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Notation. K = algebraic number field , 
R = algebraic integers in K, 
A = finite dimensional semi-simple K-algebra, 

n 
A = 2 Q A. ; A. = simple K-algebra, 

i=l * 1 

i = 1, . . . , n , 
K. = cente r o f A , i = 1, * • • , n , 

i i 
G = R-order in A, 
R.= G (1 K.. 

l l 

All modules under consideration are finitely generated left modules. 
A G-lattice is a G-module which is R-torsion-free. 

In this note we shall prove the following result . 

THEOREM. G is a separable R-order in A if and only if 

(i) A. is unramified at all the finite primes of 

K., i = 1, • • • ,n , 
l 

(ii) every prime ideal of R. is unramified over R, 
i = 1,••• ,n, 

(iii) G is a maximal R-order in A. 

Remark. This result can also be obtained from Auslander-
Goldman [1]. However, we would like to sketch an independent proof, 
which, from the viewpoint of the theory of orders , uses little 
machinery. 

op 
Proof. By G we denote the opposite order to G, and 

e op 
G = G ® G is the enveloping algebra of G. We may view G in 
a natural way as left G -module. G is called a separable R-order 

in A if G is a projective G -module. Let us recal l (cf. [4; 2]) 
that the Higman ideal i(G) of the R-order G is defined as 
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1 e 
i(G) = { r € R : Ext (G ,V) r = 0, for e v e r y left G - m o d u l e V} . 

G6 

T h u s , G is s e p a r a b l e if and only if i(G) = R. Since the Higman 
idea l l o c a l i z e s p r o p e r l y , G i s s e p a r a b l e if and only if R* ® G 

p R 
i s s e p a r a b l e for e v e r y finite p r i m e p of R, w h e r e R* deno te s 

P 
the p - a d i c comple t i on of R. Thus it suff ices to p rove the t h e o r e m 
under the a s s u m p t i o n that R is a c o m p l e t e d i s c r e t e r a n k one 
va lua t ion r ing with quot ient field K, w h e r e K is a c o m p l e t e 
n u m b e r f ield. 

1) Let G be a s e p a r a b l e R - a l g e b r a in A. Since G i s 
s e p a r a b l e , i t follows i m m e d i a t e l y tha t G! = G/pG is a s e p a r a b l e 
R ! = R / p R - a l g e b r a , w h e r e p i s a p r i m e e l e m e n t in R. Thus G 
is h e r e d i t a r y and pG = rad (G) , w h e r e rad(G) deno tes the J a c o b s o n 
r a d i c a l of G; and so we m a y a s s u m e tha t A i s a s i m p l e K - a l g e b r a . 
M o r e o v e r , s ince i(G) = R, w h e r e i(G) is the H igman i dea l of G, 
e v e r y i r r e d u c i b l e G-Ia t t ice r e m a i n s i r r e d u c i b l e if r e d u c e d modu lo 
p (cf. M a r a n d a [5]). If M, N a r e two i r r e d u c i b l e G - I a t t i c e s , then 
KM 'r KN, s ince A is s i m p l e , and hence M / p M and N / p N have 
the s a m e compos i t i on f a c t o r s ; i . e . , M / p M ^ N / p N . This i m p l i e s 
M ^ N , and G i s m a x i m a l . Since rad(G) = pG, the c e n t e r R* 
of G i s un rami f i ed over R. 

It r e m a i n s to show tha t A i s a full m a t r i x r ing over i t s 
c e n t e r K*. Since p i s a l so a p r i m e e l e m e n t of R*, we m a y v iew 
A as a c e n t r a l s imp le K * - a I g e b r a and G as an R * - o r d e r in A ; 
m o r e o v e r , G! is a s e p a r a b l e R* ! = R * / p R * - a I g e b r a . i t should be 
o b s e r v e d tha t G1 i s a s imple R*1 - a l g e b r a . Now, let M be a fixed 
i r r e d u c i b l e G- Ia t t i c e . Then we have a M o r i t a equ iva lence be tween 
the c a t e g o r y of G- Ia t t i ce s and the c a t e g o r y of E ( M ) - l a t t i c e s , w h e r e 
E(M) = End (M). E(M) is the m a x i m a l R v - o r d e r in the skew-f ie ld 

G 
D = End (KM). We intend to show tha t D = K*; th i s would f inish 

one p a r t of the proof. The above M o r i t a equ iva l ence i nduces a M o r i t a 
equ iva lence be tween the f ini tely g e n e r a t e d G! - m o d u l e s and the c a t e g o r y 
of the f ini te ly g e n e r a t e d E(M) ! - m o d u l e s , w h e r e 

E(M) ! = End (M/pM) ^ End (M) /pEnd (M). 
G G G 

Th i s shows in p a r t i c u l a r tha t E(M)1 i s s i m p l e ; i . e . , 
pEnd (M) = r ad (E(M)) . But t hen D = K* (cf. H a s s e [3]) , s ince 

G 2 
(D:KV) = n i m p l i e s tha t the r a m i f i c a t i o n index of rad(E(M)) ove r 
pE(M) i s ri. Th i s p r o v e s one d i r e c t i o n of the t h e o r e m . 
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2) A s s u m e tha t G sa t i s f i e s the condi t ions of the t h e o r e m . 
Since a d i r e c t s u m of o r d e r s i s s e p a r a b l e if and only if each s u m m a n d 
is s e p a r a b l e , we m a y a s s u m e that A is s i m p l e . Since al l m a x i m a l 
R - o r d e r s in A a r e i s o m o r p h i c under an inner a u t o m o r p h i s m of A, 
it suffices to show, that one m a x i m a l R - o r d e r in A is s e p a r a b l e . 
Hence we m a y a s s u m e G is the fo rm G = (R ") , w h e r e R',N is the 

n 
i n t e g r a l c l o s u r e of R in the c e n t e r of A. Since R',N i s unramif ied 
over R, rad(G) = (pR*) , whe re pR = r ad (R) . Consequent ly 

n 
Gf = G/pG = (R*/pR*) i s a s e m i s i m p l e R ' = R / p R - a l g e b r a , 

hence G1 i s a s e p a r a b l e R ! - a l g e b r a ; i . e . , G' is a p ro j ec t ive 
e e 

G! - m o d u l e . Thus G i s a p ro jec t ive G - m o d u l e ; i . e . , G i s 
s e p a r a b l e . Th i s p r o v e s the t h e o r e m . 
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