lemma 4.5]). Let |x| <1 and let si(x) = thio nkx". Then
sk (x) is a polynomial of degree k + 1 in (1 — x)~!, whose leading coefficient is k!.

PROPOSITION 3.2 (See [4, Proposition 4.6]). Let B be the n x n matrix whose
(i, Hthentryis ("t7), when 0 <i, j <n — 1. Then det(B) = 1.

i
Next we present a result that is a combination of [4, Theorem 4.7] and a fact that
may be found in its proof. Following [4], we denote 1/(1 — |a|2d,%l) by Au.
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THEOREM 3.3. Let o be a nonzero complex number and let J, be the simple N x N
Jordan block with eigenvalue «. If Ry, = R, (Jy), then the (i, j)th entry of R,i is
a polynomial in A, of degree i + j + 1. Also, det(R,,) is a polynomial (in A,,) of
degree N2. Finally, the (j, j)th entry of anz is a rational function P(A;)/0n),
where P and Q are polynomials of degrees N*> — 2j — 1 and N?, respectively.

PROOF. Note that A" is an upper triangular Toeplitz matrix whose (k, j)th entry is
(jfk) o"tk=J when 0 < j —k <n and 0 if j <k or j —k > n. Consequently, the
(i, j)th entry of A*" A" is

min{i, j}
Z ( n >&n+k—i< . n )an—k—k—j.
= \i- k j—k

It is not hard to see that this expression may be written as a sum of terms
cnl o2k /aiad, where 0 <1 <i + j, and ¢;1; = ||?"/(i!j'@ a/) (consider what
happens when k = 0). It follows that the (i, j)th entry of R,i satisfies

(Ra)ij =Y dp o™ /G j i@ al) + pitj-1(n)),

n>0

and, using Lemma 3.1, we deduce that
L i i itjtl
(Ra)ij = (i + DY@ a ) A + g j Oum),

where ¢; ; is a polynomial of degree at most i + j.

To prove the second assertion, note that the determinant of R,, is a polynomial
in A,. When polynomial is calculated, its leading term is obtained without using
the nonleading terms in any of the entries of R,,. Thus, we concentrate on the
matrix F;,, whose (i, j)th entry is (iJlTj ) )Jnﬂ +1 / (@' /). This matrix may be written as
a product G,, BL,,, where G, stands for the diagonal matrix diag()»in /Ei )i>0, while
L, = diag()»in“/ai)izo and B is the matrix with (i, j)th entry (i‘iH ) A calculation
shows that

det(GmBLy) =AY det(B)|a/N V.

The result now follows from Proposition 3.2.

Finally, we turn our attention to the (j, j)th entry of R,;z. It is known that this
entry may be calculated by dividing the appropriate cofactor A,, by the determinant
of R2. Let F!,, G, B', and L! denote the matrices Fy,, G,,, B, and L,, with the
jth rows and columns deleted. The determinant A,, (obtained by deleting the jth row
and column from det(R2)) is a polynomial, and in order to calculate its leading term,
we need to consider only the matrix F,. It is not hard to see that F,, = G|, B'L],, so
det(F,,) = det(G),) det(B’) det(L,,). Now,

det(Gly) = (A /@) T2 TN =D=T = (3, sg) N =DN/2=J
det(L!,) = A NVFD2=GHD o (N=DN/2—)
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Of course, det(B’) is independent of m, and so A, is a polynomial of degree
N?—(@2j+1). Consequently ||anlej I? is a rational function P/Q, where deg(P) =
N? —2j — 1 and deg(Q) = N2. O

We can now describe the algebra B, .

THEOREM 3.4. The spectral radius algebra associated with a simple Jordan block J,,
is the algebra of all upper triangular matrices.

PROOF. We consider separately the cases where o # 0 and o = 0. Take o # 0 and
Jo of size N x N, and let eq, ej, €2, ..., ey—1 be the corresponding basis for CN.
It suffices to show that the rank-one operator ¢; ® e; belongs to By, if and only if
i < j.Indeed, any upper triangular matrix is a finite linear combination of these rank-
one operators. On the other hand, let A = (a;;); if A€ B,,, thene; @ ¢jAe; ® e; =
ajje; ® ej € By, too, and a;; # 0 only wheni < j.

