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Introduction

A consequence of Schreier's formula is that if G is a subgroup of the free
group F of rank n > 1 and rank G ^ n, then G = F or G is of infinite index in F.
However, if S is a free solvable group of derived length / > 1 and H is a subgroup
of S which is free solvable of the same length, then the rank of H does not exceed
the rank of S. These observations led G. Baumslag to conjecture that if H is of
finite index in S then H = S. In fact, we have sharper results in two directions. If
H and S are free solvable of the same length, not only is H of infinite index in S,
but Sl_1(S)/Sl_l(H) is torsion-free. In another direction we need not assume that
S is free solvable, only that 5 is torsion-free and of derived length I (I > 1) and
that H is not cyclic. Thus Stallings' theorem [11] that a finitely generated torsion-
free group with a free subgroup of finite index is itself free has an even stronger
counterpart in the variety of groups solvable of length at most / (/ > 1): a torsion-
free group in that variety with a non-cyclic free subgroup of finite index coincides
with this subgroup. The proof relies on the following theorem: IfS is a free solvable
group, J is the group of automorphisms of S which induce the identity on SIS', and I
is the group of inner automorphisms ofS, then J/I is torsion-free. The proofs of these
theorems form the bulk of the first four sections.

Another consequence of the Schreier technique is that a normal subgroup of
a free group of finite rank is either infinitely generated or of finite index. By analogy
one is led to conjecture that if S and H are free solvable of derived length / > 1,
S not cyclic, then H is normal in S implies H = S. This is correct, but much more
is true: If His not cyclic, then His its own normalizer. If Sis free metabelian (/ = 2)
of finite rank, then another class of self-normalizing subgroups are those subgroups
K such that KS' = S; we do not know whether, for / > 2 and S of finite rank,
Ai5,_1(5) = S implies Kis its own normalizer. However, we have the following
generalization. Let G be a non-abelian solvable group such that all but possibly
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146 Jacques Lewin and Tekla Lewin [2]

the last term <5,_ t(G) of the derived series of G are finitely generated; if A' is a sub-
group of G such that J^5/_1(G) = G, then A" coincides with its normalizer.

If H is a non-cyclic free solvable group of derived length / which is normal
in a group G solvable of the same derived length, then we obtain as an immediate
consequence of a theorem of Smel'kin that 5,_1(G) = <5,_1(//)xA where K
centralizes H.

Finally, in section 6 we have a rather easy proof of a fact that seems to have
escaped notice: If G is a finitely generated abelian by polycyclic group, so that G
has an abelian normal subgroup N with GjN polycyclic, and K is a subgroup of G
such that KN'\s of finite index in G, then K is finitely generated: In particular, if G
is a finitely generated metabelian group and KG' is of finite index in G, then K is
finitely generated. (See [3] for a related result.)

The basic tool is the Magnus representation for free metabelian groups; the
results we have for free solvable groups are proved by induction from the meta-
belian case.

1. Notation and the Magnus representation

In this section we collect some facts and notation which will be used through-
out this paper.

We denote by M the free metabelian group with basis xlt • • •, xn. We set

A = MjM' and at = XiM'. We denote by T the free module with basis t1 ,•••, tn

over the integral group ring HA. Let G be the group of matrices of the form L A

with a e A and t eT; G is the standard wreath product of a free abelian group

(generated by L 0J, i = 1, • • •, n) by a free abelian group (^4). The map

H : D
defines a faithful representation //, the Magnus representation [7] of Min G speci-
fied by the basis xx, • • •, xn. (As will be seen shortly, the dependence of \i on this
basis is only apparent.) We will identify M with its image in G. Thus M' is a sub-
group of the group of matrices of the form I, A, and we will identify the group

/I 0\of matrices of this form with T, via the identification t = L J .

If, for xeM and geM', we define (xM')g = x~lgx, then M' is a TLA-
module, and this action of ZA on M' agrees with the action of TA that M' inherits
as a subset of T. M' is not a free Z,4-module for n > 2, but the Magnus representa-
tion embeds M' in the free module T.

Let x[, • • •, x'k be elements of M with
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[3] Subgroups of free solvable groups 147

If an element (" A is in gp{x\, • • •, x'k), then a e gp(a[,- • •, a'k) and
t e mod(t[ ,•••, t'k). Now suppose that x[, • • •, x'n is another basis of M. Since

x t = ("• ? ) £ gp(x\ ,•••, x'n) f o r a l l i , gp(a\ , - - - , a ' n ) = A a n d m o d { t [ , - - - , t ' n ) = T.

