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Abstract

Quiver Hopf algebras are classified by means of ramification systems with irreducible representations.
This leads to the classification of Nichols algebras over group algebras and pointed Hopf algebras of type
one.
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1. Introduction

Hopf algebras have important applications in mathematics and mathematical physics.
Indeed, quasitriangular Hopf algebras give rise to braided tensor categories and Yang—
Baxter equations with important applications to integrable systems and statistical
mechanics (see, for example, [11] and references therein). Semisimple Hopf algebras
and nonsemisimple Hopf algebras are related to conformal field theory (see, for
example, [9]).

Classification of Hopf algebras is a main objective in Hopf algebra research. So far,
many important results have been obtained in the classification of finite-dimensional
pointed Hopf algebras (see, for example, [1-4, 10]). Classification of PM quiver Hopf
algebras was completed by means of a ramification system with characters in [20].
The classification of ramification systems with characters over the symmetric group
S, with n # 6 was obtained in [18]. Irreducible Hopf bimodules over a finite group
were described in [8]. They correspond to pairs (O, p), where O, is a conjugacy class
containing s in G and p is an irreducible representation of the centraliser G* in G.

In this paper, quiver Hopf algebras, Nichols algebras over group algebras and
pointed Hopf algebras of type one are classified by means of a ramification system
with irreducible representations (RSR in short). As examples we classify RSRs over
the symmetric group S, with n # 6.
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Quivers [6, 7, 14, 19] and tensor algebras of Hopf bimodules [12, 15] have been
applied widely in representation theory, Hopf algebras and quantum groups. We
use quivers to describe Yetter—Drinfeld kG-modules, kG-Hopf bimodules, Nichols
algebras in the braided tensor category i(c;*y D, pointed Hopf algebras of type one and
quiver Hopf algebras.

Preliminaries

Throughout this paper we assume that G is a finite group and k is a field.

Let G denote the set of all isomorphism classes of irreducible representations of
group G and Z; the centraliser of s in G. For 4 € G and an isomorphism ¢ from G
to G’, define a map ¢, from G to G’ by sending x to ¢(h~'xh) for any x € G. The
dimension of a representation space of representation p is denoted by deg(p).

Let N and Z denote the sets of all nonnegative integers and all integers, respectively.
For a set X, we denote by |X| the number of elements in X. If X = EB,'G ; X as
vector spaces, then we denote by ¢; the natural injection from X; to X and by ; the
corresponding projection from X to X;. We will use u to denote the multiplication
of an algebra and use A to denote the comultiplication of a coalgebra. For a (left or
right) module and a (left or right) comodule, denote by a~, a®, 6~ and &* the left
module, right module, left comodule and right comodule structure maps, respectively.
Sweedler’s sigma notations for coalgebras and comodules are A(x) = 3} x1y ® x2),
0 (x) =2, X(-1) ® X(0), tx) =3, X0) ® X(1)-

A quiver Q = (Qy, O1, s, 1) is an oriented graph, where Qy and Q; are the sets of
vertices and arrows, respectively; s and ¢ are two maps from Q; to Q. For any arrow
a € @1, s(a) and t(a) are called its start vertex and end vertex, respectively, and a is
called an arrow from s(a) to #(a). For any n >0, an n-path or a path of length » in
the quiver Q is an ordered sequence of arrows p = a,a,-; . ..a; with #(a;) = s(a;j+1)
for all 1 <i<n— 1. Note that a O-path is precisely a vertex and a 1-path is precisely
an arrow. In this case, we define s(p) = s(ay), the start vertex of p, and #(p) = t(a,),
the end vertex of p. For a O-path x, we have s(x) =#(x) =x. Let Q, be the set
of n-paths. Let 7Q; denote the set of all n-paths from x to y, x,y € Qp. That is,
Y0, ={p € 0nls(p) =x,1(p) =y}

A quiver Qs finite if Qp and Q are finite sets. A quiver Q is locally finite if Y Q7 is
a finite set for any x, y € Q.

Let G be a group. Let K(G) denote the set of conjugacy classes in G. A formal sum
r = Y.cex) r'cC of conjugacy classes of G with cardinal number coeflicients is called
a ramification (or ramification data) of G, that is, for any C € K(G), rc is a cardinal
number. In particular, a formal sum r = }cex () r'cC of conjugacy classes of G with
nonnegative integer coefficients is a ramification of G.

For any ramification r and a C € K(G), without loss of generality, we can choose a
set I-(r) such that its cardinal number is r¢. Let

KH(G) :={CeK(G)|rc #0} ={C e K(G) | Ic(r) # 0}.
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If there exists a ramification r of G such that the cardinal number of ¥ Q7 is equal to
rc for any x,y € G with x'y € C € K(G), then Q is called a Hopf quiver with respect
to the ramification data r. In this case, there is a bijection from Ic(r) to *Q7, and
hence we write *Q? = {a'’; | i € Ic(r)} for any x,y € G with x~'y € C € K(G). Denote
by (Q, G, r) the Hopf quiver of G with respect to r.

If ¢: A— A’ is an algebra homomorphism and (M, a”) is a left A’-module, then
M becomes a left A-module with the A-action given by a - x = ¢(a) - x for any a € A,
x € M, called a pullback A-module through ¢, written as 4M. Dually, if ¢: C — C’
is a coalgebra homomorphism and (M, ¢7) is a left C-comodule, then M is a left C’-
comodule with the C’-comodule structure given by ¢'~ := (¢ ® id)d~, called a push-out
C’-comodule through ¢, written as ¢ M.