By definition, ¢; ® e; € By, if and only if sup,, | R;,(e; ® €;)R

1 .
|l < 0o. Since

[ Rm(ei ® ¢))Ry | = [IRmeilllI R, e,

we can determine when ||Rme,-||||R,gle.,-|| is bounded. Note that ||Ryeil>=
(R2e;, ¢;), the (i, i)th entry of R2, and similarly, |R,,'e;|1? is equal to the (j, j)th

m?

entry of R,;Z. By Theorem 3.3, | Ry, ¢; ||2||R,;16j |2 is a rational function I3/Q, where
deg(P)= Qi+ 1)+ (N> —=2j —1)=N>+2i—2j and deg(Q)=N>.

If m — oo, then dy, — 1/7(Jg) = 1/]at|, 50 Ay — 00. Therefore || Rye;[*[|R,, e;l|?
is bounded if and only if i < j.

The case where o = 0 leads to a different form for R,,. Let Jy be the simple Jordan
block of size N x N corresponding to the eigenvalue @ = 0. A calculation shows that

R, = diag(l, U1y U2y oo v s O5m,N—l)a

where ok = (1+d3 + - -+ d2)V2 T T = (1)), then R, TR, = (@ itije,, ).
Since the spectral radius of Jy is 0, it follows that d,,, = m and «;,,  — 00 as m — 0.
Consequently, T € By, if and only if #;; =0 for i > j, that is, if and only if 7" is an
upper triangular matrix. O

Next we consider a slightly more complicated scenario: we allow 6 to have more
than one zero, but require that they all be of the same modulus. The corresponding
operator S(0) is then a direct sum of simple Jordan blocks, which need not be of the
same size. Thus, in the block representation of the matrix for this operator, the off-
diagonal blocks may be rectangular. We extend the meaning of an upper triangular
matrix to apply to such blocks. Namely, if A = (a;;)1<i<n,1<j<m, then we say that A
is upper triangular if a;; = 0 whenever i > j. Similarly, we say that A is diagonal if
a;j =0 for i # j. Now we can prove an extension of Theorem 3.4.

THEOREM 3.5. Let N and K be positive integers, and let J, and Jg be simple
Jordan blocks of sizes N x N and K x K with eigenvalues o and B, and suppose
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that lo| = |B|. If J = Jy @ Jg and {ek},i\’:"z)K_l is the corresponding basis for CN*tK,
then e; ® ej € By if and only if i and j satisfy: i <j when 0<i, j <N —1 or
N<i,j<N+K-1;i<j—Nwhen0<i<N—-1land N<j<N+K-—1;
i<j+Nwhen N<i<N+K—-1and 0<j <N — 1. In other words, a block
matrix T = (2 %) belongs to By if and only if each of the four blocks is upper
triangular.

PROOF. We note that R;,(J) = Ry, (Jy) @ Ryu(Jg) so the estimates for | Rei |1
depend on whether i <N — 1 or i > N. Using the same computations as in the
proof of Theorem 3.4, together with the fact that the quantity A,, depends only on
the modulus of the eigenvalue, we see, when « # 0, that ||R,e; |2 is a polynomial
of degree 2i + 1if0<i <N —1lor2(i — N)+1if N <i <N + K — 1. Similarly,
||anlej |? is a rational function P/Q, where

N2 —-2j—1 ifo<j<N-—1

deg(P) =
e(P) {NLQU—N%J fN<j<N+K-—1,

and the degree of Q is N2. The rest of the proof, including the case where o = 0, is
straightforward. O

REMARK 3.6. If the ordered basis {ex} is replaced by its permutation

€0, €N, €1, eN+l9 ce e, €K1, eN-‘rK—lv €K, eK—‘rlv ey EN—1,

then the matrix for 7 becomes an N x K block upper triangular matrix. (We have
assumed that N > K. A similar permutation may be written if N < K.)

It is easy to see that Theorem 3.5 and the previous remark may be extended to the
case where 0 has any finite number of zeros of the same absolute value.