Thus the upper left-hand entries of a set of free generators of M freely generate
A, and the lower left-hand entries freely generate T. Hence two Magnus represen-
tationsof M in G are equivalent; that is, they differ only by an automorphism of G.

If vi, • • •, vn are elements of ZA or elements of T, we denote by r, and vc

respectively the row and column vectors whose /-th coordinate is vi. In particular
ac denotes the column vector whose coordinates are at, • • •, an, the generators of
A. l c and l r denote the vectors whose coordinates are all 1.

The following theorem characterizes the embedding of M in G.

THEOREM A. (S. Bachmuth [1]) The element x = \%x t j j is in M if and
onlyif«r(ac-lc) = a-1.

(If x is in M, then a turns out to be xM' and, it may be of some interest to
note, OLJ is the partial derivative of x with respect to Xj taken in ZA.)

We will be concerned mostly with free (metabelian) subgroups of M. The
following theorem is fundamental.

THEOREM B. (G. Baumslag [2]) The elements zx,- • -,zk,k > 1, in a free sol-

vable group S of derived length I freely generate a free solvable subgroup of derived

length I if and only ifz^ S', • • •, zkS'freely generate a free abelian group.

Suppose now that L is a non-cyclic free subgroup of M. Then, by Theorem B,
we may embed L in a free subgroup H of M which, if the generators of H and M
were suitably chosen, is freely generated by elements yt, • • •, yn with j , = xj"
mod M' (each kt a non-zero integer) in such a way that L is generated by yx, • • •,
yk. Then

iaY 0\ . .
i = 1,2, • • •, n

with M;6 T. Suppose that w; = £ , yi}tj ( ^ e Z i ) and let F be the matrix (y;j).
Let B = HjH'. Since H' is a maximal abelian subgroup of H, Hn M' = H', and
so B can be identified with the subgroup of A generated by b± = a\\ • • -,bn = ak

n
n.

Let a be the augmentation ideal of A. Let b be the augmentation ideal of B,
i.e., the ideal of T.A generated by the elements 1 — b with beB. We use bars to
denote images under the natural map TA -» Z(A/B) and under the maps it induces
on the vectors and matrices with entries in ZA.

LEMMA 1. de t r = £ g
geA/B

PROOF. Since, by Theorem A, r(ac-lc) = bc-lc, we have r(ac-lc) = 0.
Thus if F* is the adjoint of F, we find that
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o = r*r(ac-ic) = (det r ) ( a e - i c ) = det r ( a e - i c ) .

Therefore det r(aj— 1) = 0 for all i. That is, det Fat = det F for all /, which im-
plies that det Fg = det F for all g e AJB. Suppose now that det F = Yj>sAiBmh^^mh

an integer. Then for all g e AjB

£ mA/i = £ mhhg = £ m^-. / i .
te^/B /IE/1/B teyl/B

Thus mA = mhg-i for all #; that is, the coefficients are all the same and for some
integer m

detr = m £ h.
heA/B

Since £/,e^/B h = Y[ (1 + a ; + • " • + a*i~1) and the kernel of the bar map is b,
we have '

de t r = m]J(l+ai+ • •• +ak
i'~

1) mod b.
i

However, the fact that y{ = xj" mod M' implies that ut ~ (1 +at+ • • • +ak
i'~

i)ti

mod aT, and hence that

de t r = fl (l + a,+ ••• +a-'"1)moda.
i

Therefore m must be 1.

Since in particular det F ¥= 0, the ut are /^-independent.
Recall that L is generated by yx, • • -,yk, where

Let C = gpipi, • • •, bk) and let F be the ZC-module generated by uy, • • •, uk.
Let F be the subgroup of G of matrices of the form (£ | j with c e C and v e V.
Since the w; are Zy4-independent they are, a fortiori, ZC-independent; therefore V
is a free ZC-module with basis uy, • • •, uk. This shows that if n' is the restriction
of fi to L cut down to F then /i' : L -» F is a Magnus representation of L. Now, \i
is the Magnus representation of M in G specified by a carefully chosen set of free
generators x1,---,xn of M, but as remarked earlier all the Magnus representations
of M in G are equivalent, so that the previous statement is true for any Magnus
representation n of M. Thus we have shown

LEMMA 2. If n : M -> G is a Magnus representation of the free metabelian
group M and L is a non-cyclic free subgroup of M, then the restriction offitoL
cut down to an appropriate subgroup F of G is a Magnus representation ofL. (See
above for the description of F.)