If B is a Hopf algebra and M is a B-Hopf bimodule, then we say that (B, M)
is a Hopf bimodule. For any two Hopf bimodules (B, M) and (B’, M’), if ¢ is a
Hopf algebra homomorphism from B to B’ and y is simultaneously a B-bimodule
homomorphism from M to 4M’, and a B’-bicomodule homomorphism from ¢M?
to M’, then (¢, ) is called a pull-push Hopf bimodule homomorphism. If ¢ is a
bijection, then we say that (¢, ) is a pull-push Hopf bimodule isomorphism, written
as (B, M) = (B’, M’) as pull-push Hopf bimodules. In particular, if B= B’ we also
write M = M’ as pull-push B-Hopf bimodules. Similarly, we say that (B, M) and
(B, X) are a Yetter—Drinfeld module and a Yetter—Drinfeld Hopf algebra, respectively,
if M is a Yetter—Drinfeld B-module and X is a braided Hopf algebra in Yetter—Drinfeld
category gMD. For any two Yetter—Drinfeld modules (B, M) and (B’, M’), if ¢ is a
Hopf algebra homomorphism from B to B’, and y is simultaneously a left B-module
homomorphism from M to M’ and a left B’-comodule homomorphism from ¢M to
M’, then (¢, ) is called a pull-push Yetter—Drinfeld module homomorphism. For
any two Yetter—Drinfeld Hopf algebras (B, X) and (B, X’), if ¢ is a Hopf algebra
homomorphism from B to B’, ¢ is simultaneously a left B-module homomorphism
from X to 4X’ and a left B’-comodule homomorphism from ?X to X’, and at the same
time ¢ is also an algebra and coalgebra homomorphism from X to X’, then (¢, ¢)
is called a pull-push Yetter—Drinfeld Hopf algebra homomorphism. (See the remark
after Theorem 4 in [20].)

Let A be an algebra and M be an A-bimodule. Then the tensor algebra T4 (M) of M
over A is a graded algebra with T4(M)) = A, Ta(M)qy =M and Tx(M),) = ®Z M

for n > 1. That is,
TA(M)er(@ ®M)

n>0 A

(see [12]). Let D be another algebra. If & is an algebra map from A to D and
f is an A-bimodule map from M to D = ;Dj, then by the universal property of
T4(M) (see [12, Proposition 1.4.1]) there is a unique algebra map Tx(h, f) : Ta(M) —
D such that Ty(h, f)to=h and T4(h, f)r; = f. We can easily see that T4(h, f) =
h+ Y50 p"‘lTn( f). For details, the reader is referred to [12, Section 1.4] or [20].
Dually, let C be a coalgebra and let M be a C-bicomodule. Then the cotensor
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coalgebra T (M) of M over C is a graded coalgebra with T¢.(M)) = C, T(.(M)qy = M
and T&(M)g,y =[_|¢M for n > 1. That is,

TE(M) = C@(@ DM)

n>0 C

(see [12] or [20]). If B is a Hopf algebra and M is a B-Hopf bimodule, then both
Tp(M) and Ty(M) are graded Hopf algebras. Furthermore, the subalgebra generated
by H and M in Ty(M), written as H[M], is a Hopf subalgebra of T(M) and H[M] is
called a Hopf algebra of type one.

2. Classification of quiver Hopf algebras

DeriniTion 2.1. We call (G, r, 7, u) a ramification system with irreducible representa-
tions (RSR) if r is a ramification of G; u is a map from K(G) to G with u(C) € C for
any C € K(G); Ic(r, u) and Jc(i) are sets with |Jc(i)| = deg(p(c')) and Ic(r)={(, j)|ie
Ic(r,u), j € Je(@)} for any C € K,.(G), i € Io(r, u); and

p = {pg)}iEIc(r,u),Ce‘K,_(G) € l—[ (Zu(C))I c(ru)l
CeK,(G)

with p¥ € Z,c) for any i€lc(r,u),C €K (G).  Also RSR(G,r, B,u) and

RSR(G', ¥, ;;, u’) are said to be isomorphic if the following conditions are satisfied.

. There exists a group isomorphism ¢ : G — G’.

° For any C € K(G), there exists an element hc € G such that qb(hg1 u(C)he) =
u'(¢(0)).

° For any C € K,.(G), there exists a bijective map ¢c : Ic(r, u) = Lyo)(r', u’)

such that pg) ~ p'g‘zé()i))(ﬁhc as representations of kZ,c) for all i € Ic(r, u), where

e (h) = $(hz hhc) for any h € G.

REmARk 2.2. Assume that G =G’, r =7, u(C) = u'(C) and I¢c(r, u) = Ic(r', u’) for any
C € K(G). If there is a permutation ¢¢ on Ic(r, u) for any C € K,(G) such that

G o () . , o 5
p'c =pe foralli€ Ic(r, u), then obviously RSR(G, r, p, u) = RSR(G, r, p’, u).

ExampLE 2.3. Assume that k is a complex field and G =S3. Then there are three
elements in K(G), which are {(1)}, {(12), (13), (23)}, {(123), (132)}, and there are three
nonisomorphic irreducible representations, namely two one-dimensional irreducible
representations, € and sgn, and one two-dimensional irreducible representation, p.
Obviously Z,q; =G. The set {RSR(G, r,,_o), u) |_p> = p, (sgn, sgn), (€, sgn), (€, €)}
gives all the representatives of isomorphic classes of RSRs with r = rer and C = {(1)}.
Furthermore, when To) =p, we can set Ic(r,u) ={1} and Jo(1) ={1}. In this case
p(cl) =p. When ,—o) = (¢, sgn), we can set Io(r, u) ={1,2} and Jo(1) = Jc(2) ={1}. In

this case p(cl) =€, p(cz) = sgn.
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Let

G = Zuogs. @.1)
0e®¢c

where @O is an index set, be a coset decomposition of Z,y in G. It is easy to check
that |@¢| = |C|. We always assume that the representative element of the coset Z,c) is
the identity 1 of G. For any & € G and 6 € O, there exist unique /' € Z,¢) and 8’ € O¢
such that ggh = ' gy . Let {y(h) = h’. Then

goh = Lp(h)ge .

Let Q = (G, Oy, s, t) be a quiver of a group G. Then kQ; becomes a kG-bicomodule
under the natural comodule structures:

0 (a)=ta)®a, 6 (@)=a®s(a), acO,

called an arrow comodule, written as kQ{. In this case, the path coalgebra kQ° is
exactly isomorphic to the cotensor coalgebra T}, (kQ7) over kG in a natural way (see
[6, 71). We will set kQ = T;.(kQ7) in the following. Moreover, when G is finite, k0,
becomes a (kG)*-bimodule with the module structures defined by

p-a:=({p,a)a, a-p:={(p,s@)ya, pekG), aecQ,

written as kQY, called an arrow module. Therefore, we have a tensor algebra
Tuc) (kQ7). Note that the tensor algebra Tc)y (kQf) of kQf over (kG)" is exactly
isomorphic to the path algebra kQ“. We will set kQ“ = T)-(kQ7) in the following.

