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The denses t la t t ice packings of equal s p h e r e s in Euc l idean spaces 
E of n d imens ions a r e known for n .< 8 . However , it i s not known 

n 
for any n ^. 3 whether t h e r e can be any non- l a t t i ce sphe re packing 
with dens i ty exceeding that of the d e n s e s t la t t ice packing . W. Ba r low 
d e s c r i b e d [ l ] a non- l a t t i ce packing in E with the s a m e dens i ty a s the 

dense s t la t t ice packing, and I d e s c r i b e d [6] t h r e e non - l a t t i c e packings 
in E which a l so have th is p r o p e r t y . In th is note I d e s c r i b e a non-

5 
la t t ice packing in E and two in E which a r e a l s o as dense as the 

6 7 
d e n s e s t la t t ice packings ; these packings a r e al l obtained by a uniform 
cons t ruc t i on . 

Cons ide r a la t t ice packing in E , not n e c e s s a r i l y the dense s t 
n 

p o s s i b l e , and define a l aye r of s p h e r e s in E to be a se t of s p h e r e s 
— — n+1 

whose c e n t r e s fo rm a la t t ice in E , so that t h e i r c r o s s sec t ion in the 
n 

flat conta in ing t h e i r c e n t r e s is the chosen la t t ice packing in E . We 
c o n s i d e r packings in E made by s tack ing such l a y e r s . To make 

these as dense as p o s s i b l e , we r e q u i r e to have the c e n t r e flats of the 
l a y e r s as c lose toge the r as pos s ib l e , so we place the s p h e r e s of e a c h 
l aye r opposite to the points of the adjacent l ayer m o s t d i s tan t f rom the 
c e n t r e s of s p h e r e s , unless this would r e s u l t in the s p h e r e s of two l a y e r s 
adjacent to an i n t e r m e d i a t e l aye r over lapping each o the r . However , 
the s p h e r e s may not be opposi te to a l l the points at th is m a x i m u m 
d i s t a n c e , and when they a r e not , it may be poss ib le to c o n s t r u c t non-
la t t ice packings by sui tably s tacking the l a y e r s . Since the l a y e r s a r e 
a lways la t t ice packed , if one sphe re is opposite to a point at m a x i m u m 
d i s t ance f rom c e n t r e s in the adjacent l a y e r , so a r e a l l s p h e r e s in i ts 
lay e r . 

This c o n s t r u c t i o n i s c l e a r l y i l l u s t r a t e d in the c a s e n = 2 . 
F i r s t we cons ide r l a y e r s packed in squa re l a t t i c e s . The points m o s t 
d i s t an t f rom the v e r t i c e s of the la t t ice a r e the c e n t r e s of s q u a r e s , so 
we place each l aye r with i ts s p h e r e s opposite to the s q u a r e s of the 
adjacent l a y e r . As the s p h e r e s and the s q u a r e s a r e equal ly n u m e r o u s , 
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t h e r e i s no choice h e r e , and we obtain the d e n s e s t l a t t i ce packing in 

E . Now c o n s i d e r l a y e r s packed in t r i a n g u l a r l a t t i c e s . F o r m a x i m u m 

dens i ty we p lace the s p h e r e s of e a c h layer opposi te to the c e n t r e s of 
t r i a n g l e s of the adjacent l a y e r , but now we have a cho ice , a s the t r i a n g l e s 
a r e twice as n u m e r o u s a s the s p h e r e s . If we r e g a r d the t r i a n g l e s a s 
co loured b lack and white a l t e r n a t e l y , the s p h e r e s of e a c h l aye r can be 
placed opposite to e i t h e r a l l the b l ack t r i ang l e s or al l the white t r i a n g l e s 
of the adjacent l a y e r . If the l a y e r s a r e so s tacked tha t the s p h e r e s in 
the two l a y e r s adjacent to any layer a r e opposi te to t r i a n g l e s of different 
c o l o u r s , then the d e n s e s t l a t t i ce packing is obta ined . But if the ad jacent 
s p h e r e s on both s ides of e a c h l aye r a r e opposi te to t r i a n g l e s of the s a m e 
co lour , then the uni form non- l a t t i c e packing is obta ined . C l e a r l y t he se 
packings a r e of the s a m e dens i ty . If we r e q u i r e our pack ings to be 
uni form, t h e r e i s no fu r the r cho ice , a s a l l l a y e r s have to be fitted a l i k e , 
and th i s c o n s t r u c t i o n gives p r e c i s e l y t he se two p a c k i n g s . 