The interest in Lemma 2 is that it allows us to use Theorem A to recognize
elements of L.
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LEMMA 3. Let Kbe a subgroup of M for which KM' = M, and let V be the ~LA-
module generated by the lower left-hand entries in the representations of elements
ofK. Let x = (* j) with ueV. If x e M, then xeK.

PROOF. Let K = 57>(*i#i, • • •, xngn, hlt h2, • • •) where guhxeM' and say

(1) x,giH = , htn =
\u, 1/

Then V = modiu^, • • -, un, h1} h2, • • •)• Suppose that u = 2'pjMj + 2'<7i/!i, pi e TA,

<Tf e ZA, and that x = (" ^) is an element of M. Then

a 0
x = I

\ZPiUi 1/ \Iaihi 1

Now, if P is a subset of AT, then gpM(P) is the Zy4-module generated by P.

Since A"M' = M, Kn M' is normal in M. Therefore (jr^./,. i ) e ^ - It follows

that (Jp.M. J e M . Thus it is sufficient to prove the lemma in the case that K is

free, say K = gp(x1g1 ,-•-, xngn). If F is the matrix introduced above, then by

Theorem A, prF(ac — lc) = a— 1 and F(ac— lc) = (ac —lc); therefore pr(ac — lc)

= a — 1. By Lemma 2, (1) provides a Magnus representation for ,K, and so by

Theorem A, \%DiU. \) e AT and the lemma is proved.

£ will denote a free solvable group of derived length /, usually of finite rank.
If G is a group, 5k{G) and yk(G) denote the k-th term of the derived and lower
central series respectively. As usual we write G' for d^G). If I ' i s a subset of G we
denote by gp(X) and gpG(X) respectively the subgroup and normal subgroup
generated by X.

2. Free subgroups

We can now prove our first theorem.

THEOREM 1. Let S be a free solvable group of derived length / > 1, and L a free
subgroup of S. Then S,_1(S)/Sl^1(L) is torsion-free.

PROOF. If L is cyclic, then <5,_1(L) = 1. Let us assume that L is not cyclic.
First, let 5 = M, a free metabelian group of finite rank n. We embed L in a free

subgroup H of M of rank n as in section 1 and we use the notation developed there.
We will show that H'/L', gpM(H')/H', and M'/gpM(H') are all torsion-free, whence
it follows that M'/L is.

Suppose that y e H and yp = z e L for some integer p. Let n be the projection
of H onto L determined by y{n = yt for i = 1, • • •, k and yt% = 1 for i = k+1,
••• ,« . Then (yn)" = z. However, # is a group with unique roots (for it is easily
calculated that G is); hence y = yn, i.e., y eL. Thus H'/L' is torsion-free.
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Let {1 = st, • • -, sm} be a transversal for B in A.
Let U be the Zfi-module generated by wx, • • •, un and U be the Z,4-module

generated by U. Since ux, • • •, un are Z^-independent, U is a free Z^-module
freely generated by u1, ••- ,«„. Therefore, qua ZZ?-modules,

(2) u = e s« y-
i = l

Now, gpM{H') is the Z>4-module generated by / / ' , so gpM(H') = Y.aeAaH' =
X?!=i .?;#'. Since if' c (7, it follows from (2) that this sum is direct:

m

(3) 0PM(H') = 0 s,H'-
i = l

Therefore, since H' is torsion-free, gpM{H')jH' is torsion-free.
We now wish to establish that U n M' = gpM{H'). As we have seen,

r(«c-ic) = Je-ic.

If x e U n M', then there is a row vector <xr = (a t , • • •, an) with a( e Ẑ 4 such that
x = <xruc. We write ar = ^|"=1 5,a^, where aj. is a row vector with entries in ZB.
Now, x = arTrc and by Theorem A

a r r ( a c - l c ) = 0,

since, for xe AT, x = L A. Thus,

Since xl
r(bc — lc) e Z2?, j;a^(fec—lc) is a sum of group elements of A which all lie

in the coset stB and hence we must have aLl
r(bc — lc) = 0. By Lemma 2 and Theo-

rem A the element ht = ttl
ruc is an element of H'. Thus x = I*;/;, is in gpM(H').

Hence U n AT <= gpM{H'). The reverse inclusion is obvious and U n M' =
gpM{H') as claimed.