COROLLARY 3.7. Let J =Jo @ Jo, ® - - - ® Ju,, Where |ax| =0 and the simple
Jordan block Jy, is of dimension Ny x Ny when 1 <k <n. If we set N =Nj+
No+---+ Ny, and the operator T is of the form (Tij)?,jzy then T € By
if and only if each block T;j is an upper triangular N; X N; matrix. Furthermore,
if the ordered basis {ey} is replaced by its permutation

€0, €N1, esz L] eNn,17 €l, eN1+17 eN2+17 LR eN,,,]-‘r]a L]

then an operator T € By if and only if it is block upper triangular relative to the new
basis.

It remains to consider the situation in which the zeros of 6 may be of different
absolute values. Here we prove a more general result, which is true regardless of the
dimension of the Hilbert space.

PROPOSITION 3.8. Let Ay € L(Hy) where k=1,2 and r(A1) <r(Ay), and let
A=A ® Ay. Suppose that there exists an orthonormal basis {e,} of Hy such that
e; ®e; € By, andlimy, || R, (A2)e; || = oo wheni > 0. If T is an operator on H1 @ H>
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n T,
;5 Ty
relative to this decomposition, then T € B, if and only if T3 =0 and T4 € Ba,.

PROOF. Let Cpy =Y, dmn(A)?" A" A7, Note that R2(A) = C,, ® R2 (A7) since
dn(A) =d;,(Az). The inequality r (A1) < r(A;) implies that the sequence Cj,; is norm
bounded. Since C,, > 1 and R,Zn(Az) > 1, we see that C,;l and R,;l(Az) are con-
tractions. Consequently, sup,, |Cy, T} C,;lll < oo and sup,, [|CnT2 Ry (A7)~ < o0
for all T1 and T5. Further, |R;;,(A2)T4 Ry, (Ay)~1 || is bounded if and only if 74 € By4.
Finally, let {e,} be the basis as stipulated, and let (#;;) be the matrix for T3, relative to
the same basis {e,} for both H; and H>. (When N = dim(H) < dim(H>) the basis
of Hy is {en}n<n; when dim(H1) > dim(H>) the basis of H; is obtained by extending
{en} to an arbitrary orthonormal basis.) We note that

0 0 ' Th\(ej®e; 0\ 0 0 3.0
0 Qe J\T3 T4 0 o) tijei®e;j 0) )

If T € By, then in (3.1), all T;; € By, and it follows that || R (A2)tije; ® ¢;C,, | is a
bounded sequence. However, C ;1 > 1and lim,, ||R;;(A2)e;|| =00 sotjj =0foralli
and j, and hence T3 = 0. Since the other direction is trivial, the proof is complete. O

with matrix

REMARK 3.9. The existence of an orthonormal basis satisfying the conditions listed
in Proposition 3.8 is essential for the conclusion that 73 = 0. Indeed, if A, =06 1
and 73 =1 & 0, then R,,(A>)T3 = T3, whence the boundedness of C,;l implies that
sup,, || R (A2)T3C;; | < oo

We now establish the most general result for the case where S(8) acts on a finite-
dimensional space.

THEOREM 3.10. Let Ni, N2, ..., N, and K1, K3, ..., K,, be positive integers,
let N=Ny+---+ Ny and K=K +---+ Ky, and let {o;}_, and {,8};'.1=1 be
sequences of complex numbers such that

lat] <ol <--- <lonl < |Bil=1B2l ="+ =Bml

Suppose that simple Jordan blocks Jo, and Jg; are of dimensions N; x N; and
K; x K respectively, and let J denote Jy ® Jg, where Jy = Jy @ - - - @ Jy, and
Jg=Jp, @ - ® Jp,. Relative to the decomposition CNTK = CN @ CK, et

(N T
T_<T3 T4>.
ThenTeBJifandonlyifT3=OandT4ijﬂ.

PROOF. Clearly r(Jo) <r(Jg) and ¢; ® ¢; € B, by Corollary 3.7. Furthermore,
limy, || Rye;||> = lim,, (R e;, e;) = 0o, by Theorem 3.3. The result now follows from

Proposition 3.8. O
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4. Operators of class Cy

In the remainder of the paper we apply the results about Jordan blocks to describe
By for all A € Cy. From [1, Theorem 3.5.1], there exist inner functions {6;} and
Hilbert spaces Hy such that 6;41|6x and A is quasisimilar to a direct sum of Jordan
blocks S(®) = P, S(6), acting on P, Hy. Therefore, we need to establish some
ties between spectral radius algebras associated with quasisimilar operators. We start
with a result from [9]. Recall that an operator Z € L(H) is a quasiaffinity if it has
trivial kernel and dense range.