We now c o n s i d e r packings in E m a d e by s tacking l a y e r s whose 

c e n t r e s f o r m the la t t ice h 5 in E , i . e . the a l t e r n a t e v e r t i c e s of 
n+1 n 

the r e g u l a r cubic la t t i ce 5 . (Fo r de t a i l s and b ib l iography see 

[2, pp . 395 ,414] and [ 3 , pp. 236 -238 ] . ) These t h e m s e l v e s give the 
d e n s e s t l a t t i ce pack ings in E for n = 3 , 4, 5, but not for o the r v a l u e s 

of n. F o r a l l va lues of n, each sphe re touches 2 n (n - 1) o t h e r s in each 
l a y e r . F o r n >. 3 the ce l l s of the la t t i ce a r e of two k inds : each omi t t ed 
v e r t e x of the cubic la t t ice i s the cen t r e of a ce l l 6 , while i n s c r i b e d in 

n 
each cube of the la t t i ce is a ce l l h y . The l a t t e r ce i l s a r e twice a s 

n 
n u m e r o u s a s the f o r m e r , s ince they a r e i n s c r i b e d in a l l the cubes while the 
f o r m e r a r e c e n t r e d in only half of the equal ly n u m e r o u s v e r t i c e s of the 
cubic l a t t i c e . We sha l l r e g a r d the ce l l s h 7 as being co loured b lack 

and white a l t e r n a t e l y , c o r r e s p o n d i n g to " c h e s s b o a r d " co lour ing of the c u b e s . 

F o r n = 3 the ce l l s (3 (oc tahedra ) a r e l a r g e r than the ce l l s 

h Y = a ( t e t r a h e d r a ) , so to s t ack such l a y e r s for m a x i m u m dens i ty 

we p lace the s p h e r e s of each l a y e r opposi te to oc t ahed ra of the adjacent 
l a y e r . As the oc t ahed ra and s p h e r e s a r e equal ly n u m e r o u s , t h e r e is 
no choice h e r e , and we a r r i v e uniquely at the d e n s e s t l a t t i ce packing 
in E . 

F o r n = 4, the c e l l s 6 and h v A a r e the s a m e , the la t t i ce 
r 4 4 

hÔ being the r e g u l a r honeycomb { 3, 3, 4, 3 } . So in th i s c a se we 
5 

have a th reefo ld choice for p lac ing each l a y e r : r e l a t i v e l y to h 5 the 

s p h e r e s of e a c h l aye r m a y be p laced opposi te to the omi t t ed v e r t i c e s 
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or the b lack ce l l s or the white c e l l s . I have ana lysed th i s ca se in [6] , 
finding t h r e e d is t inc t uniform non- l a t t i ce packings of the s a m e dens i ty 
a s the dense s t la t t ice packing. In each of t h e s e , each sphe re touches 
40 o t h e r s . 

Fo r n > 4, the ce l l s h y a r e l a r g e r than the ce l l s 6 , so for 
n n 

m a x i m u m dens i ty in E we s t ack the l a y e r s with the s p h e r e s of 
n+1 

each l aye r opposi te to the cubes of the adjacent l a y e r s . As these cubes 
a r e twice as n u m e r o u s a s the s p h e r e s , we have a choice at each s tage 
whe the r we place the s p h e r e s opposite to b lack or white c u b e s . Thus 
the c e n t r e s of the s p h e r e s in any one l aye r m a y or may not lie on the 
jo ins of c e n t r e s of s p h e r e s in the l a y e r s adjacent to i t . If e v e r y l aye r 
i s such that they do so , a la t t ice packing wil l be obtained, but if they 
a r e such that th is i s not so , a non- l a t t i ce packing wil l be obtained. In 
a uniform packing , a l l l a y e r s m u s t be a l ike in th i s r e s p e c t , so we have 
uniquely d e t e r m i n e d a la t t ice packing and a uniform non- l a t t i ce packing . 