It follows that

M'lgpM(H') = M'jU nM'

Thus M'/gpM(H') is isomorphic to a submodule of 7/17, and we will now show that
TjU has no elements of finite order. By a theorem of Fitting (see for example
[6], theorem 6.15), since T and U are free modules of the same rank, det F an-
nihilates T/U.

Suppose now that x e T and that, for some prime integer p, px e V. By the
foregoing, (det F)x e U as well. Thus if
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px = ipiui pteZA
and

(detr)x = lEiui eteZA,'
then we have

SfUi = r(det r)PiUi.

Thereforepet = (det r)/J; for all i. However, Lemma 1 says that det F = Y.geA/B 9-,

where det F is the image of det F under the natural map ZA -> Z(A/B). Since p

does not divide det F, p does not divide det F. Butp is a prime in the unique factori-

zation domain ZA, so for each i, /?; = pfi[. Thus

px = pXP'iiii.

Since 7"is a torsion-free group, x = •£/?,'WJ; thus x e [/.
We have now established that Af'/£' is torsion-free.
For the general case, it is first of all clear that if the theorem is true for finitely

generated free metabelian groups, then it is true for all free metabelian groups.
For if L is a free subgroup of some free metabelian group M and x e M' with
x" e £', then we can easily find finite subsets yt, • • •, yt and xt, • • •, Xj of the free
generators of L and M respectively such that gp(yx, • • •,}>;) <= gp(x\, • • ", Xj),
x e g p ( x l ,•••, X j ) , a n d x " e g p { y v ,•••, y , ) .

For S a free solvable group of derived length / > 2 and H a non-cyclic free
subgroup of S of length /, we establish the theorem by considering the free meta-
belian groups 8t^2(S) and 51_2{H).

Notice that in the course of the proof of Theorem 1 we have established that
/ / H is a non-cyclic free metabelian subgroup of a free metabelian group of finite
rank, then gpM(H') is the direct product of the distinct conjugates of H'. For if we
choose z, so that ztM' = s, for i = 1, • • •, m (then zx, • • •, zm is a transversal for
HM' in M), (3) says that gpM(H') = X"=i H'u- T h e directness of this product
shows these conjugates of H' are distinct, and since HM' normalizes H', these
are all the conjugates. It follows that the normalizer of H' is HM'. It is easily
checked that the rank of H being equal to the rank of M does not enter into the
argument.

For a free metabelian group M, if L < M and L' = M', then L = M. So
by induction if S is a free solvable group, L < S, and 6,-^L) = d^^S), then
L = S. Thus Theorem 1 establishes that proper free subgroups of free solvable
groups are never of finite index, and Baumslag's conjecture is proved.

One might further conjecture that if H is a free subgroup of the free metabelian
group M, then the intersection of the conjugates of /flies in M'. This is false as
the following example shows: Let M be generated by jct and x2 and let H =
gp(xi[xt, x2]", x2). Then H # M, yet, as we shall show, the normal closure of
x\ lies in H. Since HM' = M, then H' is normal in M and H' = M' n H. Further,
if x e H, then gpM{x) c H if and only if [x, M] c: H; thus gpM{x) c H if and
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only if [xt, x] e H for i = 1, 2. Clearly [x2, x2] e H. Now,

[x2, x, [*!, x2]*
2] = [x2, x j [x 2 , [>!, x2]*

2]

is an element of//. Using the identity x6-l = ( X - 1 ) ( X 2 + X + 1 ) ( X + 1 ) ( J C 2 - X + 1 )

we see that 1 + x2(x2 — 1) divides the polynomial x2 — 1 /x2 — 1 = x\ + x\ + • • • +1.
Thus

[xf.x,] = tx2tXiy
ia+- + 1 = [ x ^ x j 1 ^ * 2 - 1 ^ '

is an element of H, and we have proved our claim.
This example can be clarified by considering the converse situation. Suppose

His a free subgroup of the non-cyclic free metabelian group M, and Nis the inter-
section of the conjugates of H. If H is cyclic, then N is a normal cyclic subgroup
of M, and hence N = 1. Otherwise, let xe N. Then