LEMMA 4.1. Suppose that A and B are quasisimilar Cqy contractions and let Y, Z be
quasiaffinities such that AY =YBand ZA=BZ. If T € Bp, then YTZ € By.

We now establish a much stronger result.

THEOREM 4.2. Suppose that A and B are quasisimilar Cqy contractions and let Y, Z
be quasiaffinities such that AY = YBand ZA = BZ. Then B4 is weakly dense in L(H)
if and only if the same is true of Bp. Moreover, if one of the algebras possesses a set of
rank-one operators with a dense span, then so does the other. In fact, if there is a dense
set N such that sup,, |R,, (A)u|| < oo for all u € N, then sup,, | R, (B)w| < oo for
all w in the dense set ZN'. On the other hand, if one of the algebras has a nontrivial
invariant subspace, then the same is true of the other algebra.

PROOF. Suppose that B is dense. It suffices to show that the weak closure of B4
contains all rank-one operators in L(H), because the closure of B4 is an algebra
that contains all finite rank operators, and hence is dense. So let € > 0, and let
W be a rank-one operator in £(H). Since Y and Z* have dense ranges, there
are u, v € H such that W) =Yu ® Z*v satisfies |{((W; — W)x, y)| < €|lx]||ly] for
all x, y e H. Also, Bp is dense, hence there exists an operator W, € Bp such that
{((Wy —u®@v)x, y)| <e€|lx]|||ly|l forall x, y e H. By Lemma 4.1, YW,Z € B4 and it
is easy to see that

Y WaZ = W)x, y)| < eI ZIIIY ]| + DIlx [yl

whence B4 is dense in L(H). Also, if W, is a finite-rank operator, then so is Y W, Z.
This shows that if {uy ® vy} is a collection of rank-one operators with dense span,
then the same is true of {Y (uy ® vy)Z}. Finally, since A and B share the same
quasisimilarity model, they have the same spectral radius and thus d,,(A) = d,,(B).
Since ||B"Z|| = [|ZA"|| < | Z||[|A" ||, we obtain that || Ry, (B) Zu|l < | Z|[| Rm (A)ull.
We now turn our attention to the existence of an invariant subspace. This part of the
proof is based on the proof of [10, Theorem 6.19]. Let M 4 be an invariant subspace
for B4. We define the subspace M p to be the closure of {TZx : x € My, T € Bp}.
Since Bp is an algebra, it is easy to see that M p is invariant for 5g. Clearly M p # {0},
o it remains to prove that Mp is not the whole space. To that end, we show that
Y{TZx:x e My, T € Bg} C My, whence the result follows from the fact that Y
has dense range, except that the last inclusion follows from the facts that YT Z € B4
and M 4 is invariant for B4. O
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With Theorem 4.2 in hand, we proceed to analyze the operator S(®). It turns out
that, as before, there are two very different cases, depending on the type of the minimal
function of A. We present these results separately, in Theorems 4.3 and 4.6.

THEOREM 4.3. Let A be a Cy contraction and let my be its minimal function. If my is
not a finite Blaschke product, then the algebra B 4 contains a set of rank-one operators
with a dense span, so it is dense.

PROOF. Suppose first that none of the functions 6 in the quasisimilarity model S(®),
defined to be P S(6k), is a finite Blaschke product. By Theorem 2.4, for each
k there is a dense set of vectors Ny C Hy such that sup,, || Ry (S(6x)u| < oo for all
u € N. Define the subset N of @, oy Ni as follows: if x = P oy Xk € By Nis
then x € A if there are at most a finite number of k such that x; # 0. Then A is
dense in @, Hy and sup,, [|Rn(S(®))u| < oo for all u € N'. Further, if Y, Z are
quasiaffinities such that S(®)Y = YA and ZS(®) = AZ, then ZN is dense and, by
Theorem 4.2, it follows that sup,, || R, (A)w| < oo forall w € ZN.

