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VMO Space Associated with Parabolic
Sections and its Application

Ming-Hsiu Hsu and Ming-Yi Lee

Abstract. In this paper we deûne a space VMOP associated with a family P of parabolic sections
and show that the dual of VMOP is the Hardy space H1

P
. As an application, we prove that almost

everywhere convergence of a bounded sequence in H1
P

implies weak* convergence.

1 Introduction

Caòarelli and Gutiérrez [4] introduced a family F = {S(x , r) ∶ x ∈ Rn and r > 0} of
open and bounded convex sets, called sections, in Rn satisfying certain axioms. _e
axioms are established on the properties of the solutions of the real Monge–Ampère
equation,

detD2u = f ,
where detD2u denotes the determinant of the Hessian matrix D2u of a function u in
Rn . Given a Borel measure µ that is ûnite on compact sets, µ(Rn) = ∞ and satisûes
the doubling property with respect to F; i.e., there is a constant C such that

µ(S(x , 2r)) ≤ Cµ(S(x , r)) , ∀S(x , r) ∈ F.(1.1)

_ey showed a variant of the Calderón–Zygmund decomposition in terms of the ele-
ments of F by proving a Besicovitch-type covering lemma for the family F and using
the doubling property of the measure µ. Sections and the decomposition are very
important and useful in the study of the Monge–Ampère equation and the linearized
Monge-Ampère equation (see [2, 3, 5]). As an application, they deûned the Hardy–
Littlewoodmaximal operator M and BMOF(Rn) space associated with a family F of
sections and the Borel measure µ, and then obtained the weak type (1,1) boundedness
of M and the John–Nirenberg inequality for BMOF(Rn) in [4]. Later, Ding and Lin
[8] deûned the Hardy space H1

F(Rn) associated with a family F of sections and the
measure µ, and then showed that the dual space ofH1

F(Rn) is the space BMOF(Rn).
_ey also proved that theMonge–Ampère singular integral operator is bounded from
H1

F(Rn) to L1(Rn , dµ).
Huang [9] showed a Besicovitch-type covering lemma and a variant of Calderón–

Zygmund decomposition in terms of parabolic sections. A parabolic section Q̃(z, r)
is deûned by

Q̃(z, r) = S(x , r) × (t − r/2, t + r/2),
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where z = (x , t) ∈ Rn ×R, r > 0 and S(x , r) is a section mentioned above. In Huang’s
article, parabolic sections are used to study the Harnack inequality of nonnegative
solutions of the equation

Lϕu = ut − tr((D2ϕ(x))−1D2u) = 0.

Here, ut = ∂u/∂t, D2u denotes the Hessian matrix of u in the x variable, (D2ϕ(x))−1

is the inverse of the Hessian matrix of a strictly convex smooth function ϕ deûned in
Rn , and tr(A) means the trace of the matrix A.

It is natural that we want to study the theory of Hardy spaces associated with par-
abolic sections. In fact, some results about Hardy spaces associated with generalized
parabolic sections have been developed in [11, 12]. Let ϕ∶ [0,∞) → [0,∞) be a strictly
increasing function such that

ϕ(0) = 0, lim
r→∞ ϕ(r) = ∞, and ϕ(2r) ≤ Cϕ(r),(1.2)

where C is a constant. A generalized parabolic section Q(z, r) is deûned by

Q(z, r) = S(x , r) × (t − ϕ(r)/2, t + ϕ(r)/2),

where z = (x , t) ∈ Rn+1, r > 0 and S(x , r) is a section. A parabolic section is a
generalized parabolic section with ϕ(r) = r. From now on, we call Q(z, r) a para-
bolic section for simplicity. _e space BMOP(Rn+1) and the Hardy space H1

P(Rn+1)
associated with a family P of parabolic sections have been deûned in [12], and it is
proved that the dual space ofH1

P(Rn+1) is BMOP(Rn+1). In [11], the authors showed
the John–Nirenberg inequality for BMOP(Rn+1). In this paper, we will show that
the Hardy space H1

P(Rn+1) has a predual (_eorem 2.1), and then we prove that the
almost everywhere convergence of a bounded sequence in H1

P(Rn+1) implies weak*
convergence (_eorem 2.2).