[x, M] c f| (Af n f l ! ) = n H'z.
zeM zeM

But we have shown that the normalizer of H' is HM' and that the distinct conju-
gates of H generate their direct product. It follows that unless HM' = M then
[x, M] = 1 and so x = 1. Thus: If M is a non-cyclic free metabelian group of

finite rank and H a free subgroup of M with HM' # M, then the intersection of the
conjugates of H is trivial. Suppose then that HM' = M. Then H' is normal, so
H' = H n M' is contained in N. Now if x e H\H', gpM{x) <= H if and only if
H' => [x, M] = [x, HM'] = [x, H][x, M'], which occurs if and only if x cen-
tralizes M'jH', that is to say, if and only if xM' — 1 annihilates the module M'jH'.
Referring to the proof of Theorem 1, since in the present case H' and U coincide
respectively with gpM{H') and U, we find that

However, y, = J ; mod M' implies that ui = ti + hi, where h^M'. Hence
M' + U = T, and M'/H' ^ T/U. So gpM(x) c 7/if and only if x M ' - l annihilates
Tj U. If M has rank n, the theorem of Fitting cited above gives the relation

(ann(TiU))n <=. *W(det T) c ann(T/U).

Now, xM' is a power of some element in a suitably chosen basis for A, say
xAT = ak. Thus if #pM(x) <= H, det T divides (a*-1)". Thus, up to units, all the
prime divisors of det F are polynomials in the single element a. It then follows that
if a e ann(T/U), some prime divisor of a must be a polynomial in a. Thus we have
the following curious fact: Let M be a non-cyclic free metabelian group of finite
rank and H a free subgroup ofM such that HM' = M. IfN is the intersection of the
conjugates of H, then NjN n M' is cyclic {possibly trivial). Here N n M' =
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H nM' = H'. Further, the integer k above cannot be a prime power for then none
of the divisors of ak — 1 have coefficient sum 1, while det F does.

3. Automorphisms

To prove the analogue of Stallings' theorem, we need some information about
automorphism groups. The following theorem is due to Smel'kin [10].

THEOREM C.Ifrj is an automorphism of the free solvable group S and r] fixes
pointwise the last term of the derived series of S, then n is an inner automorphism in-
duced by an element of the last term of the derived series of S.

We also need the solvable analogue of a theorem of G. Baumslag and Tekla
Taylor (Lewin) [4], proposition 1. The proof is closely related to the one in [4] and
goes via two lemmas.

LEMMA 4. Let M be a free metabelian group and let x be an element of M'
such that x is a k-th power modulo every term of the lower central series of M.
Then x is a k-th power in M.

PROOF. We may clearly assume that M is finitely generated. Still in the nota-

tion of section 1, let Tn be the module T/a"T, a free ZA/a"-module, and let Gn be

the group of matrices of the form (̂ _|_anj* j I, with ae A, teT. If nn is the natural

epimorphism of T onto Tn, then the map fjn:u j) -» (JL j) is clearly an epi-

morphism of G onto the nilpotent group Gn. Hence xr\n has a fc-th root for every n.

Suppose x = 11 | j ; then for each n we can find an element b e A and an element

s e Tn such that

0\k _ / bk 0\

U B 1/ ~ \ ( l + 6 + ••• +bk~l)s 1/

It follows that b = 1 and tnn = ks. Thus, if t = l a ^ j it follows that each cct is
divisible by k modulo every a". Thus af 6 f)™=1 (kZA + an). However, a theorem
in the theory of noetherian rings states that for any ideal I oil.A, (]%Lx ( /+ a") is
precisely the intersection of those primary components pt o f / for which !pt + a #
IA [12], p. 218. Thus in our case f)n°°=1 (klA + an) = kZA and each oc, is divisible
by k. It follows that t is divisible by k, so x has a k-ih root in G, and the criterion
of Theorem A assures us this root is in M.

Incidentally, it can be shown that M n ker^n, which is easily seen to be
M' n a"T, is yn+1(M). Thus we have a representation, resembling the Magnus
representation, of M/ya + 1(M), a free group in the variety of groups metabelian
and of nilpotency class at most n, in the matrix group Gn.