Thus, we turn our attention to the case where there exists ky > O such that 6 is
a finite Blaschke product for k > ko but not for k < kp. In this situation, we use
the notation S(®) = ®kzko S(6) and S(O;) = EBk<k0 S(k), so S(®) =S(O)
S(®7). Note that r(S(01)) < r(S(©)) =1.If

(T T
T = <T3 T4> € Bso)
(relative to the same decomposition), then it follows as in the proof of Proposition 3.8
that 73 and 74 must satisfy the conditions

Sup || Ry (S(@2) T3 R, (S(©1)) 71| < 00

and
Sup || R (S(©2)) T3 R, (S(©2)) 71| < oo.

Since R;,! is always a contraction, each of these conditions is met when the relevant
operator (73 or T4) is the rank-one operator ¥ ® v and sup,, || R, (S(®2))ul|| < oco. The
first part of the proof shows that this is true when u € &, <ko Ny, which is dense in
@D <k, k- Consequently, Bs(e) contains a set of rank-one operators with a dense
span, and by Theorem 4.2, the same is true of By. |

It remains to consider the case where my is a finite Blaschke product. We note that,
due to the relation 6 1|6x between the inner functions in the quasisimilarity model
S(®), the function 6y is a finite Blaschke product, and each zero of each of the func-
tions 6 must be a zero of 6. Let {e;}7_, and { ,B}’]’.’:1 be the zeros of 0y, labelled so that

lar| <loo| <--- <lan| < [B1l=|B2|l =" =Bl

We denote by J’' and J” direct sums of copies of simple Jordan blocks with
eigenvalues o; (where 1 <i <n)and 8; (where 1 < j < m) respectively, so that S(®)
is quasisimilar to the direct sum J’ @ J”. In order to apply Proposition 3.8, we need
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to understand the algebra B;». Note that J” is a (possibly infinite) direct sum of a
finite number of distinct simple Jordan blocks. We split these blocks into two sets—
those that are repeated infinitely many times and those that are repeated finitely many
times. Of course, if the former set is empty, the characterization of B;» was obtained
in Corollary 3.7. Our first step is to consider the case where the latter set is empty.

THEOREM 4.4. Let J=Jy @ Jo, @+ B Jo,, Where |ax| =a and the simple
Jordan block Jy, is of dimension Ny x Ny whenl <k <n. Let N=N; +Np+---+
N, and let A be a direct sum of infinitely many copies of J. If T = (Y}j)ﬁ‘}zl relative
to the decomposition

H=CMeoCVe - .oCaCM o oCVe- ..,
then T € By if and only if each block T;; is upper triangular.

PROOF. Relative to the given decomposition, let H; = CM, H, = CM2, and so on.
Suppose now that 7' € B4, and that one of its blocks, say T}, is not upper triangular.
Let A’ denote the restriction of A to H p» ®H,. Since both R, (A) and R, L(A) are
block diagonal matrices with blocks of the same spectral radius «, the (p, ¢)th block
of R (A)TR,(A)~!is equal to Ry, (A")Tpy R (A’)~!. Therefore

Sup || Ry (A") Tpg R (A) ™' || < sup || Ry (A) TR, (A) || < 00
m m

and T, € By, contradicting Theorem 3.5. That shows that the upper triangularity
condition is necessary.

To prove that it is sufficient, let T = (7;;) be a matrix relative to the given
decomposition of H, and suppose that each block is upper triangular. We now replace
the basis {e,} by its permutation {e, }, so that in the new basis the matrix of 7' becomes
block upper triangular. In the first of two steps, we write H = €. Gk, Where each
Grisacopy of H1 ® Ho @ - - - ® H,,, and we permute the basis vectors within each Gy
as described in the remark following Theorem 3.5. Relative to the new decomposition
and basis of H, T is now a block matrix and each block is an N x N matrix that is itself
block upper triangular. We denote this new basis of G by { fi(k) lN: 1> or just { f,-}lN: 1
Next we perform what is sometimes called ‘the canonical shuffle’: we write H as a
direct sum KC; @ K @ - - - @ Ky, where K; has as an ordered basis fi(l), fl.(z), R i §
we denote this new basis of H by {e;}, we see that the corresponding matrix for 7" is
block upper triangular; more precisely, T = (C; j)fY =1 and C;; =0 when i > j. The
transition from { f,,} to {e,} also affects the matrices of R,;(A) and R, (A)~ L. Since A
is a direct sum of the same operator J, the operators R, (A) and R, (A)~! exhibit the
same pattern: R, (A) is a direct sum of infinitely many copies of R,,,(J), and R,, (A)~!
is a direct sum of infinitely many copies of R, (J)~!. Therefore, if in the basis { f,}

