
ON P E A R L ' S P A P E R "A DECOMPOSITION THEOREM 
FOR MATRICES1»* 

R . C . Thompson 

( rece ived A p r i l 29, 1969) 

Let A be an m X n m a t r i x of complex n u m b e r s . Eet A 
and A* denote the t r a n s p o s e and conjugate t r a n s p o s e , r e s p e c t i v e l y , 
of A. We say A is d iagonal if A conta ins only z e r o s in a l l 
pos i t ions (i , j) with i f j . In a r e cen t l y publ ished pape r [4] , M. H. 
P e a r l e s t ab l i shed the following fact: T h e r e exis t r e a l or thogonal 
m a t r i c e s O and O (O m - s q u a r e , O n - s q u a r e ) such tha t 

^ 2 1 Z 
O AO_ is d iagonal , if and only if both AA* and A* A a r e r e a l . It 

1 2 
is the pu rpose of th i s pape r to show that a t h e o r e m subs tan t i a l ly 
s t r o n g e r than th is r e s u l t of P e a r l 1 s i s included in the r e a l c a s e of a 
t h e o r e m of N . A . Wiegmann [2]. (Fo r o ther p a p e r s r e l a t e d to 
Wiegmann 1 s, see [ l ; 3 ] . ) 

THEOREM. Let A . . . . , A, be a se t of m x n m a t r i c e s of 
1 k 

c o m p l e x n u m b e r s . Then r e a l or thogonal m a t r i c e s O and O 

(O m - s q u a r e , 0 0 n - s q u a r e ) ex is t such that s imul t aneous ly a l l 
1 2 — — 

m a t r i c e s O ^ . O ^ a r e d iagonal , 1 < i < k, if and only if the 
1 l 2 — — 

m a t r i c e s 

(1) A.A.* , A.A. l , A. "CA., A / A . , 1 < i , j < k 
i J i J i J i J ~ -

a r e a l l s y m m e t r i c . 

* The p r e p a r a t i o n of th is pape r was suppor ted in p a r t by the Office 
of Scientif ic R e s e a r c h of the U . S . A i r F o r c e , under Grant 698-67 . 

Canad. Math. Bu l l . vo l . 12, no. 6, 1969 

805 

https://doi.org/10.4153/CMB-1969-104-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-104-5


Here a (real or complex) ma t r ix M is said to be symmetr ic if 

M = M . It is easy to see that A A ^ and A '''A a re r ea l if and 
1 1 1 1 

only if they are symmet r i c . Thus the case k = 1 of the Theorem 

yields Pea r l 1 s resu l t . 

Proof. Let A. = B. + f^l C. where B. and C a r e r ea l . 
J J J J J 

Upon separating the four equations 

A.A.* = (A.A.V)L , A A L = (A A ^) 

(2) 

i 3 i Ï ' i j i j 
A.*A. = (A.*A.)T , A.TA. = ( A . T A . ) T 

into r ea l and imaginary p a r t s , we obtain eight equations: 

B B T + C C T = B B T + C.C.T , B . B . T - C.C.T = B .B . T - C.C.T , 
i j i j J i J i i J i J J 1 J x 

- B C T + C B T = B.C T - C B . T , B .C. T + C.B. T = B .C. T + C.B. T , 
i j i j J i J i l J ! J J x J x 

(3) 
B TB + C TC = B TB + C . T C B. T B. - C.TC. = B. T B. - C.TC., 

i j i j J i J i i J x J J i J ! 

B TC - C TB = -B TC + C TB , B T C. + C.TB. = B.TC. + C.TB.. 
i j i j j i J i i J 1 3 J i J x 

By addition and subtraction we see that the equations (3) are 

equivalent to: 

B . B . T =B.B T , C C. T = C.C T , B.C T = C.B T , C.B T =B C T , 
1 J J i i J J i i J J i i J J i 

(4) 

B. T B. = B . T B . , C.TC. =C TC , B TC = C TB , C TB = B TC . 
1 J J i i J J i i J J i i J J i 
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However , by the r e a l analogue of Wiegmann 1 s f i r s t t h e o r e m in [2] , 
the va l id i ty of the equa t ions (4) for al l i , j , 1 < i, j < k, i s 
exac t ly the n e c e s s a r y and sufficient condit ion for the ex i s t ence of 
r e a l o r thogona l O and 0_ such that the m a t r i c e s O B CL, 

1 2 1 i 2 
O C.O , 1 <: i <C k, a r e a l l d iagona l . This c o m p l e t e s the proof 

1 1 o 

of the T h e o r e m . F o r c o m p l e t e n e s s , we now ske tch a proof of 
Wiegmann 1 s t h e o r e m in the r e a l c a s e . Our proof is somewhat s h o r t e r 
than Wiegmann 1 s . 

LEMMA. Let M , , . . . , M be a se t of m X n r e a l m a t r i c e s . 
1 r 

Then r e a l o r thogona l m a t r i c e s Ot and O- ex i s t such that a l l of 
2 . 1 2 

O M.O a r e d iagona l , 1 _< i <: r , if and only if a l l m a t r i c e s 

M.M. and M. M. a r e s y m m e t r i c , 
i J i 3 

Proof of L e m m a . The n e c e s s i t y i s t r i v i a l s ince then al l M.M. 
i J 

and a l l M. M. a r e or thogonal ly s i m i l a r to r e a l d iagonal m a t r i c e s . 
i J 

Let p , q, r , s be i n t e g e r s . Using the p r o p e r t i e s M.M. = M.M. 

and M . T M . = M . T M . , we see that (M M T ) (M M T ) = M M TM M T 

I J J I p q r s p r q s 

= M M M M = (M M T)(M M ) . Hence the s y m m e t r i c m a t r i c e s 
r p s q r s p q 

M . M . T , 1 < i , j < k a r e c o m m u t a t i v e . T h e r e f o r e we m a y find an 

o r thogona l m a t r i x O, such that O M.M. T 0 T a r e a l l d iagona l . 
1 1 i j 1 

Without l o s s of gene ra l i t y we m a y a s s u m e that O M M O h a s 

(a , 0, . . . , 0) a s i t s top row, with a > 0. Thus the top row of ®AM 

has n o r m a . We m a y find or thogonal O mapping th i s top row of 
1 ^ 

O M to (a , 0, 0, . . . , 0). Changing nota t ion and r ep l ac in g O M.O 
1 1 1 1 l ^ 

th roughout with M. , we now see that 

, 1 < i < k , 
1 

ot. 
1 

y i 

X 
1 

M*. 
1 

with a > 0, x , = 0. The d iagonal fo rm of M , M , T f o r c e s y j = 0; 
1 1 1 1 1 

the d iagona l fo rm of M , M . T f o r c e s y. = 0 (i > 1), and then the 
1 i l 

n o r m a l i t y of M. T M , fo rces x. = 0 (i > 1). Thus M. = (a.) + (M. f ), 
l 1 l i l l 
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1 < i < k. By an obvious induction on the size of the mat r i ces , we 
may now diagonalize M , . . . , M ! by an orthogonal equivalence, 

i K. 

and hence complete the diagonalization of M , . . . , M . 
1 k 

For use elsewhere, observe that if all M.M. are positive 
i J 

semidefinite then we may find O and 0_ such that O M.CL are 
1 2 1 i 2 

all diagonal with nonnegative diagonal ent r ies . This follows by 
using the fact that a a > 0 (i > 1) denies the possibility that 

1 i -
a. < 0. 

l 
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