Prorosition 2.4. If N is a kG-Hopf bimodule, then there exist a Hopf quiver (Q, G, r),
an RSR(G, r,_p>, u) and a kG-Hopf bimodule (kQ¢, a™, a*) with

- @Dy . (@.)) (i.)) (@.)) (&) (i.)8) (i,s
o (heay)):=h-af) =a}) . o @ eh:=dl h= k7l 22)
seJe(i)

for some kg’;;’s) € k such that N = (kQ¢, a~, a*) as kG-Hopf bimodules, where x,y, h €
G with x 'y = g;lu(C)gg, Ly is given by [20, (0.3)], and

CeKiG), ielc(ru), jelcli), x-Gy= > ke xE.
seJc(i)

Proor. Since N is a kG-Hopf bimodule, there exists an object [[cex) M(C) in
[1cexicy Mz, such that M(C) is a kZ,c)-module for any C € K(G) and

N = @ x®M(C)®89

y=xg,'u(C)go,x.yeG kZu(c)

as kG-Hopf bimodules by [6] or [20, Theorem 1]. Let r = }.cexg) rcC with r¢ =
dimM(C) for any C € K(G). Notice that dimM(C) denotes the cardinal number
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of a basis of M(C) when M(C) is infinite-dimensional. Since M(C) is a kZ,)-
module and kZ,c) is semisimple, there exists a family of irreducible representations
(X2, pY i € Ic(r, u)} such that

M) = B &2.pd).

i€lc(r,u)

Let {x\"” | j € Jc(i)} be a k-basis of X\ for any i € Ic(r, u). Then for any & € G there
are some k(C’:{,’S) € k such that

xg’j) - Lo(h) = Z k(lj\) (t 5)

seJe(i)

for all i € Ic(r, u) and j € Jc(i) since x7 - £y(h) € X,
It remains to show that (kQ¢, a~, @) is isomorphic to

D emo®s
y=xg,'u(C)gp.x.yeG kZy(c)
as kG-Hopf bimodules. Observe that there is a canonical kG-bicomodule isomorphism

ko> P xeMO)X) e

y=xg;'u(C)gs.x,yeG kZyc)

i) = 288 (R g0

kZ“(C)
where x, y € G with x™'y = g, 'u(C)gg, C € K(G), i € Ic(r, u) and j € Jc(r). Then

pahoa ) = pla)) =hxo 1" (9 g
kZyc)

=h- (x & 10" (X) go) (see [20, (1.2)])

kZyc)

given by

= h- g(ay)).

Thus ¢ is a left kG-module isomorphism. Moreover,

@@y @ h) = xh @ x5 - Zy(h) ® g

_ o Y K)o g,

sedeli)
- 3 )
seJc(i)
= p(a* (@ @ h)  (by (2.2)).
Consequently, ¢ is a kG-Hopf bimodule isomorphism. O
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Let (kQ¢, G, r,_p>, u) denote the kG-Hopf bimodule (kQf,a, a*) given in
Proposition 2.4. Furthermore, if (kQ{, kQ) is an arrow dual pairing, that is, kQf is
isomorphic to the dual of kQ7 as kG-Hopf bimodules or kQf is isomorphic to the dual
of kQf as (kG)*-Hopf bimodules under the isomorphisms in [20, Lemma 1.7] (see the
argument before [20, Definition 1.8]), then we denote the (kG)*-Hopf bimodule kQf by
(kQ?, G, r, P, u). We obtain six quiver Hopf algebras kQ(G, r, B, u), kQ*(G, r, B, u),
kG[kQS, G, r, B, ul, kQG, r, B, u), kQ*(G, r, B, u), (kG)*[kQ% G,r, P, ul, called
the quiver Hopf algebras determined by RSR(G, r,?, u).

From Proposition 2.4, it seems that the right kG-action on (kQ¢, G, r, _p> u) depends
on the choice of the set {gyg| 6 € O¢} of coset representatives of Z,) in G (see (2.1)
above or [20, (0.1)]). The following lemma shows that (kQ¢, G, r,T)), u) is, in fact,
independent of the choice of the coset representative set {gy |6 € O¢}, up to kG-
Hopf bimodule isomorphisms. For the time being, we write (kQ¢, G, r,—p>,u) =
(kQS, G, r,_p>, u, {gq}), as given before. Now let {hy € G |6 € B¢} be another coset
representative set of Z,c) in G for any C € K(G). That is,

G = U Zu(c)hg.
0e®¢c

Lemma 2.5. With the above notation, (kQS, G, r,T)), u, {gg}) and (kQS, G, r,?, u, {he})
are isomorphic kG-Hopf bimodules.

Proor. We may assume that Z,cyhg = Z,c)8o for any C € K(G) and 6 € ©¢. Then
ggh;1 € Zyc)- Now let x, y, h € G with xly = g;lu(C)gg. Then

X7y = hy (gehy ) u(C)(gohy  Yhe = hy ' u(C)hg

and
hoh = (hogygeh = (hegy )o(hge = (hogy"o(h)(go iy e, (2.3)

where goh = {p(h)ge -
For any C € K(G), let M(C) be aright kZ,)-module. Let

N= P remMO(R) s

y=xg,'u(C)ge.x.yeG kZ,c)
and
M= B xeMo)(R)h
y=xhy'u(C)hg,x,yeG kZy(c)

be two kG-Hopf bimodules. It is sufficient to show N = M as kG-Hopf bimodules by
the proof of Proposition 2.4.

Considering
x®w®gg:x®w~gghgl ®h9,

kZuc) kZyc)
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we have that f : N — M given by

f(x®w®gg)=x®w-g9hgl ®h9

kZu(C) kZu(C)

for any w € M(C), any x,y € G with x7 'y = gglu(C)gg, CeK.(G) and i € Ic(r, u), is
a k-linear isomorphism. It is clear that f is a kG-bicomodule isomorphism and a left
kG-module isomorphism from N to M. Moreover,

(rre s Q) 20) -

kZu(c)

=(x®(x(”) (’)(gh )®h9)

kZy(c)

= xh ® ()l om)p gy () by (by (2.3))

kZL((C)
= f(o " ) g0 -h).