the matrices for R, (J) and R,, L(J) are (rl.(Jm))fV =1 and (sl.(J'An))l{V =1 respectively, then

in {e,} the matrices for R,,(A) and R,;l (A) are (rl.(;")l)f\/j:1 and (sigm)l)?’jzl.
We can now prove that T € B4. Clearly, Ry (A)TR,,(A)~ ! is an N x N matrix
with operator entries, so we need to show that each of its N2 blocks remains bounded
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as m — oo. To that end, fix i and j. Then the (i, j)th block of R,,(A)TR,, (A)~!
is Zkl T lm)Ckls,' so it suffices to prove that sup,, ||rl.(,'<")Ck1sl(jm)|| < oo for each

pair (k, [) where k < l We fix such a pair (k, [). Since Cy; is a bounded operator, it

remains to prove that sup,, |r(k )sl( )| < 00. Note that

< 1S 8 IO = R () fell.
Also, R,,(J)~! is a Hermitian matrix, and it follows that
s = 18501 < G sy s = IR (D ) il
Thus

sup|rk s\ ’|<sup | Ror (D) Sl (R (DD fill = $UP [[Ron (1) fic ® fi(Rn (1) Dl

It is not hard to see that the second assertion of Corollary 3.7 applies to the operator J
and the basis { fi},N= |- Since k < [, the theorem is proved. |

Next we address the situation when J” is a direct sum of simple Jordan blocks, in
which some blocks are repeated finitely many times, and others infinitely many times.

THEOREM 4.5. Let J1 =Jyy @ Jo, @ - @ Jo, and Jo = Jo,,, @ oy @ -+ B Ju s
where |ay| = a and the simple Jordan block Jy, is of dimension Ny x Ny whenever
1 <k <n+m. Let A be a direct sum of infinitely many copies of J| followed by J>.
IfT =(T; j)?j'zl relative to the decomposition

H=CVeCMg..eChoCcMecMe...¢CM
@...@CNn-H@CNH+2$...@CNM+'I’

then T € By if and only if each block T;j is upper triangular.

PROOF. We cannot apply Theorem 4.4 directly, because when k > n + 1, the blocks
Ju, are not repeated infinitely many times. We correct this ‘error’ by defining the
operator J as a direct sum of A with infinitely many copies of J>. This operator acts
on the direct sum H = H @ H', where

H/ — CN77+1 P (CNn+2 DD (CNm+n P (CNn+1 P (CNn+2 DD CN/11+n P

Further, we identify the operator 7" acting on H with the operator T=Ta&0 acting
on H. Then
Ry (J)TR,, (J) = Ry (TR, (1),
so T € B4 if and only if TeB j- Now the result follows from Theorem 4.4 since each
block of 7 is upper triangular if and only if the same is true of 7. O
Combining Corollary 3.7, Theorems 4.4 and 4.5 we obtain the general case.

THEOREM 4.6. Let A be a Cy contraction on 'H and let ma be its minimal function.
If my is a finite Blaschke product, then A is quasisimilar to S(®), which is a finite or
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infinite direct sum of simple Jordan blocks. Further, S(®) = S(©) @& S(®,), where
all blocks in S(©1) have eigenvalues of absolute value less than the spectral radius
of A and all blocks in S(®3) have eigenvalues of absolute value equal to the spectral

radius of A. If
(T T,
(5 7)

relative to this decomposition, then T € Bge) if and only if T3 =0 and Ty € Bs(o,).
Moreover, S(©)) = @ Jo, and, relative to this decomposition, an operator T =
(Tij) € Bs(o,) if and only if each T;; is upper triangular.

Theorem 4.6 shows that the algebra By () has a nontrivial invariant subspace. Using
Theorem 4.2, we obtain our final result.

THEOREM 4.7. Let A be a Cy contraction on 'H and let ma be its minimal function. If
ma is a finite Blaschke product, then the algebra Bs(e) possesses a nontrivial invariant
subspace.
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