F o r n = 5 we obtain the d e n s e s t la t t ice packing in E , when the 
6 

s p h e r e s of the two l a y e r s adjacent to each l aye r a r e opposi te to cubes 
of different c o l o u r s , and the uniform non- la t t i ce packing when they a r e 
opposi te to cubes of the s ame co lour . In both c a s e s each sphe re touches 
40 o t h e r s in i t s own l a y e r and 16 in each adjacent l a y e r , a to ta l of 72. 

F o r n = 6 the ro l e s a r e r e v e r s e d : the la t t ice packing is that in 
which the s p h e r e s of the two l a y e r s adjacent to each l aye r a r e opposi te 
to cubes of the s a m e co lou r . This has a r e m a r k a b l e consequence . In 
th is c a s e the s p h e r e s of each l aye r touch the f lats of c e n t r e s of adjacent 
l a y e r s , and consequent ly in the la t t ice packing , but not in the non- l a t t i ce 
packing , the s p h e r e s in the two l a y e r s adjacent to a given l aye r touch 
e a c h o ther in the flat of c e n t r e s of the given l a y e r . Thus although in 
both packings each sphe re touches 60 o t h e r s in i t s own l aye r and 32 o the r s 
in each adjacent l a y e r , a to ta l of 124, in the la t t ice packing each sphe re 
a l s o touches one in each of the two l a y e r s two away f rom it , b r ing ing the 
to ta l to 126. 

It i s a l s o poss ib l e to s t a ck the l a y e r s so that each sphe re touches 
125 o t h e r s , each sphe re touching one in a l aye r two away on one side 
only. This packing, however , is not uni form. Half of the l a y e r s a r e 
such that t h e i r flats of c e n t r e s contain points of contac t of s p h e r e s of 
adjacent l a y e r s , while the o the r s contain no such po in t s , and the s p h e r e s 
in l a y e r s of opposi te kinds a r e not equiva lent . 

F o r n = 7, the s p h e r e s of each l aye r cut the flats of c e n t r e s of 
the adjacent l a y e r s , so we can obtain a high dens i ty packing in E only 

o 
by p lac ing the two l a y e r s adjacent to a given l aye r with the s p h e r e s 
opposi te to cubes of different c o l o u r s . We thus a r r i v e uniquely at the 
d e n s e s t l a t t i ce packing . E a c h s p h e r e i s opposi te to a p ce l l in the 
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l aye r two away f rom it , and so it t ouches 84 o t h e r s in i t s own l aye r , 
64 in each adjacent l a y e r , and 14 in each l aye r two away f rom it , a 
to t a l of 240. 

F o r n = 8, the s p h e r e s of a l aye r can be fitted exac t ly into the 
i n t e r s t i c e s be tween the s p h e r e s of an " ad j acen t " l a y e r , p roduc ing the 
d e n s e s t l a t t i ce in E aga in ins tead of a packing in E . C l e a r l y such 

l a y e r s wi l l not p roduce dense packings for any n > 8 . 

As r e m a r k e d above , the la t t ice packing h o is not the d e n s e s t 
n+1 

in E for any n ^ 6, and we now examine the use of l a y e r s of s p h e r e s 
n 

b a s e d on the d e n s e s t la t t ice p a c k i n g s . It happens tha t in E , as in E , 
6 2 

the ce l l s of the d e n s e s t la t t ice a r e a l l the s a m e and a r e twice as n u m e r o u s 
as the v e r t i c e s , so t h e r e a r e two ways of s tacking such l a y e r s in E , a s 

in E . Th is m a y be seen as fol lows. Bas ing our c o o r d i n a t e s for the 
d e n s e s t la t t ice in E on i ts c o n s t r u c t i o n f rom l a y e r s b a s e d on h Ô 

o 6 
in E , we m a y take -the v e r t i c e s of the la t t ice to have c o o r d i n a t e s 