KZuc

for any x,y, h€ G, i € Ic(r, u), j € Je(i), C € K(G) with x1y = g;lu(C)gg. Thus f is
a right kG-module homomorphism. O

We now state one of our main results, which classifies the quiver Hopf algebras.

q
Tueorem 2.6. Let (G, r, B, u) and (G', 7, p’,u’) be two RSRs. Then the following
statements are equivalent.
ﬁ
(i) RSR(G,r, B, u) =RSR(G', ¥, p', u).
(ii) There exists a Hopf algebra isomorphism ¢ : kG — kG’ such that

_1 - -1
kQ5,G,r, B wy =y (kQ\, G, r',p' ')

as kG-Hopf bimodules.
(iii) kQ°(G, r,—p>,u)%kQ’C(G,r 0, u).
(iv) kQG,r, 7, u) kQ' (G, ¥, P’ ).
(V) kGIkQS,G,r, B, u]l =kG'[k 'c LGP,

Furthermore, if Q is finite, then the above are equivalent to the following.
(vi) kQ“(G, 1, p,u) =kQ(G', r', B, ).
(vii) kQ*(G, 1,6, 1w) =kQ"(G, " 7 ).
(viii) (kG)*[kQ%, G, r, P, u] = (kG')* [k 4G, 2.
Proor. By [20, Lemmas 1.5 and 1.6], we only have to prove (i) & (ii).
ﬁ

(i) = (ii). Assume that RSR(G,r, B, u) = RSR(G',r,p/,u'). Let (X, p)

and (X’C, ,p’(cl,)) be irreducible representations over Zyc), and Z, ), respectively.
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Then there exist a group isomorphism ¢ :G — G’, an element hc € G such that

¢(hg'u(C)hc):u’(¢(C)) for any C € K(G) and a bijective map ¢¢ : Ic(r, u) =
LD . .

Isc)(r', u’) such that (Xg), p(c’)) £ (X’((/’C(’)) ’(¢C(’))¢h6) as right kZ,c)-modules for all

) #©) P 0
i€lc(r,u).
Now let
G= U Zu()86
0c®¢

as in (2.1) or [20, (0.1)] for any C € K(G). Let x,y,he G with x'y = g;'u(C)g,
C € K,(G) and 8 € ©,. Assume that

gohc! = Lo(hiHgy,  goh=Lo(Wge,  gy(hchhi') = ) (hchhig,y
and
gohc' = Ly (hchge
with Zo(ht), Lo(h), &y(hehhg), Ly (h') € Zycy and n, 0,17, 6 € ©¢. Then
gohhg = Lo(go he = Loy (hehger
and
gohhg! = (gahch(hehhh) = Lo(hgh g (hehheh) = Lo(hgHy(hehhDgy . (2.4)

It follows that

¢ =y and (h)e(he") = Lo(hchE (hehheh). (2.5)
Moreover,
(xh) " (yh) = h™' g5 u(C)geh = g5 u(C)ge
and
g0 = gohg he = Lo(heh)gyhe.
Thus
$(x) " o) = p(x'y) = (g5 ' u(C)go) = plhc' g, u(C)gphc)

= p(he' g, he)p(hc u(C)h)p(he' gyhe)

= (h¢ gyhe) ™ w (H(O)(hL gyhe).
Also

¢(he' guhc)p(h) = p(he' gyhchhc he)
= p(h' &y (hehh gy he) (2.6)
= p(h' &y (hehhZHhe)d(he! gy he).
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Since

Onc (&))" $(vh) = Bl (Gy(hchhc )™ Golhe )™ u(C)goh) - (by 2.4)
= u (Y(C)gnc(gy)  (by 2.4),

it follows that
$(xh) "' (vh) = bi (gy) ™" (H(C)) e (81)- 2.7

It is clear that

G’ = | Zwwon@he' gohc))
0e®¢c

is a coset decomposition of Z, (¢, in G’ for any ¢(C) € K(G').

Let
N= P xeNO) e
y=xg;'u(C)gp,x,yeG kZyc)
and
M:= P, $x) & MG(C) R) Pc(gn)
PO)=¢(X)Pnc (87 ' ((C)nc (87):%:y€G kZ g(cy
with

NO = @ x0 and M) = ) x%W.

i€lc(r,u) ielc(ru)

It suffices to show that N = zilMZ;il as kG-Hopf bimodules by the proof of
Proposition 2.4.
Considering

x® WP (Gt N™) (X) 20 = x@w (X) gyre,

kZyc) kZyc)

then ¢ : N = M given by

u(x® WPt ™) (R) 80) =90 920 Q) etz

kZyc) KZ,y (o)
for any x, y € G with x 'y = g;'u(C)gg, and i € Ic(r,u), w € Xg), where C € K,.(G) and
gohg! = Lo(hch)gy,  with Zy(he!) € Zyc) and 6, 7 € O,

is a k-linear isomorphism. It is clear that ¢ is a homomorphism not only of kG-
bicomodules from N to *” M¢" but also of left kG-modules from N to oM.
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Forany h€ G and w € X2,

o((x® WP ™) Q) 20) - 1)

kZyc)

= o[ ® et ) () s

kZy(c)
= ¢(h) & £2 (WP (Goh N eolo () (X) dneey)  (by 2.7)
kZ ey
=¢(x)¢<h)®<§2>(w)>p;‘iz§"”¢hc((@(hal))‘1§9<h)§9r<hgl>)) Q) bucley)
)
(by Definition 2.1)
and
w(x® WP (@™ R) 20) - 90
kZy(c)
= (#0200 Q) dreten)- o)
kZy ey
= p(0P(h) ® (€L WNPes B (&y(hchc)) (X) Bne(gy)  (by (2.6))
KZy ey
= (0)o(h) ® (€L NP b (Lah )™ Lo (he ) (R) e (g
KZy g0y

(by (2.5)),

which shows that i is a right k<G-module homomorphism.
(i1) = (i). Assume that there exist a Hopf algebra isomorphism ¢ : kG — kG’ and a
kG-Hopf bimodule isomorphism

Ui (kQ5. G B~ 4 QLG B )

Then ¢ : G — G’ is a group isomorphism. Let C € K(G). Then ¢(u(C)), v’ (¢(C)) €
¢(C) € K(G"), and hence

W (J(C)) = ¢(he) ™ (C)P(he) = $lhe! u(C)he)

for some h¢ € G. Since ¥ is a kG’-bicomodule isomorphism from ?(kQ¢, G, r,To), u)®
to (kQ\¢,G’,r', p’, u’) and

$(he' u(Che) = ' ($(C)),
by restriction we get a k-linear isomorphism

e hglu(C)hc(le)l — M'(¢(C))(kQ’1)1, X z//(x)
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We also have a k-linear isomorphism
fe: "OhQD! — Ok, x o b - x-he.