The following example shows that the hypothesis xe M' cannot be omitted
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from Lemma 4. Let M be a free metabelian group of rank 2 freely generated by xl

and x2. Every element of M can be written uniquely in the form x^x^txj, x2]*
where k, I are integers and OLBZA; here [xx, x2f denotes the action (denned in
section 1) of aeZA on the element [xt, x2] of M'. Now consider the element

X — X^Xi , X2J

If x were a proper power, then it would be a power of an element of the form
y[x1, x2T where y is a power of xy and we would have

x = (y{.x1,x2ry = ttxl,X2r
i+'Mi+-+(>M'v"l)-

But (1 + ai)(l+a1+al) is not divisible by l + a t + • • • +a\, \+a\+a\ or \+a\,
so x is not a 6th, 3rd, or 2nd power and hence not a proper power. However,

l + fli+ • • • + a[ = (aJ + ai + lXai + lXaJ-
and

(al-cii + tyZA + a. = ZA.
Thus,

Therefore («i + a t + 1X^ + 1) is divisible by ( l + a t + ••• +af) modulo a" for
all «, so for each n there exists an e ZA and /?„ e a" such that

Hence

x — X1|_x1,X2J L x i ' x 2 j — l x i L x i ' X2j ^ Lxi > ^aJ •

A straightforward induction shows that an element of the form [xt, x2]
p" where

fin e a" lies in yn+2(M). Thus x is a 6th power modulo every term of the lower
central series of M. We note, however, that Lemma 4 is true for elements of the
formx = I"1 j j where/>isaprime; for then l+a1+ • • • +ap

1~
1 generates a prime

ideal in ZA and

= (l + fll+ ••• +a'Cl)ZA.

LEMMA 5 (cf. [4], Lemma 2) Let N be a free group in the variety of metabelian
groups of nilpotency class c. Let J be the group of automorphisms ofN which induce
the identity on N/N' and let I be the group of inner automorphisms of N. Then J/I
is torsion-free.

PROOF. The proof is identical with that in [4] as soon as one has the following:
Suppose N is freely generated by zl,z2, • • •. l{ g e N and [g,zt] = h\ with

) , then g = hkmodyc(N) for some Aeyc_1(Ar). This follows readily
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from the theorem (W. Magnus, see [8], Theorem 36.32) that every element of N
can be uniquely expressed as a product of left-normed basic commutators.

THEOREM 2. Let S be a free solvable group, let J be the group of automorphisms
of S which induce the identity on SjS', and let I be the group of inner automorphisms
of S. Then Jjl is torsion-free.

PROOF. Let / be the derived length of S. The case / = 1 is trivial.
We now assume that / = 2, so that S = M. We denote by hn the natural

homomorphism of the automorphism group of M into the automorphism group
of M/yn(M). For w in any group we denote by a(w) the inner autmorphism induced
by w.

Now suppose that a e J and a* e I, say

ak = a(x).

Then (ah3)
k = a(xy3(M)); so by Lemma 5 ah3 is inner, say <xh3 — a(yy3(M)). Let

Now,

so Pk is inner since a* is inner and each conjugate of a(y~1) is inner. Therefore,
for some z e M,

P = <z).

Since fih3 is the identity mapping of M/y3(M), so is ftkh3 = a(zy 3{M)); therefore
zy3(M) is in the center of M/y3(M), i.e., z e y2(M). The proof now continues as
in [4]. For each n

(Phnf = a{zyn(M)),

so by Lemma 5 /?//„ is inner: say fihn = a(unyn(M)). Then a(uk
nyn{M)) = a(zyn(M)),

whence a(zu~kyn(M)) is the identity, which means zu~kyn(M) is in the center of
M/yn(M), which is yn-^M^yJ^M). Therefore zu~k e yn_1(M), and z is a k-th
power modulo every term of the lower central series of M. Because z e M', by
Lemma 4 z is a A>th power, z = uk. Thus /?* = a(uk) = a(uf. Since J is a group
with unique roots [4], Corollary I, P = a(u). But since ft is inner, a = (3a(y) is
also inner.

For / > 2, we proceed by induction. Let 8 eJ and Qk e I. Then 9 induces an
automorphism of S/S^^S) which by the induction hypothesis is inner. Thus there
is an xeS such that the automorphism r\ = 6a(x~l) induces the identity on
5/5,_1(5). Now, since nk is again inner and induces the identity on S/d^^S), it
must be that nk = a(y) withj> e 5,_1(S). Thus if fj is the restriction of n to the free
metabelian group <5,_2(,S), then fj induces the identity on 5,_2(5)/^,_1(5) and fjk

is still inner. Thus fj is an inner automorphism of <5,_2(S'), say fj = a(z) with
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z e (5,_2(S). It then follows that na(z)~1 fixes <5,_2(»S') pointwise. By Theorem C,
ria(z)'1 is then inner. Thus finally 0 = (r]a(zy 1)a(z)a(x) is inner and the theorem
is proved.