2 Preliminaries

Let us ûrst recall the deûnition and some properties of sections. For every x in Rn ,
denote by {S(x , r) ∶ r > 0} the one-parameter of open and bounded convex sets in
Rn containing x. A collection F = {S(x , r) ∶ x ∈ Rn and r > 0} is called a family of
sections if it is monotonic increasing in r, i.e., S(x , r) ⊂ S(x , r′) for r ≤ r′, and satisûes
the following conditions:

(a) _ere exist positive constantsK1 ,K2 ,K3 , є1, and є2 such that given two sections
S(x0 , r0) and S(x , r) with r ≤ r0 such that

S(x0 , r0) ∩ S(x , r) /= ∅,
and given T an aõne transformation that normalizes S(x0 , r0), i.e.,

B(0, 1/n) ⊂ T(S(x0 , r0)) ⊂ B(0, 1),

where B(x , r) denotes the Euclidean ball centered at x with radius r, there exists x′ ∈
B(0,K3) depending S(x0 , r0) and S(x , r) such that

B(x′ ,K2(
r
r0

)
є2
) ⊂ T(S(x , r)) ⊂ B(x′ ,K1(

r
r0

)
є1
) ,
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and

Tx ∈ B(x′ , 1
2
K2(

r
r0

)
є2
) .

(b) _ere exists δ > 0 such that given a section S(x0 , r) and x ∉ S(x0 , r). If T is
an aõne transformation that normalizes S(x0 , r), then

B(T(x), єδ) ∩ T(S(x0 , (1 − є)r)) = ∅, for 0 < є < 1.

(c) ⋂r>0 S(x , r) = {x} and ⋃r>0 S(x , r) = Rn .
Aimar, Forzani and Toledano obtained in [1] the following engulûng property for sec-
tions, i.e., there is a constant θ ≥ 1, depending on δ, K1 and є1, such that for y ∈ S(x , r),
(2.1) S(x , r) ⊂ S(y, θr) and S(y, r) ⊂ S(x , θr).
Also, they showed that there is a quasi-metric ρ on Rn , deûned by

(2.2) ρ(x , y) = inf{t ∶ x ∈ S(y, t) and y ∈ S(x , t)},
such that

S(x , r/2θ) ⊂ Bρ(x , r) ⊂ S(x , r), ∀S(x , r) ∈ F,
where Bρ(x , r) = {y ∈ Rn ∶ ρ(x , y) < r}.

Let ϕ∶ [0,∞) → [0,∞) be a strictly increasing function satisfying equation (1.2).
For z = (x , t) in Rn+1 and r > 0, recall that a parabolic section Q(z, r) is deûned by

Q(z, r) = S(x , r) × ( t − ϕ(r)/2, t + ϕ(r)/2) .
Given a parabolic section Q(z0 , r0), let T be an aõne transformation that normalizes
S(x0 , r0). Deûne a map Tp ∶Rn+1 → Rn+1 by Tp(x , t) = (Tx , (t− t0)/ϕ(r0)), we have

K(0, 1/n) ⊂ Tp(Q(z0 , r0)) ⊂ K(0, 1),
where K(z, r) = B(x , r) × (t − r2/2, t + r2/2) is the usual parabolic cylinder. _e set
Tp(Q(z0 , r0))will be called the normalization of Q(z0 , r0) and Tp an aõne transfor-
mation that normalizes Q(z0 , r0). By the deûnition of sections, it is clear that each
parabolic section Q(z, r) is an open and bounded convex set in Rn+1 containing z,
and the family P = {Q(z, r) ∶ z ∈ Rn+1 and r > 0} of parabolic sections is monotonic
increasing in r and satisûes the following conditions:

(A) _ere exist positive constants K1 ,K2 ,K3 , є1, and є2 such that given two para-
bolic sections Q(z0 , r0) and Q(z, r) with r ≤ r0 such that

Q(z0 , r0) ∩ Q(z, r) /= ∅,
and given Tp an aõne transformation that normalizes Q(z0 , r0), there exists z′ =
(x′ , t′) ∈ K(0,K3) such that

B(x′ ,K2(
r
r0

)
є2
) × ( t′ − ϕ(r)

2ϕ(r0)
, t′ + ϕ(r)