Since
S u(Ohe) = (H(C)) and  h'Zueyhe = Zyorucmes
we have
$(he' Zueryhe) = Zugic-
Hence ¢, is an algebra isomorphism from kZ,(c) to kZ, () sending h to ¢(hz'hhc).
Using the hypothesis that ¢ is a kG-bimodule homomorphism from (kQ¢, G, r, 7, u)to

o(kQ\, G, 17, P D u ")s, we can easily check that the composition ¥¢ fc is a right kZ,,c)-
module 1somorphlsm from (“O*kQ))", <) to (“YD*kQ))")y,.» <). Indeed, for any

7€ kQy)',
W fe(@) < pu.(h) = ez <he) < dp.(h)

= Yc(z < heon.(h)) (since ¥ is a bimodule homomorphism)

=Ycfc(z<h).
Obviously, both “©(kQ;)! and (”/(‘f’(c))(kQ’l)l)(bhc are semisimple right kZ,c)-modules.

Assume
“OkQ))' = (P X0l

i€lc(r,u)

as right kZ,,c)-modules and

u'(¢(C)) AL 7(J) r(J)
(k) = @ (X¢(C)’ ¢(C))

j€I¢(C)(r/,M)

as right kZy(s(c)-modules, where (X, o

c
any i€ Ic(r,u) and (X’((;()C),p’fp’()c)) is an irreducible right kZ, (c)-module for any

J €1y (r',u’). Therefore, there exists a bijective map ¢¢ : Ic(r, u) — Iyc)(r', u')

such that (X", p) = (X’g’(’g()’”, o5 bn ) as rlght kZyc)-modules for all i € Ic(r, u).

It follows that RSR(G, r, B, u) = RSR(G’, ' p u). O

) is an irreducible right kZ,,)-module for

We have classified the quiver Hopf algebras by means of RSRs. In other
words, ramification systems with irreducible representations uniquely determine their
corresponding quiver Hopf algebras up to graded Hopf algebra isomorphisms.

ProrosiTion 2.7. Let RSR(G, r, p, u) and RSR(G, r,?, u") be two RSRs. If u'(C) =
he. YW(CYhe and pc? —p'(’)adJr with Ic(r, u) = Ic(r, u’)for any C € K, (G) i€lc(r, u),

where hc € G and ad; (&)= ghc, then RSR(G, 1, D p,u)=RSR(G,r, p u').

PrOOF. Let ¢ =1ids and ¢C_1dlc(m) for any Ce¥K,.(G). It is clear that
RSRG, r, P p,u)=RSR(G, r, p u'). O
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Remark 2.8. This proposition means that the choice of map u does not affect the
classification of RSRs. That is, if we fix a map ug from K(G) to G with uy(C) € C

for any C € K(G), then for any RSR(G, r,—p), u), there exists RSR(G, r,?, uy) such
ﬁ
that RSR(G, r, B, u) = RSR(G, r, p’, up).

3. Classification of pointed Hopf algebras of type one

A graded Hopf algebra A = @20:0 A 1s said to be of Nichols type, if the diagram
of A is a Nichols algebra over A(g). (The definition of diagram was given in [1] and [20,
Section 3.1].) Furthermore, if the coradical of A is a group algebra, then A is called a
pointed Hopf algebra of Nichols type.

For an RSR(G, r,_p), u) and a kG-Hopf bimodule (kQ¢, G, r, ?, 1) with the module
operations a~ and a*, define a new left kG-action on kQ; by

g>x:=g-x-g_l, g€G,xekQy,

where g-x=a (g®x) and x-g=a"(x®g) for any g€ G and x€kQ,. With
this left kG-action and the original left (arrow) kG-coaction 6~, kQ; is a Yetter—
Drinfeld kG-module. Let Q{ :={a € Q1 | s(a) = 1}, the set of all arrows with starting
vertex 1. It is clear that kQ} is a Yetter—Drinfeld kG-submodule of kQ,, denoted by
(kQ!, ad(G, 1,7, u)).

Lemma 3.1.

(i) If H is a Hopf algebra with bijective antipode and (B, ay, 63) is a graded braided
Hopf algebra in ZyD with By = klp, then diag(B#H) = B#ly = B as graded braided
Hopf algebras in 1Y D.

(i1) A is a pointed Hopf algebra of Nichols type if and only if A is isomorphic to the
biproduct B(V)#kG as graded Hopf algebras with the Nichols algebra B(V) over the
group algebra kG, Ay = kG and Ay = V#kG.

Proor. (i) Obviously, diag(B#H) = B® 1. Define a map ¢ from diag(B#H) to B by
sending x ® 1y to x for any x € B. It is easy to check that ¢ is a graded braided Hopf
algebra isomorphism in Zy D.

(ii) If A is a pointed Hopf algebra of Nichols type, then diag(A) = B(V) is a Nichols
algebra in ,ﬁgyz) and the coradical of A is the group algebra kG. Therefore A =
B(V)#kG as graded Hopf algebras. By [1, Lemma 2.5], Ay = kG and A1) = V#&G.

