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Abstract

In the present paper we deal with the existence of multiple solutions for a quasilinear elliptic problem
involving an arbitrary perturbation. Our approach, based on an abstract result of Ricceri, combines
truncation arguments with Moser-type iteration technique.
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1. Introduction

In the present paper, we deal with the quasilinear elliptic problem{
−∆pu = λ f (x, u) + µg(x, u) in Ω,
u = 0 on ∂Ω,

(Pλ,µ)

where Ω is a bounded smooth domain in RN (N ∈ N), p > 1, f , g : Ω × R→ R are
Carathéodory functions, and λ, µ nonnegative parameters.

The existence of three solutions for λ and µ in convenient intervals has been
established by Ricceri in [7] when f is superlinear at zero and sublinear at infinity,
and, when p < N, g has a subcritical growth at infinity, that is,

|g(x, u)| ≤ C(1 + |u|q−1)

for some 1 < q < p∗ = N p/(N − p), C > 0.
In [8], Zhao and Zhao proved the existence of two nonzero bounded weak solutions

for the elliptic problem (Pλ,µ) when p < N and g(x, u) = |u|r−2u with r ≥ p∗. When
the perturbation has a supercritical growth, variational techniques do not apply as the
energy functional related to the problem is not well defined on the Sobolev space
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W1,p
0 (Ω). This difficulty is overcome in [8] by truncating the power term and by

proving that the critical points of the truncated functional are actually bounded. More
precisely, combining the abstract three critical points theorem of Ricceri [7] with a
Moser iteration technique, they obtain two nonzero, bounded, weak solutions of the
above problem for suitable λs and µs.

In the present note, we will prove that the method of [8] can be adapted to arbitrary
perturbations (not only pure power terms) and also when p ≥ N. Indeed, because of
the particular nature of the conclusion of [7], the match with a Moser-type iteration
argument turns out to be successful also in the present framework (see Remark 2.2).

In connection with multiplicity results for nonlinear problems with arbitrary
perturbations, we mention the papers of Anello [1], Chen and Li [2], Iturriaga et al. [3]
and Lorca and Ubilla [5]. In [2, 3, 5] the authors deal with a nonlinear problem of the
following type: {

−∆pu = λh(u) in Ω,
u = 0 on ∂Ω,

(Pλ)

where h is a continuous function, λ a positive parameter. In [5] the authors, among
other applications, prove the existence of a nonnegative solution for problem (Pλ)
when p = 2 and λ is big enough, with suitable monotonicity and growth assumptions
on the nonlinearity near zero. The approach consists in modifying h outside a
neighborhood of the origin in order to ensure a subcritical behavior of the associated
Euler Lagrange functional so that variational methods apply. Suitable a priori
estimates allow a solution of the original problem to be obtained. Multiple solutions
for (Pλ) are obtained in [3] when h has a positive zero and it satisfies a p-linear
condition only at zero. It is proved, for λ big enough, that there exist a first solution
via sub-supersolution techniques and a second one by topological degree arguments.
No assumptions at infinity are required. A superlinear behavior at zero is assumed
in [2] where truncation methods and minimax theorems are employed to study the
multiplicity of solutions for problem (Pλ) when p = 2.

A closer comparison is possible with the main result of [1]. The author investigates
the existence and multiplicity of solutions of the problem{

−∆u = f (x, u) + µg(x, u) in Ω,
u = 0 on ∂Ω,

where both f and g have arbitrary growth, f is a changing sign nonlinearity, sublinear
at zero. The existence of two solutions, one positive and the other negative, is obtained
for small values of the parameter µ by employing direct methods and truncation
arguments.

In the present note, as mentioned above, we focus on the arbitrary perturbation.
We follow the idea of [8] consisting in combining the three critical points theorem of
Ricceri [7] and a truncation technique. It is worth mentioning that the Moser iteration
methods employed in [8] does not work in the presence of an arbitrary perturbation
and a different approach is employed here (see [6]).
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Denote by A the class of Carathéodory functions h : Ω × R→ R satisfying the
following assumption:

for every M > 0, sup
|s|≤M
|h(x, s)| ∈ L∞(Ω).

We say that u is a solution of problem (Pλ,µ) if u ∈ W1,p
0 (Ω) ∩ L∞(Ω) and∫

Ω

|∇u|p−2∇u∇v dx =

∫
Ω

[λ f (x, u) + µg(x, u)]v dx

for every v ∈ W1,p
0 (Ω).

Our result is as follows.