2ϕ(r0)
) ⊂ Tp(Q(z, r))

⊂ B(x′ ,K1(
r
r0

)
є1
) × ( t′ − ϕ(r)

2ϕ(r0)
, t′ + ϕ(r)

2ϕ(r0)
) ,

and
Tpz = (Tx , t′) ∈ B(x′ , 1

2
K2(

r
r0

)
є2
) × {t′}.
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(B) _ere exists δ > 0 such that given a parabolic sectionQ(z0 , r) and z ∉ Q(z0 , r).
If Tp is an aõne transformation that normalizes Q(z0 , r), then

K(Tp(z), єδ) ∩ Tp(Q(z0 , (1 − є)r)) = ∅, for 0 < є < 1.

(C) ⋂r>0 Q(z, r) = {z} and ⋃r>0 Q(z, r) = Rn+1.
Similar to equations (2.1) and (2.2), the engulûng property holds for parabolic sec-
tions; i.e., there is a constant θ ≥ 1, depending on δ, K1 and є1, such that for z ∈
Q(z0 , r),

Q(z0 , r) ⊂ Q(z, θr) and Q(z, r) ⊂ Q(z0 , θr),(2.3)

and there is a quasi-metric d on Rn+1 such that

Q(z, r/2θ) ⊂ Bd(z, r) ⊂ Q(z, r), ∀Q(z, r) ∈ P,(2.4)

where Bd(z, r) = {w ∈ Rn+1 ∶ d(z,w) < r}.
Denote by Lip ∶= Lip(Rn+1) the collection of functions on Rn+1 satisfying that

there is a constant C such that

∣ f (z) − f (w)∣ ≤ Cd(z,w), ∀z,w ∈ Rn+1 .

We assumed that a Borel measure µ which is ûnite on compact sets, µ(Rn) = ∞
and satisûes the doubling property (equation (1.1)) is given. Let M be a measure on
Rn+1 deûned by dM = dµdt. It is easy to see that the measureM is ûnite on compact
sets,M(Rn+1) = ∞ and satisûes the doubling property with respect to P; i.e., there is a
constant C such that

(2.5) M(Q(z, 2r)) ≤ CM(Q(z, r)) , ∀Q(z, r) ∈ P.

A function f deûned on Rn+1 is said to be in BMOP ∶= BMOP(Rn+1) if

∥ f ∥BMOP
∶= sup

Q∈P

1
M(Q) ∫Q

∣ f (z) −mQ( f )∣ dM(z) < ∞,

where mQ( f ) denotes the mean of f over the parabolic section Q deûned by

mQ( f ) = 1
M(Q) ∫Q

f (z) dM(z).

A function a in L∞(dM) ∶= L∞(Rn+1 , dM) is called an atom if there exists a
parabolic section Q(z0 , r0) ∈ P such that
(a) supp(a) ⊆ Q(z0 , r0);
(b) ∫Rn+1 a(z) dM(z) = 0;
(c) ∥a∥L∞( dM) ≤ [M(Q(z0 , r0))]−1.

_e Hardy space H1
P ∶= H1

P(Rn+1) is deûned by

H1
P = {∑

j
λ ja j ∶ each a j is an atom and ∑

j
∣λ j ∣ < ∞} .

_e norm of f in H1
P is deûned by

∥ f ∥H1
P
= inf∑

j
∣λ j ∣,

where the inûmum is taken over all decomposition of f = ∑ j λ ja j above.

https://doi.org/10.4153/CMB-2015-005-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2015-005-2


VMO Space Associated with Parabolic Sections and its Application 511

Denote by Cc ∶= Cc(Rn+1) the space of continuous functions on Rn+1 with com-
pact support. Let VMOP ∶= VMOP(Rn+1) be the closure of Cc ∩ Lip with respect
to the seminorm ∥ ⋅ ∥BMOP

. Our main result follows.

_eorem 2.1 H1
P(Rn+1) is the dual space of VMOP(Rn+1).

As an application, we prove that almost everywhere convergence of a bounded
sequence inH1

P impliesweak* convergence. _is is anH1
P version of the Jones–Journé

theorem [10]. _e Jones–Journé theorem is useful in the application of Hardy spaces
to compensated compactness (see [7]).