4. Free solvable groups as subgroups

We can now derive some properties of solvable groups with free solvable sub-
groups of the same derived length.

THEOREM 3. Let S be a non-cyclic free solvable group of derived length / > 1,
and suppose that S is contained in a group G which is torsion-free and solvable of
the same length l.IfS is of finite index in G, then S = G.

PROOF. We first prove the theorem with 1=2. Then £ is our usual free meta-
belian group M. As usual we put A = M/M' and we consider G' as a Zy4-module.
Since M is of finite index in G, M contains a subgroup N, still of finite index, which
is normal in G. Let g e G', and let x be in N but not in M'. Then [g, x J e G ' n N.
Since M' is a maximal abelian subgroup of M, G' n M = M' and thus [g, x] e M'.
Let xM' = a. Then in module notation we have both kg e M' for some integer
k and (a — 1 )g e M'. If /1, t2, • • • are free generators of the Magnus module for M
we then have

kg = Ia.it t ateZA

{a~\)g = T^ti pteZA.

Thus I(a— l )a^; = Skfi^i and hence (a— l)a; = kfit for all /. Since TLA is a unique
factorization domain and k and (a — 1) are coprime we find that k divides at for
all /, say a; = ka.\. Thus kg = Xkoi'j^ Since I.ka'iti represents a group element of
M', the criterion of Theorem A assures us that Soi.'iti also does. Since G is torsion-
free, g = Za'iti. Thus ge M' and hence G' = M'.

M is then normal in G, and if he G, h induces on M an automorphism which
leaves Af/Af' invariant. Since some power of h is in M, it follows from Theorem 2
that /? induces an inner automorphism of M. Thus, there exists u e M with Aw-1

centralizing M. Again for some integer j , (hu~1)i e M and hence (hu~i)i is in the
center of M. Thus (hu~1)i = 1. Since G is torsion-free, h = u and (? = M as
claimed.

We can now complete the proof with an easy induction. If / > 2, then since
S' is a maximal solvable-of-class-(/— 1) subgroup of S, G' n 5 = S' and thus 5 '
is of finite index in G', and so we have S' = G'. The proof now proceeds as above.

The next theorem follows immediately from the theorem of Smel'kin quoted
above.

THEOREM 4. Let S be a free solvable group of derived length I and not cyclic,
and suppose that S is a normal subgroup of a group G which is also of derived length I.
Then <5,_i(G) = 8t-i{S)x.K where K centralizes S.
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PROOF. Let AT be a subgroup of <5,_1(G) maximal with respect to the properties
that gptft-^S), K) = 5, . , (S)xA: and [S, K] = 1. Let ged^^G). The auto-
morphism g induces on S leaves every element of <5,_ x(5) fixed; therefore by Theo-
rem C this automorphism is an inner automorphism of S induced by an element
h of <5,-i(S). Therefore ^ /T 1 centralizes S. LetL = gp(gh~1, AT). Then [S,L] = 1.
Further, if fe L n £,_ X(S), t hen / is in the center of S and so is 1. Thus, from the
maximality of K, K = L. Therefore gh'1 eK, so g e gp(K, (5,_1(5

r)). It follows

5. Some self-normalizing subgroups

It follows easily from Theorem 4 that a non-abelian free solvable group has
no proper normal free subgroups of the same derived length. One can, however,
prove more.

THEOREM 5. Let S be a free solvable group of derived length / > 1 and suppose
that H < Sis also free of length I, Hnot cyclic. Then H coincides with its normalizer.

PROOF. Assume first that / = 2 and let K be the normalizer of H. Then it can
be seen by considering a free nilpotent image of class 2 that H and K coincide
modulo S'. Let x e K n S'. Then x induces an automorphism of H which fixes
H' pointwise. Then, by Theorem C, x induces an inner automorphism of H and
hence x e H', for otherwise H would have a non-trivial centralizer. Thus H = K.
If / > 2, then, by an obvious induction, H n S" = K n 5" since H n S' = H'
is again free. Further H = AT mod S' as before. So again H = K.

In the finitely generated metabelian case we can find another class of self-
normalizing subgroups; we first prove a lemma.

LEMMA 6. Let R be a commutative ring with 1 and T a finitely generated R-
module. Suppose U and V are submodules of T with U < V < T and suppose there
is an ideal I of R with the properties

i) U+IT = T

ii) IV < U.

Then U = V.