Theorem 1.1. Assume that f ∈ A and

(i) lims→0 ( f (x, s))/|s|p−1 = 0 uniformly with respect to x ∈ Ω;
(ii) lim|s|→∞ ( f (x, s))/|s|p−1 = 0 uniformly with respect to x ∈ Ω;
(iii) sups>0 infx∈Ω f (x, s) > 0.

Set

λ∗ = inf


∫

Ω
|∇u(x)|p dx

p
∫

Ω

∫ u(x)
0 f (x, s) ds dx

:
∫

Ω

∫ u(x)

0
f (x, s) ds dx > 0

 .
Then, for every compact interval [a,b] ⊆ ]λ∗,+∞[, there exists ρ > 0 with the following
property: for every λ ∈ [a, b] and for every g ∈ A, there exists µ∗ > 0 such that for
every µ ∈ [0, µ∗], problem (Pλ,µ) has at least three solutions in C1

0(Ω̄) whose norms in
W1,p

0 (Ω) are less than ρ.

Remark 1.2. As will be clear from the proof of Theorem 1.1, λ∗ and ρ, given by
Theorem 2.1 below, depend on f but not on the particular choice of g. This is the
key to our arguments as it allows the perturbation g to be truncated in a suitable way
(via a constant depending on λ, f and ρ) and the existence of multiple solutions for
the truncated problem to be proved. A technical lemma (see below) provides a very
precise estimate of the L∞-norm of the solutions of the auxiliary problem, which turn
out to be solutions of (Pλ,µ).

Remark 1.3. A comparison with the results of [1–3, 5] is in order. We point out that
our assumptions are quite different than those of the papers mentioned. Besides the
different structure of the nonlinearity, in [3], h is required to be p-linear at the origin
(that is, lim inf s→0 h(s)/|s|p−2s ≥ 1) and to have a positive zero, while in [5], besides the
superlinear behavior at zero, the function s→ h(s)/s is increasing in a neighborhood
of zero. In [2], only the superlinear growth at zero is required, while in [1], the key
assumption is that f changes sign.

If, for instance, p = 2 and f and g are defined as

f (s) =

{
0 if s ≤ 0,
min{s2,

√
s} if s > 0, g(s) = es,
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then Theorem 1.1 applies. Notice that f is a nonnegative function; if hλ = f + (µ/λ)g
for every positive λ and µ, then s→ hλ(s)/s is decreasing in a neighborhood of zero,
has no positive zeros, and lims→0+ hλ(s)/sq−1 = +∞ for any q ≥ 2.

2. Proofs

Let X be a Banach space. Denote by WX the class of all functionals Φ : X → R
with the following property: if {un} is a sequence in X converging weakly to u ∈ X and
lim infn→∞Φ(un) ≤ Φ(u), then {un} has a subsequence converging strongly to u.

Our main abstract tool is the following result of Ricceri.

Theorem 2.1 [7, Theorem 2]. Let X be a separable and reflexive real Banach space;
Φ : X → R a coercive, sequentially weakly lower semicontinuous C1 functional,
belonging toWX , bounded on each bounded subset of X, and whose derivative admits
a continuous inverse on X∗; and J : X → R a C1 functional with compact derivative.
Assume that Φ has a strict local minimum u0 with Φ(u0) = J(u0) = 0. Finally, setting

α = max
{
0, lim sup
‖u‖→+∞

J(u)
Φ(u)

, lim sup
u→u0

J(u)
Φ(u)

}
,

β = sup
u∈Φ−1(]0,+∞[)

J(u)
Φ(u)

,

assume that α < β.
Then, for each compact interval [a,b] ⊂ ]1/β,1/α[ (with the conventions 1/0 = +∞,

1/∞ = 0), there exists ρ > 0 with the following property: for every λ ∈ [a, b], and every
C1 functional Ψ : X→ R with compact derivative, there exists δ > 0 such that for each
µ ∈ [0, δ], the equation

Φ′(u) = λJ′(u) + µΨ′(u)

has at least three solutions in X whose norms are less than ρ.

Remark 2.2. Notice that in [7], the above result is applied to a quasilinear elliptic
problem of (Pλ,µ) type with p > 1. When p ≤ N, the perturbation g ∈ A has growth

|g(x, s)| ≤ c(1 + |s|q−1), for a.e. x ∈ Ω, for every s ∈ R,

with 1 < q < p∗ if p < N, with any q > 1 if p = N. The novelty of [8] when p < N
consists in dealing with critical or even supercritical perturbations, that is, q ≥ p∗. In
our result, the only assumption on g is that g ∈ A.