_eorem 2.2 Let { fk} be a bounded sequence in H1
P(Rn+1). If fk converges to f

M-almost everywhere, then f ∈ H1
P(Rn+1) and fk weak* converges to f ; i.e.,

∫
Rn+1

fk(x)ϕ(x) dM(x) Ð→ ∫
Rn+1

f (x)ϕ(x) dM(x), ∀ ϕ ∈ VMOP(Rn+1).

3 Proofs

Lemma 3.1 For each m ∈ Z, there is a sequence {zm
j } j∈N such that Rn+1 is the union

of parabolic sections {Q(zm
j , θ2m) ∶ j ∈ N} that are ûnitely overlapping. Moreover,

every f ∈ H1
P has the representation

f =
∞
∑
j=1

∞
∑

m=−∞
λm

j am
j ,

where am
j is an atom with support in Q(zm

j , θ2m+2) and∑ j∈N,m∈Z ∣λm
j ∣ ≤ C∥ f ∥H1

P
.

Proof For m ∈ Z, let zm
1 be an arbitrary point in Rn+1. By the engulûng property of

the parabolic sections (equation (2.3)), if Q(z, θ2m−2) ∩ Q(zm
1 , θ2m−2) /= ∅, then

Q(z, θ2m−2) ⊂ Q(z′ , θ2m−1) ⊂ Q(zm
1 , θ2m), ∀z′ ∈ Q(z, θ2m−2) ∩ Q(zm

1 , θ2m−2).
Let zm

2 ∈ Rn+1 such thatQ(zm
2 , θ2m−2)∩Q(zm

1 , θ2m−2) = ∅. By the engulûng property
again, we have, for all Q(z, θ2m−2) with (z, θ2m−2) ∩ Q(zm

2 , θ2m−2) /= ∅,
Q(z, θ2m−2) ⊂ Q(zm

2 , θ2m).

Let zm
j ∈ Rn+1 such that Q(zm

j , θ2m−2) ∩ [⋃ j−1
i=1 Q(zm

i , θ2m−2)] = ∅. By the engulûng
property again, we have, for all Q(z, θ2m−2) with (z, θ2m−2) ∩ Q(zm

j , θ2m−2) /= ∅,

Q(z, θ2m−2) ⊂ Q(zm
2 , θ2m).

Note that if no such zm
j exists then the parabolic sections {Q(zm

i , θ2m)} j−1
i=1 are ûnitely

overlapping by equation (2.4) and the disjointness of the collection

{Q(zm
i , θ2m−2)} j−1

i=1 ,

whose union isRn+1. Otherwise, continue the same argument to select zm
j+1. _us, we

can ûnd {zm
j }

Nm
i=1 , for all m inZ, such that the parabolic sections {Q(zm

i , θ2m)}Nm
i=1 are

ûnitely overlapping and whose union is Rn+1, where Nm can be ûnite or inûnite.
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Let f ∈ H1
P with representation f = ∑k λkak , where ∑k ∣λk ∣ < ∞ and each ak is

an atom with support contained in Q(zk , tk). Let m = m(k) be the smallest integer
such that Q(zk , tk) ⊂ Q(zk , θ2m). Let i = i(k) be the integer such that

Q(zk , θ2m) ∩ [
i−1
⋃
j=1

Q(zm
j , θ2m)] = ∅ and Q(zk , θ2m) ∩ Q(zm

i , θ2m) /= ∅.

Let ψ∶N → N × Z be a function deûned by ψ(k) = (i(k),m(k)). If ψ−1(i ,m) = ∅,
deûne λm

i = 0. Otherwise, let λkak = λm
i am

i , where

λm
i =M(Q(zm

i , θ2m+2)) λk

M(Q(zk , tk))
.