PROOF. Assume that V ± U. Then (see e.g. [9]) there is a maximal ideal m of
R such that the localized modules Um and Vm (over the local ring Rm) are still
distinct. Two cases arise.

1) / i s not contained in m. L e t x e / \ m . Then x is a unit in i?m,and Vmx <= Um

implies Vm = Um.
2) / c rrt. In this case Um + ImTm = Tm, and the Nakayama Lemma (see

e.g. [9]) yields Um = Tm, so that again Um = Vm.
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Our assumption is then untenable and U = V as required.

THEOREM 6. Suppose M is free metabelian of finite rank, and H < M with
HM' = M. Then H coincides with its normalizer.

PROOF. Let K be the normalizer of H, and let U and V be the Z>4-modules
generated by the lower left-hand entries of the elements of H and K respectively.
HM' = M implies that U+M' = T, and since M' <= or,

U+aT = T.

Also, HM' = M implies that K = H(K n M') and therefore

V = U+(KnM').

Since for g1} g2 in M' and x in M we have [xgt, g2] = [x, g2], it follows that

[M, KnM']= [HM', K n M'} = [H, K n AT],

which is contained in H n M' and therefore in U. But [M, K n M'] = a(K n A/'),
so

aV = ct£/+[tf, A"n Af] <= (7.

The hypotheses of Lemma 6 are then satisfied with I = a, and hence U = V. But
then, by Lemma 3, K = H and the theorem is proved.

Theorem 6 is false without the hypothesis of finite rank. Let M be freely
generated by xt, x2, • • • and let

ff, = [*;+i> *i + 2] / = 0, 1, • • •.
Let

yt = x;^i and zx = [y,, g0] i = 1, 2, • • •,
and let

Since [ j j , ^ 1 ] = b i . ^ o l " 1 we have jf° = >>.-Zj, jf0"' = J .zr 1 , zf° = z,, and
zf0"1 = z;; therefore ^0 normalizes H. Now,

£/•= mod (?!+£?!, t2 +g2, • • -) + agQ.
If g0 e (/, then

with PielA, ccea. Since ^n = (an+2-l)tn+i-(an+1-l)tn+2 is the only term
that involves tn+2 it follows that pt = 0 for j = n, n—1, • • •, 1 and hence that
a = 1, a contradiction. Thus gQ f§ H.

Since Theorem 6 is true for finitely generated free metabelian groups, it is
also true for all finitely generated metabelian groups. Even further, we have the
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COROLLARY. Let G be a finitely generated solvable group such that all but possibly
the last term 3^ X(G) of the derived series of G are finitely generated. If H < G and
HSt-^G) = G, then H coincides with its normalizer.

PROOF. We use Theorem 6 and the remark above as a basis for an induction
on derived length. If / > 2 and G and H satisfy the hypotheses of the theorem,
then G' is finitely generated and G' = (G' n .ff)<5/-i(G)- I f K normalizes H, then
Kn G' normalizes H n G' and hence, by induction, K n G' = H n G'. It follows
immediately that K = H.

6. Some finitely generated subgroups

THEOREM 7. Le? G be a finitely generated abelian by polycyclic group, i.e.,
G has an abelian normal subgroup N such that GjN is polycyclic and G is
finitely generated. Let {H^ be an ascending sequence of subgroups of G with
[G : HiN] < oo. Then the sequence is stationary after finitely many steps.

PROOF. Since GjN is polycyclic, the sequence {HtN} of subgroups becomes
stationary after finitely many steps, so we may assume that HlN — H2N = • • •.
Further, since Ht N being of finite index in G is again finitely generated abelian by
polycyclic, we may assume that G = HtN. Let A = G/N. Then, since ./Vis abelian,
each Hi n TV is normal in G, and hence is a Z^f-module. Thus since ZA is noetherian
and N is a finitely generated ZA -module [5] we must have, for some m, Hm n N =
Hm+l n N =• • • •. Since we already have HmN = Hm+lN = • • •, we must have
Hm = Hm+l = • • •.

COROLLARY. With the hypotheses of Theorem 7, ifH < G and HN is of finite
index in G, then H is finitely generated.

PROOF. Suppose that H is infinitely generated, say by zx, • • •, zn, hx, h2, • • •,

where hte N and the z,- generate a subgroup which, modulo N, is of finite index

in A. Then the groups Ht = gp{zx,•••, zn, ht, • • •, ht) form a strictly increasing

sequence of groups, a contradiction to the theorem.
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