The following technical lemma provides an estimate of the L∞-norm of the solution
which turns out to be crucial in our proof. The proof employs a variant of the Moser
iteration argument inspired by Theorem C of [6].
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2.1. A technical lemma.

Lemma 2.3. Let Ω be a bounded smooth domain in RN (N ∈ N), p > 1, p̄∗ = p∗ if
p < N, p̄∗ any fixed number greater than p if p ≥ N. Assume that h : Ω × R→ R is a
Carathéodory function such that, for some a, b ∈ R+,

|h(x, s)| ≤ a|s|p−1 + b for a.e. x ∈ Ω, every s ∈ R.

If u ∈ W1,p
0 (Ω) is a weak solution of{

−∆pu = h(x, u) in Ω,
u = 0 on ∂Ω,

(Ph)

then u ∈ L∞(Ω) and there exists a constant K1 = K1(h) (not depending on u) such that

‖u‖∞ ≤ K1 max{1, ‖u‖ p̄∗}

(for an explicit formula for K1 see the end of the proof).

Proof. Let u be a weak solution of (Ph). Hence, for any ϕ ∈ W1,p
0 (Ω),∫

Ω

|∇u|p−2∇u∇ϕ =

∫
Ω

h(x, u)ϕ. (2.1)

Denote u+ = max{u, 0} and put, for each L > 0,

uL(x) =

{
u+(x) if u+(x) ≤ L,
L if u+(x) > L.

It is well known that uL ∈ W1,p
0 (Ω). For any q > 0, plug ϕ = uq+1

L into (2.1) as a test
function. Provided that u ∈ Lp+q(Ω), we get

(q + 1)
∫

Ω

|∇uL|
puq

L ≤

∫
Ω

(a|u|p−1uq+1
L + buq+1

L )

(since uL ≤ u+) ≤
∫

Ω

(aup+q
+ + buq+1

+ )

(by Hölder inequality) ≤ a‖u+‖
p+q
p+q + b|Ω|p−1/p+q‖u+‖

q+1
p+q

≤ (a + b max{1, |Ω|p−1/p})(1 + ‖u+‖
p+q
p+q). (2.2)

If q′ = 1 + q/p,

‖uL‖
p+q
p̄∗q′ = ‖uq′

L ‖
p
p̄∗ ≤ S ‖uq′

L ‖
p

= S q′p
∫

Ω

|∇uL|
puq

L, (2.3)

where S is the embedding constant of W1,p
0 (Ω) into L p̄∗(Ω), that is,

S = inf
u∈W1,p

0 (Ω)\{0}

‖u‖p

(‖u‖ p̄∗)p .
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From (2.2) and (2.3) (using also the fact that q > 0),

‖uL‖
p+q
p̄∗q′ ≤ S q′p(a + b max{1, |Ω|p−1/p})(1 + ‖u+‖

p+q
p+q).

So, provided that u ∈ Lp+q(Ω), by Fatou’s lemma, as L→ +∞,

‖u+‖
p+q
p̄∗q′ ≤ S q′p(a + b max{1, |Ω|p−1/p})(1 + ‖u+‖

p+q
p+q). (2.4)

In particular, if u+ ∈ Lp+q(Ω), then u+ ∈ L p̄∗q′(Ω). Let us choose a sequence of positive
numbers {qm}m in the following way:

q0 = p̄∗ − p,

qm+1 =
p̄∗(p + qm)

p
− p.

It is easy to prove the following relations for any m ≥ 0:

(i) p̄∗q′m = qm+1 + p;
(ii) qm ≥ (p̄∗/p)mq0 (in particular, qm →∞);
(iii) qm ≤ (m + 1)( p̄∗/p)mq0;
(iv) (p̄∗/p − 1)qm = [(p̄∗/p)m+1 − 1]q0.

Since u ∈ L p̄∗(Ω), from (i) and (ii) we deduce that u+ ∈ L∞(Ω). Let us now obtain the
estimate in the thesis which is the most delicate part of the proof. In view of (i), we
can rephrase (2.4) as

‖u+‖
p+qm−1
p+qm

≤ S q′pm−1(a + b max{1, |Ω|(p−1)/p})(1 + ‖u+‖
p+qm−1
p+qm−1

)

≤ C0q′pm−1(1 + ‖u+‖
p+qm−1
p+qm−1

), (2.5)

where we are putting

C0 = max{1, S (a + b max{1, |Ω|(p−1)/p})}.

Denote
bm = max{1, ‖u+‖

p+qm
p+qm
}.