_en supp(am
i ) ⊂ Q(zm

i , θ2m+2),

∣am
i ∣ = 1

λm
i
∣λk ∣∣ak ∣ ≤

1
λm
i

∣λk ∣
M(Q(zk , tk))

=M(Q(zm
i , θ2m+2))−1 ,

and hence am
i is an atom with supp(am

i ) ⊂ Q(zm
i , θ2m+2). By the engulûng prop-

erty, for Q(zk , θ2m) ∩ Q(zm
i , θ2m) /= ∅, we have Q(zk , θ2m+2) ∩ Q(zm

i , θ2m+2) /= ∅
and hence Q(zm

i , θ2m+2) ⊂ Q(zk , θ2m+4). By the doubling property (equation (2.5)),
there is a constant C′ such that

∣λm
i ∣ =M(Q(zm

i , θ2m+2)) ∣λk ∣
M(Q(zk , θ2m))

≤M(Q(zk , θ2m+4)) ∣λk ∣
M(Q(zk , θ2m)) ≤ C′∣λk ∣.

_erefore,

∑
i∈N,m∈Z

∣λm
i ∣ ≤ C′ ∑

k∶ψ(k)=(i ,m)
∣λk ∣ ≤ C′∑

k∈N
∣λk ∣ ≤ C′∥ f ∥H1

P
.

_is completes the proof.

Lemma 3.2 Let { fk} be a bounded sequence in H1
P. _en there is a subsequence

{ fk l } and f ∈ H1
P such that

(3.1) lim
l→∞∫Rn+1

fk l g dM = ∫
Rn+1

f g dM for all g ∈ Cc(Rn+1).

Proof We can assume that ∥ fk∥H1
P
≤ 1 for all k. By Lemma 3.1, let

fk =
∞
∑
i=1

∞
∑

m=−∞
λm
i (k)am

i (k),

where
∑

i∈N,m∈Z
∣λm

i (k)∣ ≤ C∥ fk∥H1
P
≤ C ,

each am
i (k) is an atom with support contained in Q(zm

i , θ2m+2), and
∥am

i (k)∥L∞(dM) ≤M(Q(zm
i , θ2m+2))−1 for all k.

By [6, Lemma 4.3], there is a subsequence λm
i (k l) such that liml→∞ λm

i (k l) = λm
i

for each (i ,m) ∈ N × Z and ∑i ,m ∣λm
i ∣ ≤ C. Since {am

i (k)} is bounded in L∞(dM),
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which is the dual of L1(dM), the Banach–Alaoglu theorem shows that there exists a
subsequence {am

i (k l)} that weak* converges to a function am
i with ∥am

i ∥L∞(dM) ≤
M(Q(zm

i , θ2m+2))−1. By [6, Lemma 4.3] again, there exists a subsequence of {k l}
(still denoted by {k l} for simplicity) such that {am

i (k l)}l∈N converges to am
i , as l →

∞, for all (i ,m). It is easy to check that each am
i is an atom. Let f = ∑i ,m λm

i am
i .

Since∑i ,m ∣λm
i ∣ ≤ C, we have f ∈ H1

P(Rn+1).
To show (3.1), we write

∫
Rn+1

fk l g dM = ∫
Rn+1

∑
i ,m

λm
i (k l)am

i (k l)g dM

= ∑
m
∑
i

λm
i (k l)∫

Rn+1
am
i (k l)g dM

= ( ∑
m<−M

+ ∑
−M≤m≤M

+ ∑
m>M

) ∑
i

λm
i (k l)∫

Rn+1
am
i (k l)g dM.

Given є > 0, let M be a large number such that

∣g(z) − g(zm
i )∣ < є, ∀x ∈ Q(zm

i , θ2m+2),m < −M .

_en

∣ ∑
m<−M

∑
i

λm
i (k l)∫

Q(zmi ,θ2m+2)
am
i (k l)(z){ g(z) − g(zm

i )} dM(z)∣

≤ ∑
m<−M

∑
i
∣λm

i (k l)∣∥am
i (k l)∥L∞(dM)M(Q(zm

i , θ2m+2))є

≤ Cє.
For each m with −M ≤ m ≤ M, the compact support of g intersects a ûnite number
of {Q(zm

i , θ2m+2)}i∈N, since {Q(zm
i , θ2m)}i∈N are ûnitely overlapping by Lemma 3.1.

_us,

∑
−M≤m≤M

∑
i

λm
i (k l)∫

Rn+1
am
i (k l)g dM =

∫
Rn+1

∑
−M≤m≤M

∑
i

λm
i (k l)am

i (k l)g dMÐ→ ∫
Rn+1

f g dM

as l →∞ and M →∞. Note that

∑
i ,m

∣λm
i (k)∣∥am

i (k)∥L1(dM)∥g∥L∞(dM) ≤ C∥g∥L∞(dM) .