Conversely, clearly, diag(B(V#kG) = (B(V)#kG)kC = B(V)#1 = B(V) by (i) and
the coradical of B(V)#kG is (B(V)#kG) ) = kG. m|

Lemmva 3.2. If H=kG is a group algebra and M is an H-Hopf bimodule, then the
pointed Hopf algebra H[M] of type one is a Hopf algebra of Nichols type. In
particular, a one-type-co-path Hopf algebra kG[kQS, G, r,p,ul is a pointed Hopf
algebra of Nichols type and diag(kG[kQS, G, r,—p>, u)) = %(le, ad(G, r,?, u)).
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Proor. By Proposition 2.4 there exists an RSR(G,rpg,u) such that M =
k05, G, rT)), u) as kG-Hopf bimodules. Thus kG[M] = kG[kQ{] as graded Hopf
algebras by [20, Lemma 1.6]. Therefore, it is enough to show that kG[kQ{] is of
Nichols type. Let A := kG[kQ{] and R := diag(kG[kQ{]). Obviously, R() = k. We now
show that R(j) = kQ{. Obviously, kO] C R(;). Let

n
a = Z kpb(ﬁ) [S R(l),

p=1

where b is an arrow from x to y¥) with 0 #k, €k, and bV, b®, ... b™ are
different from each other. Therefore

D kb P e1=)" kb” @x,
p=1 p=1

which implies that x” =1 for 1 <p<n. Thus a € kQ}. We next show that R is
generated by R(j) as algebras. Let u denote multiplication and let B denote the algebra
generated by in in kG[kQ{]. Obviously, B C R. It follows from the argument in [20,
Section 3.1] that @™ := u(id ® o) is an algebraic isomorphism from R#kG to kG[kQS].
For any x, y € G and any arrow a,,, from x to y,

Ayx = X Ay-1y1 = Hux® ax*‘y,l) = #(CL’+(1#X) ® Cy_‘—(axfly,lil:{:l))
= o (u((1#x) ® (a1, #1))) = " (x > a1, 1 #x) € o (B#KG).
Therefore a™ (B#kG) = a* (R#kG) and so B = R.

It is sufficient to show that P(R) = in, where P(R) denotes the set of all primitive
elements in R. For any a € Q} with 6~(a) = y and 6% (a) = 1,

Ap(@) = (wW®i1dDAs(a)=1Qa+a® 1
(see [20, Section 3]), that is, kQ} C P(R), where
w = us(d ® tomS)A4.

Conversely, we shall show that P(R) C kQ; by the following two steps. Obviously,
kG N P(R) =0 and P(R) is a graded subspace of R.

(i) Assume that @ =ay,, ,dy, x, ., ---0xx 1S @ path from vertex xp, via arrows
xixgs - - > Ay a0 A,y » 10 VeEIteX x,. Then w(@) = @ - x;'.

(ii) Let

v=">"kya, € P(R),
p=1

where
(») b(p) b(p)

ap = bXnX,H Xp—1Xp-2 * X1X0
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isapathwithn>1,k,ekforp=1,2,...,m, and bff:;j;l is an arrow from vertex x;_;
to vertex x; for j=1,2,...,n. We shall show thatk, =0for p=1,2,...,m. Indeed,

m n

P (») ») (Py-1 ») P (»)

AR) = D" kB B B ) - G e bl B B
p=1 j=0

m
= k@, @1 +18a,).
p=1

This implies that
m
-1
D@D B b)Y bl b B =0, (B
p=1

for j=1,2,...,n— 1, because of their length. For any j with 1 < j<n — 1, assume
that
((OBA()] P _ 0 1 1)y _
I b D =60 B b Y =1{1,2, . my)

Xj-1Xj-2 XjXj-17 Xj-1Xj=2 X1X0

without loss of generality. Therefore, by (3.1),
my
-1
Z kp(bifln-lbyzlxn-z T b;[;)lxj) ’ (x(jp)) ® bgflf?))?f—lbgcl.gle—z T bg(lljgfo =0,
p=1

since

( (@) ) 1 1 1
b b0 b #= b B D forg=my+ 1. m.

XjXj-1 7 Xj-1Xj-2 X1X0

This implies that
my
D kb B b =0 and k,=0forp=1,2,...,m.
p=1

Similarly, we can show thatk, =0 forp=m; +1,...,m. |

By [5, Theorem 4.3.2], the category 2D of Yetter-Drinfeld modules is equivalent
to the category ZMZ of H-Hopf bimodules, where H is a Hopf algebra with bijective
antipode. Let 7 and U be the two corresponding functors. For any N EZ YD,
according to [5, Proposition 4.2.1], T(N):=N < H =N ® H as vector spaces, and
the actions and coactions are given as follows: the left (co)actions are diagonal and
right (co)actions are induced by H. Explicitly, g- (x®h):=g-x®gh,(x®h) -g=
X®hg, Oy, y(X®h) == 3, x1)h ® x(0) ® h; 63, ;(x® h) := x® h ® h, where

(5;,()6)22)6(_1)@)6(0), xeN,h,geH.

X
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For any M EZ MZ, according to [5, Equations (7) and (21)], U(M) is the coinvariant
of M as a vector space, that is,

UM) := M :={xe M| 6}(x)=x®1}.

The left action is left adjoint action and the left coaction is the restricted coaction of
the original coaction of M. That is,

@y (h®X) = ho x = ajy(@y(h® ) ®h™") = (h-x)- b~

and 62,(M)(x) =0,,(x) for any he H,xe€ UM). In fact, TUM)=U(M)>H and
UT(N)=N ® 1. Let Ay be the map from N ® 15 to N sending x ® 1y to x for any
x € N, and let vy, be the map from U(M) = H to M sending x® h to a,(x®h) =x - h
for any x € U(M) and h € H. Then A and v are the natural isomorphisms from functor
UT to id and from functor TU to id, respectively. Note that the inverse of v, is

(o ®1d)(id ® S ®1d)(5;, ® id)dy,.

Remark 3.3. We have U(kQS, G, np 0, u) = (kQ!, ad(G, np p,u)) by the proof of
Lemma 3.2.

Levma 3.4. Assume that ¢ is a Hopf algebra isomorphism from H to H'. Let N € , wYD
and M € ZMH Then

T(¢;1N)5¢;1T(N)¢;l inIME and U("’ "mo 1)~¢ 1U(M) in1YD.

Proor. The first isomorphism is given by sending x® i to x ® ¢(h) for any x € N,
h € H; the second one is identity. O

ProrosiTION 3.5.

(1) If N is a Yetter—Drinfeld kG-module, then there exists an RSR(G, r, To), u) such
that N = (kQ!, ad(G, r,_p), u)) as Yetter—Drinfeld kG-modules.

(1) If B(N) is a Nichols algebra in ;gy D, then there exists an RSR(G, r, _) , u) such
that B(N) = B(kQ}, ad(G, r, 0, w)) as graded braided Hopf algebras in *SY D.

Proor. (i) Since T(N) is a kG-Hopf bimodule, it follows from Proposition 2.4
that there exists an RSR(G, r,To’, u) such that T(N) = (kQ¢, G, r, —p> u) as kG-Hopf
bimodules. Thus, N = UT(N) = U(kQ¢, G, r,_p>, u) = (kQ', ad(G, r, P 0, u)) as Yetter—
Drinfeld kG-modules by [5, Equations (7) and (21)].