5 
(x , x , x , x , x , x . \T3) , whe re x , . . . , x . a r e i n t e g e r s , a l l even 

1 2 3 4 5 6 1 6 
or a l l odd, with t he i r s u m d iv i s ib le by 4. Thus the 72 v e r t i c e s ad jacent 
to the or igin c o m p r i s e 40 with two of x , . . . , x being t 2 and the 

o t h e r s and x being 0, and 32 with x , . . . , x be ing t 1 with an 

odd n u m b e r of each s ign . The c e l l s each have 27 v e r t i c e s , and the 
c e n t r e s of the c e l l s a r e points which have the s a m e c o o r d i n a t e s as the 
v e r t i c e s except for adding or sub t r ac t i ng 4 / \ f3 to the l a s t c o o r d i n a t e . 
The two se t s of ce l l s c o r r e s p o n d to w h e t h e r 4 / \T3 was added or 
s u b t r a c t e d . Deeming these to be b l ack and white r e s p e c t i v e l y , we 
obtain the la t t i ce packing when the ad jacent l a y e r s have t h e i r s p h e r e s 
opposi te to c e l l s of dif ferent c o l o u r s , o the rwi se the uni form non- l a t t i c e 
pack ing . In th i s c a s e the s p h e r e s do not cut or touch the f lats of c e n t r e s 
of ad jacent l a y e r s , so in both packings each s p h e r e t ouches 72 in i t s 
own l aye r and 27 in each adjacent l a y e r , a to ta l of 126. We thus have 
two uni form n o n - l a t t i c e pack ings in E of the s ame dens i ty a s the 

d e n s e s t la t t ice pack ing , each sphe re of one touching 126 o t h e r s while 
each sphe re of the o the r touches only 124 o t h e r s . 

The d e n s e s t la t t ice in E has c e l l s of two k inds , the l a r g e r of 

which have 56 v e r t i c e s , and t h e s e ce l l s a r e as n u m e r o u s as the v e r t i c e s . 
So the d e n s e s t packing in E which can be made f rom t h e s e l a y e r s i s 

8 
uniquely d e t e r m i n e d , and is the d e n s e s t l a t t i ce packing in E aga in . 

8 
E a c h s p h e r e touches the f la ts of c e n t r e s of the adjacent l a y e r s , and so 
each sphe re t ouches 126 o t h e r s in i t s own l a y e r , 56 in each ad jacent 
l a y e r , and one in each l aye r two away f r o m i t , to ta l l ing 240. 

1 5 4 
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The ce l l s of the denses t lat t ice in E a r e a ' s and p ' s, 
8 8 8 

both of which a r e m o r e numerous than v e r t i c e s , so la t t ice and non-
la t t ice pack ings of equal dens i ty can be cons t ruc t ed in E f rom l a y e r s 

of th i s t ype . T h e s e a r e the denses t known, but have not been proved 
to be the d e n s e s t poss ib le even for la t t ice pack ings . S i m i l a r l y the 
d e n s e s t known packings in E can be obtained f rom these E l a y e r s , 

F & 10 9 
but the d e n s e s t known packing in E is not obtainable f rom the d e n s e s t 

11 
known in E in th is way. These and o ther packings for 9 ^ n ^: 24 

and for n = 2 a r e d i s c u s s e d in [4; 5 ] . 

It i s only for n ^ 8 that the d e n s e s t la t t ice packings a r e known, 
and we have now cons t ruc ted equal ly dense non- l a t t i ce packings for 
n = 3, 5, 6, 7, i . e . whenever n i s not a power of 2 . It r e m a i n s an 
i n t e r e s t i n g field for specula t ion and study whe ther t hese a r e poss ib le 
for n = 4 o r 8, and whe the r d e n s e r non - l a t t i ce packings a r e poss ib le 
for any of these va lues of n . 
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