Given є > 0, we have, for large M,

∣ ∑
m>M

∑
i

λm
i (k l)∫

Rn+1
am
i (k l)g dM∣

≤ ∑
m>M

∑
i
∣λm

i (k)∣∥am
i (k)∥L1(dM)∥g∥L∞(dM) < є.

_e proof is complete.

Proof of_eorem 2.1 By deûnition, VMOP is a subspace of BMOP. Since BMOP

is the dual space of H1
P by [12, _eorem 1.2], the space H1

P is a subspace of VMO∗
P.

Conversely, we note that, if ⟨ f , g⟩ = 0 for all f ∈ H1
P, then g is the zero element of
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BMOP, and hence g is the zero of VMOP. _us, H1
P is a total set of functionals

on VMOP. _is shows that H1
P is dense in VMO∗

P in the weak*-topology. For each
x∗ ∈ VMO∗

P, there exists a sequence { fk} in H1
P such that ⟨ fk , g⟩ → ⟨x∗ , g⟩ for all g ∈

VMOP. It follows from the Banach–Steinhaus theorem that {∥ fk∥H1
P
} is bounded.

By Lemma 3.2, there exists f ∈ H1
P and a subsequence { fk l }l∈N such that

⟨x∗ , g⟩ = lim
l→∞

⟨ fk l , g⟩ = lim
l→∞∫Rn+1

fk l g dM

= ∫
Rn+1

f g dM = ⟨ f , g⟩, ∀g ∈ Cc(Rn+1).

_us, the linear functional x∗ ∈ VMO∗
P is represented by f ∈ H1

P. _e proof is
complete.

_e Hardy–Littlewood maximal function with respect to a family P and the mea-
sureM is deûned as follows:

M f (z) = sup
r>0

1
M(Q(z, r)) ∫Q(z ,r)

∣ f (w)∣ dM(w).

Lemma 3.3 ([12, Lemma 2.2]) _e Hardy–Littlewood maximal operator M is of
weak-type (1,1) with respect to the measureM; i.e., there exists a constant C > 0 such
that

M({z ∶ M f (z) > λ}) ≤ C
λ
∥ f ∥L1(dM) .

_e noncenteredHardy-Littlewoodmaximal operator M̃ with respect to P and the
measureM is deûned by

M̃ f (z) = sup
z∈Q∈P

1
M(Q) ∫Q

∣ f (z)∣ dM(z).

By the doubling property (2.5), it is easy to see that there is a constant C such that

(3.2) M f ≤ M̃ f ≤ CM f ,

and hence M̃ is of weak type (1, 1) with respect to the measureM.
A nonnegative locally integrable function ω is said to belong to Ap,P, 1 < p < ∞, if

sup
Q∈P

( 1
M(Q) ∫Q

ω(z) dM(z))( 1
M(Q) ∫Q

ω(z)−
1

p−1 dM(z))
p−1

< ∞,

and ω is said to belong to A1,P if

sup
Q∈P

( 1
M(Q) ∫Q

ω(z) dM(z))(ess sup
z∈Q

ω−1(z)) < ∞.

Lemma 3.4 Let f ∈ L1
l oc(Rn+1) such that M̃ f (z) < ∞M-almost everywhere. _en

(M̃ f )δ ∈ A1,P for 0 ≤ δ < 1.
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Proof It suõces to show that there exists a constant C′ such that, for any Q ∈ P and
M-almost every z ∈ Q,

1
M(Q) ∫Q

(M̃ f )δdM ≤ C′( M̃ f (z)) δ .

Let Q = Q(z0 , r0) ∈ P. Let f = f1 + f2, where f1 = f χ2Q and f2 = f χ(2Q)c with
2Q = Q(z0 , 2r0). _en M̃ f ≤ M̃ f1 + M̃ f2 and

(M̃ f )δ ≤ (M̃ f1)δ + (M̃ f2)δ , ∀ 0 ≤ δ < 1.

Since M̃ is weak (1, 1)with respect to the measureM, Kolmogorov’s inequality shows
that

1
M(Q) ∫Q

(M̃ f1)δdM ≤ C
M(Q)M(Q)1−δ∥ f1∥δL1(dM)

≤ C( 1
M(Q) ∫2Q

f dM)
δ
≤ C( M̃ f (z)) δ .