(i1) This follows from (i) and [2, Corollary 2.3]. O

LemMma 3.6. Assume that ¢ is a Hopf algebra isomorphism from H to H'. Let R and R’
be graded braided Hopf algebras in YD and ', Y D with Ry = k1 and Ry, = klg,

respectively. If R and zilR’ are isomorphic as graded braided Hopf algebras in ZM D,
then biproducts R#H = R'#H’ as graded Hopf algebras.
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Proor. Let ¢ be a graded braided Hopf algebra isomorphism from R to zflR’ in
HYD. Define a map v from R#H to R'#H’ by sending x ® h to y(x) ® ¢(h) for any
X €R, he H. Itis easy to check that v is an isomorphism of graded Hopf algebras. O

Tueorem 3.7. If A is a pointed Hopf algebra of Nichols type with coradical kG, a
group algebra, then there exists a unique RSR(G, r, P, u), up to isomorphism, such
that A = kG[kQS, G, r, —p>, u] as graded Hopf algebras.

Proor. By Lemma 3.1, A = B(V)#kG as graded Hopf algebras. By Proposition 3.5(ii),
there exists a RSR(G, r, o, u) such that B(V)= B(kQ!,ad(G, r, p,u)) as graded
braided Hopf algebras in {S.Y/D. Thus
kGIkQS, G, 1, P, ul = B(kQ}, ad(G, r, 0, u))#kG  (by Lemma 3.2)
= B(V)#kG (by Lemma 3.6)
= A.
The uniqueness follows from [20, Theorem 3]. m]

Considering Theorem 3.7 and Lemma 3.2, we have that A is a pointed Hopf algebra
of Nichols type if and only if A is a pointed Hopf algebra of type one.

4. Classification of Nichols algebras

Tueorem 4.1. Let (G, r,—p>, u) and (G’ r’,;;, u’) be two RSRs. Then the following
statements are equivalent.
() RSR(G.7B.u) =RSR(G'. 7. 0 ul).
(i) There exists a Hopf algebra isomorphism ¢ : kG — kG’ such that (kQ!, ad(G, r,
?, u)) = ﬁil kQ’ !, ad(G’, r’,?, u')) as Yetter—Drinfeld kG-modules.
(iii) There is a Hopf algebra isomorphism ¢ : kG — kG’ such that B(kQ!, ad(G, r,
D, u) = ﬁil B(kQ ! ad(G, r’,?, u’)) as graded braided Hopf algebra in igyD.
Proor. (i) = (ii). We have
¢71 71 r _’ ’ ¢7l ’c r 7 —3 ’
¢ (le ’ad(Gar,p’u)):(/) U(le 9G9r9pau)
(by the remark before Lemma 3.4)

¢! ’c ’ —; ’ dfl
= U(, (kQ\°,G"r',p" u’)y ) (byLemma3.4)
= U((kQS, G, r,p,u)) (by Theorem 2.6)
= (kQ}, ad(G, 1, B, u)).
(i1) = (iii). By [20, Lemma 2.7],
-1 —
B(kQ}, ad(G, r, B, w) = B(, (kQ,',ad(G", ¥, p', 1))
~ ¢7l% k 1 dG . v 3
=¢ (lea(G’r’psu))
as graded braided Hopf algebras in igy D.
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(ii1)) > (1). We have %(kQ%)#kG = B(kQ] D#kG’ as graded Hopf algebras by
Lemma 3.6. Thus kG[kQS] = B(kQ)#kG = B(kQ| " #kG’ = kG'[kQ|] as graded
Hopf algebras by Lemma 3.2. Now (i) follows from Theorem 2.6. O

We have classified all Nichols algebras by means of RSRs. In other words,
ramification systems with irreducible representations uniquely determine their
corresponding Nichols algebras up to pull-push graded braided Hopf algebra
isomorphisms.

5. Classification of RSRs over symmetric groups

Let ad, and ad; denote the left and right adjoint actions, respectively. That is,
ad, (x) := hxh™' for any x € G. Let y¢ =|Z| when s € C € K(G). AutG and InnG denote
the automorphism group and inner automorphism group of G, respectively.

DeriniTION 5.1. Let RSR(G, r,T)’, u) and RSR(G’, r’,?, u’) be two RSRs. If there
exists a bijective map ¢¢ from Ic(r,u) to Ic(#',u’) such that p(cl) :p’("’C(’)) for
any i € Ic(r,u) and C € K,.(G) with G=G’, r=+" and u =u’, then RSR(G, r, p, u)
and RSR(G’, 7, ?, u') are said to be of the same type. Furthermore, letting

Zuoy = €0 1i=1.2,....yc)

and

(l) (i) i

O ~
=1{j |p u(C)
forany C € K, (G) and 1 <i <vy,), then {(n (2) ey n(gC))}CEq(r(G) is called the type
of RSR(G, i 0, U).

Lemma 5.2, If AutG = InnG, for example, G = S,, with n # 6, then RSR(G, r,?, u) and
ﬁ
RSR(G, r, 0, u) are isomorphic if and only if they have the same type.

Proor. By [18, Proposition 1.1(ii)], AutG = InnG when G = S, with n # 6.
Let RSR(G, r’,?, u’) denote RSR(G, r,?, u) with G=G’, r=r" and u=u" for

_}
convenience. If RSR(G, r, ? u) and RSR(G, r, p’, u) have the same type, then there
exists a bijective map ¢¢ from Ic(r, u) to Iyc)(r’, u’) such that p’(‘M’» = p(c') for any

i €lc(r, u), C € K,(G). Therefore they are isomorphic.