From (2.5), for any m ≥ 1,

log bm ≤
p + qm

p + qm−1

[
p log(C1/p

0 q′m−1) + log bm−1
]

(def. of qm) =
p̄∗

p
[
p log(C1/p

0 q′m−1) + log bm−1
]

≤ p
m∑

i=1

( p̄∗

p

)i
log(C1/p

0 q′m−i) +

( p̄∗

p

)m
log b0

(def. of q′m−i) = p
m∑

i=1

( p̄∗

p

)i
log

(
C1/p

0

(
1 +

qm−i

p

))
+

( p̄∗

p

)m
log b0

(for (iii)) ≤ p
m∑

i=1

( p̄∗

p

)i
log

[
C1/p

0

(
1 +

q0

p
(m − i + 1)

( p̄∗

p

)m−i)]
+

( p̄∗

p

)m
log b0.
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Put

T =
p̄∗

p
> 1.

By the previous inequality we get

log max{1, ‖u+‖p+qm} =
log bm

p + qm

(for (iv)) =
(T − 1) log bm

(T − 1)p + (T m+1 − 1)q0

≤
(T − 1)p

(T − 1)p + (T m+1 − 1)q0

×

m∑
i=1

T i log
[
C1/p

0

(
1 +

q0

p
(m − i + 1)T m−i

)]
+

(T − 1)T m log b0

(T − 1)p + (T m+1 − 1)q0
.

Since
(T − 1)

(T − 1)p + (T m+1 − 1)q0
<

T−m

q0
,

we can continue with the above estimate and obtain

log max{1, ‖u+‖p+qm} ≤
p
q0

m∑
i=1

T−m+i log
[
C1/p

0

(
1 +

q0

p
(m − i + 1)T m−i

)]
+

(T − 1)T m log b0

(T − 1)p + (T m+1 − 1)q0

=
p
q0

m−1∑
k=0

T−k log
[
C1/p

0

(
1 +

q0

p
(k + 1)T k

)]
+

(1 − T−1) log b0

(T−m − T−m−1)p + (1 − T−m−1)q0

(since T > 1) ≤
p
q0

m−1∑
k=0

T−k
[
log C1/p

0 + log
((

1 +
q0

p
(k + 1)

)
T k

)]
+

(1 − T−1) log b0

(T−m − T−m−1)p + (1 − T−m−1)q0

(since log(1 + t) ≤ t) ≤
log C0

q0

m−1∑
k=0

T−k +

m−1∑
k=0

T−k(k + 1) +
p
q0

log T
m−1∑
k=0

T−kk

+
(1 − T−1) log b0

(T−m − T−m−1)p + (1 − T−m−1)q0
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(def. of b0) =

( log C0

q0
+ 1

) m−1∑
k=0

T−k +

( p
q0

log T + 1
) m−1∑

k=0

T−kk

+
(1 − T−1)p̄∗ log max{1, ‖u‖p̄∗}

(T−m − T−m−1)p + (1 − T−m−1)q0
.

Notice that the right-hand side of the above inequality converges to( log C0

q0
+ 1

) 1
1 − T−1 +

( p
q0

log T + 1
) ∞∑

k=0

T−kk + log max{1, ‖u‖ p̄∗}.

So if we put

C1 =

( log C0

q0
+ 1

) 1
1 − T−1 +

( p
q0

log T + 1
) ∞∑

k=0

T−kk, (2.6)

we get that
‖u+‖∞ ≤ eC1 max{1, ‖u‖p̄∗}. (2.7)

Analogously, ‖u−‖∞ ≤ eC1 max{1, ‖u‖p̄∗} and the thesis holds with K1 = eC1 . �

2.2. Proof of Theorem 1.1. Let X = W1,p
0 (Ω), endowed with the norm ‖u‖ =

(
∫

Ω
|∇u|p dx)1/p. According to the notation of Lemma 2.3, X is continuously embedded

into L p̄∗(Ω).
Define in W1,p

0 (Ω) the functionals

Φ(u) =
1
p
‖u‖p and J f (u) =

∫
Ω

F(x, u(x)) dx

where F : Ω × R→ R is the primitive of f , that is,

F(x, s) =

∫ s

0
f (x, t) dt.

The above functionals comply with the hypotheses of Theorem 2.1. Indeed, due to the
hypotheses on f , J f is continuously Gâteaux differentiable with compact derivative.
From assumptions (i) and (ii) it easily follows that α = 0, while (iii) implies that
β > 0 (for details, see [7]). Moreover, β = 1/λ∗. Hence, for any fixed compact interval
[a, b] ⊆ ]λ∗,+∞[, there exists % > 0 with the following property: for every λ ∈ [a, b],
and every C1 functional Ψ : W1,p

0 (Ω)→ R with compact derivative, there exists δ > 0
such that, for each µ ∈ [0, δ], the equation

Φ′(u) = λJ f
′(u) + µΨ′(u)

has at least three solutions in W1,p
0 (Ω) whose norms are less than ρ.