To estimate M̃ f2, given w ∈ Q and for any Q(w0 , R) ∈ P that contains w, we have
Q ⊂ Q(w0 , θ2 max{r0 , R}). If R < r0, we have Q(w0 , r0) ∩ Q(z0 , r0) /= ∅, and hence
Q(w0 , r0) ⊂ Q(z0 , θ2r0). By equation (2.4), we have Bd(w0 , r0) ⊂ Bd(z0 , 2θ3r0), and
hence Bd(w0 , r0

θ3 ) ⊂ Bd(z0 , 2r0) ⊂ Q(z0 , 2r0). _en the inequality ∫Q(w0 ,R) ∣ f2∣ dM >
0 implies that R > r0

θ3 , and hence Q ⊂ Q(w0 , θ5R) when R < r0. It is clear that
Q ⊂ Q(w0 , θ5R) when R ≥ r0. _us,

1
M(Q(w0 , R)) ∫Q(w0 ,R)

∣ f2∣ dM ≤ C
M(Q(w0 , θ5R)) ∫Q(w0 ,θ5R)

∣ f2∣ dM ≤ CM̃ f (z),

so that M̃ f2(w) ≤ CM̃ f (z) for any w ∈ Q. _erefore,
1

M(Q) ∫Q
( M̃ f2(w)) δdM(w) ≤ C( M̃ f (z)) δ .

_e proof is complete.

Lemma 3.5 If ω ∈ A2,P, then logω ∈ BMOP.

Proof Let f = logω. _en exp( f ) ∈ A2,P. By Jensen’s inequality, for any Q ∈ P,

1 = exp( 1
M(Q) ∫Q

( f −mQ( f ))dM) ≤ 1
M(Q) ∫Q

exp( f −mQ( f ))dM,

and hence
1

M(Q) ∫Q
exp( f −mQ( f ))dM

≤ ( 1
M(Q) ∫Q

exp( f −mQ( f ))dM)( 1
M(Q) ∫Q

exp(mQ( f ) − f )dM)

= ( 1
M(Q) ∫Q

exp( f )dM)( 1
M(Q) ∫Q

exp(− f )dM) ≤ C .

Similarly,
1

M(Q) ∫Q
exp(mQ( f ) − f )dM ≤ C .
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_erefore,
1

M(Q) ∫Q
∣ f −mQ( f )∣ dM

≤ 1
M(Q) ∫Q

exp( ∣ f −mQ( f )∣)dM

≤ 1
M(Q) ∫Q

exp( f −mQ( f ))dM + 1
M(Q) ∫Q

exp(mQ( f ) − f )dM ≤ 2C .

Hence, f ∈ BMOP.

Proof of_eorem 2.2 It is suõces to show that

(3.3) ∫
Rn+1

fkϕ dMÐ→ ∫
Rn+1

f ϕ dM, ∀ϕ ∈ ϕ ∈ Cc ∩ Lip .

Assume that ∥ fk∥ ≤ 1. Let ϕ ∈ Cc ∩Lip. Without loss of generality, we can assume that
∥ϕ∥L1(dM) ≤ 1, ∥ϕ∥L∞(dM) ≤ 1, and ∣ϕ(z) − ϕ(z′)∣ ≤ d(z, z′) for all z, z′ ∈ Rn+1. Let
δ ∈ (0, 1/2θ) and η > 0 such that η exp(δ−1) ≤ δC log2 δ

M
and ∫E ∣ f ∣ dM ≤ δ whenever

M(E) ≤ Cη exp(δ−1). Choose k large enough such that

M(Ek) ∶=M({z ∈ supp(ϕ) ∶ ∣ fk(z) − f (z)∣ > η}) ≤ η.
Deûne

τ(z) ∶= max{0, 1 + δ log(M̃ χEk)(z)} .
It is clear that 0 < τ(z) ≤ 1 and τ = 1M-almost everywhere on Ek . By Lemmas 3.4 and
3.5, we have ∥τ∥BMOP

≤ 2δ∥ log(M̃ χEk)1/2∥BMOP
≤ Cδ. By Lemma 3.3 and equation

(3.2), we have

M({z ∶ M̃ χEk(z) > e−δ
−1
}) ≤ C

e−δ−1 ∫
Ek
dM = Ceδ

−1
M(Ek),

and therefore,

∫supp(τ)
∣ f ∣ dM ≤ δ.