Conversely, if RSR(G, r, 7)>, 1) and RSR(G, r, ?, u) are isomorphic, then there exist
a ¢ € Aut(G), he € G and a bijective map ¢¢ : Ic(r, u) — Iyc)(r’, u’) such that

u' ($(C)) = gad;, (u(C))

and

p'gzg(;))gbad (1)
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for any C € K,.(G) and i € Ic(r, u). Since ¢adJr € AutG = InnG, there exists a gc € G
such that ¢ad;_ = ad;_. Therefore u(C) = ad}_(u(C)) and p'**”ad} = p?. That is,

gc € ZM(C) and X/(¢C(l))ad+ (l’l) X/(¢C(l))(gcl hg ) X/(¢c(l))(h) X(l)(h)

for any h € Z,), where X’(‘M'» and )((l) denote the characters of p’(¢°(’)) and pg),
respectlvely Consequently, y ’(¢‘(’))— =x\ and p’(¢‘(’)) p.  This implies that
RSR(G, r, P p,u)and RSR(G, r, p u) have the same type. O

For a given ramification r of G, let Q(G, r) be the set of all RSRs of G with the
ramification r, namely,

Q@G, r) ={(G, e p,u|(G,r, p u) is an RSR}.

Let N(G, r) be the number of isomorphism classes in Q(G, 7).

THEOREM 5.3. Given a group G and a ramification r of G, assume AutG = InnG, for
example, G =S, with n # 6. Let uy be a fixed map from K(G) — G with uy(C) € C
for any C € K(G). Let Q(G,r, ug) denote the set consisting of all elements with
distinct type in {(G, r,_p>, uy) | (G, r,T)), uo) is an RSRY). Then Q(G, r, uy) becomes the
representative system of isomorphic classes in Q(G, r).

Proor. For any RSR(G, r,—p>, u), there exists RSR(G, r,?, up) such that RSR(G, r, —p), u)
ﬁ
= RSR(G, r, p’, up) by Proposition 2.7. Using Lemma 5.2, we complete the proof. O

COROLLARY 5.4. We have

N(@G,r) = l_l TC,

CeK,(G)

where T¢ is the number of elements in the set
{(l’ll, ny,..., I’Lyc) € Ne | nldegfl + I’lzdegfz + -+ nyCdeg&yC = I’C}

for any C € ¥, (G).

Remark 5.5. For a given finite Hopf quiver (Q, G, r) over the symmetric group
G =S, with n # 6, every path algebra Tg) (kQ{) over the quiver (Q, G, r) admits
exactly N(G, r) nonisomorphic graded Hopf algebra structures; every path coalgebra
T (kQY) over the quiver (Q, G, r) admits exactly N (G, r) nonisomorphic graded Hopf
algebra structures.

Appendix A.

We now consider the dual case of Theorem 4.1. If Q is finite, then (kQ¢, G, r,?, u)
is a (kG)*-Hopf bimodule with comodule operations 6~ and §*. Define a new left
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(kG)*-coaction on kQ{ given by

Ocoaa(¥) 1= Z X1y (X0)1)) ® Xo)0),  for any x € kQf,

X

that is, adjoint coaction. With this left (kG)*-coaction and the original left (arrow)
(kG)*-action a~, kQ1 is a Yetter-Drinfeld (kG)*-module. Let kQ}“ denote the subspace
spanned by Q| in kQ{. It is clear that &o:(kQ)) = (kQ]*)*, where &p: was defined
in [20, Lemma 1.7]. Thus k& }“ is a Yetter—Drinfeld (kG)*-submodule of kQ¢, denoted
by (kQ}%, coad(G, r, P, 1)), which is isomorphic to the dual of (kQ;, ad (G, r, 7, u)
as Yetter—Drinfeld (kG)*-modules.

Therefore we have the dual case of Theorem 4.1.

ﬁ
Prorosition A.1. Let (G, r,7)>, u) and (G’, ', p’, u") be two RSRs. Then the following
statements are equivalent.

() RSR(G,r, B, u) =RSR(G', ¥, p/, ).
(i1)  There exists a Hopf algebra isomorphism ¢ : (kG)* — (kG’)* such that
la g ¢! 7 la R
(kQ%, coad(G, r, p,u)) = , (kO™ coad(G’, ', p’, u"))
as Yetter-Drinfeld (kG)*-modules.
(iii) There is a Hopf algebra isomorphism ¢ : (kG)* — (kG’)* such that

la = ¢! 7 la ’ _; ’
B(kQ,", coad(G, 1, p,u)) =, B(kQ}™, coad(G', 1, p’, u"))

as graded braided Hopf algebras in E’,;g;yb

Proor. Obviously, (ii) and Theorem 4.1(ii) are equivalent; (iii) and Theorem 4.1(iii)
are equivalent. O

Ifv= @Zo V(i 1s a graded vector space, and dimV/(;) < co for 0 <i < oo, then V is
said to be locally finite. In this case, set

Ve = @(V@)* cv,
i=0

asin [13].
Lemma A.2. Assume that H = @ZO:O Hg, is a locally finite graded Hopf algebra.
(i)  Then
HE = @(H(n))* cH®
n=0
is a locally finite graded Hopf algebra.

(1) If G is a finite group and the coradical Hy of H is (kG)*, then the coradical (H®),
of HS satisfies (H8)y = kG.
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Proor. (i) See [16], [17, Lemma 3.1.11].
(i1) Let

Cn = Zn:(H(i))*.
i=0

Then H8 =} ,C, is a filtered coalgebra. By [13, Proposition 11.1.1], Cop=
((kG)*)* = kG contains the coradical (H®)q of Hé. Consequently, (H®)y = kG. O

ProrosiTioN A.3. Let G be a finite group. Assume that V is a finite-dimensional (kG)*-
YD module. Then:

(i)  the coradical of (B(V)#(kG)*)8 is isomorphic to kG;
(1) (BWV)#(kG)*)8 is finite-dimensional if and only if B(V) is finite-dimensional.

Proor. Let R =: B(V) so that the bosonisation (or biproduct)
R#(KG)" = D (Ro#KG)")

of R and (kG)* is a local finite graded Hopf algebra with coradical (kG)*.
Then (R#(kG)*)8 =: @?(R(i)#(kG)*)* is a graded Hopf algebra with coradical
((R#(kG)*)?)o = kG by Lemma A.2. This proves (i).

For (i1), if (R#(kG)*)?® is finite-dimensional, then there exists a natural number m
such that (R#(kG)*)8 = EB:"(R(i)#(kG)*)*. Consequently, R#(kG)* = @;"(R(,-)#(kG)*)
and B(V) is finite-dimensional. The converse is obvious. O

Remark A.4. This gives a method to decide whether a Hopf algebra with coradical
(kG)* is finite-dimensional or not by means of pointed Hopf algebras.
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