Fix [a, b] ⊆ ]λ∗,+∞[ and λ ∈ [a, b]. From f ∈ A and assumptions (i) and (ii), it
follows that there exists some constant C f > 0 such that

| f (x, s)| ≤ C f |s|p−1 for a.e. x ∈ Ω, for every s ∈ R. (2.8)
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Let K = K(λ, f , %) > 0 be such that

log
K

max{1, S 1/pρ}
>

[( log max{1, SλC f }

q0
+ 1

) 1
1 − T−1 +

( p
q0

log T + 1
) ∞∑

k=0

T−kk
]

(where S , T , q0 are as in Lemma 2.3). We point out that the above constant depends
only on λ and f . This allows us to apply in a very suitable way the abstract result of
Ricceri. Indeed, let g ∈ A and define

gK(x, s) =


g(x,−K) if s < −K,
g(x, s) if |s| ≤ K,
g(x,K) if s > K,

G(x, s) =

∫ s

0
gK(x, t) dt and Jg(u) =

∫
Ω

G(x, u(x)) dx.

Since g ∈ A, Jg is continuously Gâteaux differentiable with compact derivative,
and so there exists δ > 0 (depending on λ, ρ, and K) such that, for any µ ∈ [0, δ], the
problem {

−∆pu = λ f (x, u) + µgK(x, u) in Ω,
u = 0 on ∂Ω,

(P̃λ,µ)

has at least three weak solutions ui ∈W1,p
0 (Ω), i = 1, 2, 3, whose norms are less than ρ.

Denote by u any such solutions. We claim that ‖u‖∞ ≤ K.
Again, from g ∈ A, if Cg = ‖ sup|s|≤K g(x, s)‖∞, then

|gK(x, s)| ≤ Cg for a.e. x ∈ Ω, for every s ∈ R. (2.9)

Having in mind the definition of K, we can fix 0 < µ∗ ≤ δ such that, for every
µ ∈ [0, µ∗],

log
K

max{1, S 1/pρ}
>

[( log max{1, S (λC f + µCg max{1, |Ω|p−1/p})}
q0

+ 1
)

×
1

1 − T−1 +

( p
q0

log T + 1
) ∞∑

k=0

T−kk
]
.

Fix 0 < µ ≤ µ∗ (the case µ = 0 is trivial). Put h(x, s) = λ f (x, s) + µgK(x, s). From
(2.8) and (2.9),

|h(x, s)| ≤ λC f |s|p−1 + µCg, for a.e. x ∈ Ω, for every s ∈ R.

From Lemma 2.3, u ∈ L∞(Ω) and there exists a constant K1 = K1(λ f + µgK) such
that

‖u‖∞ ≤ K1 max{1, S 1/pρ}.

Recalling the definition of K and µ∗, (2.6) and (2.7), it follows that K1 max{1, S 1/pρ} ≤
K, and so ‖u‖∞ ≤ K. Hence, u is a solution of the original problem (Pλ,µ). From [4],
one also has that u ∈ C1

0(Ω̄), and this concludes the proof. �
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Remark 2.4.

(i) λ∗ ≥ λ1/C f , where C f is from (2.8) and λ1 is the first eigenvalue of
(−∆p,W

1,p
0 (Ω));

(ii) if 0 < λ < λ1/C f , (Pλ,µ) has no nontrivial solution if g = 0.

Proof. (i) From (2.8), J f (u) ≤ C f /p‖u‖pp. Recalling that

λ1 = min
{
‖∇u‖p
‖u‖p

: u ∈ W1,p
0 (Ω), u , 0

}
,

by the definition of λ∗,

λ∗ ≥
1

C f
inf

{
‖∇u‖p
‖u‖p

: u ∈ W1,p
0 (Ω), J f (u) > 0

}
≥
λ1

C f
.

(ii) Notice first that since f (x, 0) = 0, if g = 0 then (Pλ,µ) has the trivial solution. If
0 < λ < λ1/C f , and u is a weak solution of (Pλ,µ), then∫

Ω

|∇u|p dx = λ

∫
Ω

f (x, u)u dx ≤ λC f

∫
Ω

|u|p dx ≤
λC f

λ1

∫
Ω

|∇u|p dx,

a contradiction. �
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