Observe that

∣∫
Rn+1

( f − fk)ϕ dM∣ ≤ ∣∫
Rn+1

( f − fk)ϕ(1 − τ)dM∣ + ∣∫
Rn+1

( f − fk)ϕτ dM∣

= ∣∫
Rn+1∖Ek

( f − fk)ϕ(1 − τ)dM∣ + ∣∫
Rn+1

( f − fk)ϕτ dM∣

≤ η∥ϕ∥L1(dM) + ∥ϕ∥L∞(dM) ∫supp(τ)
∣ f ∣ dM + ∣∫

Rn+1
fkϕτ dM∣

≤ 2δ + ∥ fk∥H1
P
∥ϕτ∥BMOP

≤ 2δ + ∥ϕτ∥BMOP
.

Equation (3.3) will be established if we have

(3.4) ∥ϕτ∥BMOP
≤ Cδ.

Let Q = Q(z0 , r0). Note that

∣ϕτ −mQ(ϕτ)∣ ≤ ∣ϕτ −mQ(ϕ)mQ(τ)∣ + ∣mQ(ϕ)mQ(τ) −mQ(ϕτ)∣

≤ ∣ϕτ −mQ(ϕ)mQ(τ)∣ + 1
M(Q) ∫Q

∣ϕτ −mQ(ϕ)mQ(τ)∣ dM.
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Suppose that r0 < δ, then
1

M(Q) ∫Q
∣ϕτ −mQ(ϕτ)∣ dM

≤ 2
M(Q) ∫Q

∣ϕτ −mQ(ϕ)mQ(τ)∣ dM

≤ 2
M(Q) ∫Q

∣ϕτ −mQ(ϕ)τ∣ dM + 2∣mQ(ϕ)∣
M(Q) ∫

Q
∣τ −mQ(τ)∣ dM

≤ Cδ2 + 2∥ϕ∥L∞(dM)∥τ∥BMOP ≤ C(δ2 + 2δ) < Cδ.
For r0 > δ with Q(z0 , δ) ∩ Q(w0 , δ−1) = ∅, we have

1
M(Q) ∫Q

∣ϕτ −mQ(ϕτ)∣ dM ≤ 2
M(Q) ∫Q

∣ϕτ∣ dM ≤ Cδ.

For r0 > δ with Q(z0 , δ) ∩ Q(w0 , δ−1) /= ∅, we have Q(z0 , δ−1) ⊂ Q(w0 , θδ−1), and
henceM(Q(w0 , δ−1)) ≤M(Q(z0 , θδ−1)). _e doubling condition shows that

M(Q(z0 , θδ−1)) ≤ C log2(θδ−2)
M

M(Q(z0 , δ)) .
_us,

1
M(Q) ≤

C log2(θδ−2)
M

M(Q(z0 , θδ−1)) ≤
C log2(θδ−2)
M

M(Q(w0 , δ−1)) ≤
C log2(θδ−2)
M

M(Q(w0 , 1))
,

and hence
1

M(Q) ∫Q
∣ϕτ −mQ(ϕτ)∣ dM ≤ 2

M(Q) ∫Q
∣ϕτ∣ dM

≤
2C log2(θδ−2)

M

M(Q(w0 , 1))
M(supp(τ))

≤
2C log2(θδ−2)

M

M(Q(w0 , 1))
η exp(δ−1) ≤ Cδ.

_erefore,
1

M(Q) ∫Q
∣ϕτ −mQ(ϕτ)∣ dM ≤ Cδ

and hence equation (3.4) follows. To show that f is in H1
P, by weak* compactness

of the unit ball in H1
P, there exists a subsequence { fk l } and g ∈ H1

P with∥g∥H1
P
≤ 1

such that { fk l } weak* converges to g. By equation (3.4), we have ∫ f ϕ = ∫ gϕ for all
ϕ ∈ Cc ∩ Lip, and hence f = g ∈ H1

P.
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