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Abstract

For «>2, a hypersurface in the open unit ball Bn in £" is constructed which satisfies the
generalized Blaschke condition and is a uniqueness set for all Hp(Bn) with />>0. If n>3, the
hypersurface can be chosen to have finite area.
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1. Introduction

Let Bn be the open unit ball in (£n. Denote its boundary S2""1 by 8Bn. (Note that
Bx = U, the open unit disc in &.) For/holomorphic in Bn, define

(1) l l / | |p=sup(f \f(rw)\r>dm(W))1'P, 0<p<oo,

=sup|/(z)|,
B

where m is the Lebesgue measure on dBn normalized so that m(dBn) = 1. The
Hardy space Hp(Bn) is the set of all holomorphic functions/in Bn with ||/||p < oo.
The Nevanlinna class N(Bn) is defined analogously (with log+|/ | in place of \f\p in
(1)). We have the inclusion

H<*>(Bn)^W{Bn)^Hi>(Bn)<^N{Bn) if 0<p<?<oo.

1ffeN(BJ, its zero set is denoted by Z(f) =/~1(0). A subset E of Bn is a
uniqueness set (or determining set) for a family JF<^N{B^) i f / e^" a n d / = 0 on E
imply/sO in Bn.
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When n = 1, Bn = U and the zero sets of N(U) are completely characterized by
the Blaschke condition.

When n> 1, it was shown in Chee (1970a, b) that the Blaschke condition can be
generalized and is a necessary condition for the zero sets of N(Bn): For any

( 2 ) [1dr[_ / x ^
Jo JB{r)

where S(r) is the closed ball in (£n of radius r, /*(z) is the zero multiplicity of/at z
and //fc denotes the A:-dimensional Hausdorff measure in (£m. However, it was
also shown in Chee (1970a) that (2) is not a sufficient condition for the zero sets of
#°°(5n). In Rudin (1976), Rudin showed that if 0<p<q<co, then there exists
anfeHp(Bn) whose zero set is a uniqueness set for Ha(Bn). The analogous result
for the polydisc was proved by Miles (1973).

The purpose of this paper is to prove the following.

THEOREM. Let n > 2. Then there exists a hypersurface V in Bn such that V is a
uniqueness set for all Hp(Bn) with p>0, and satisfies the Blaschke condition

Jo
where V{r) = {(zx, ...,zn)eV: |z1 |2+. . .+|zn |2<r}.

When n ̂  3, V can be chosen so that H2n_2(K) < oo.

It follows that the generalized Blaschke condition is not a sufficient condition
for the zero sets of Hp(Bn),p>0. (This also follows from Rudin's result and (2).)

2. Proof of the theorem

We construct explicitly the hypersurface with the required properties. Consider
first the case n > 3.

PROPOSITION l.Fixn^ 3, l / ( n - l ) < a < l . For each integer k^2, let rk= l-k~a,

Vk = {(z1,...,zn)GBn:zn = rk} and V=[JVk.
£-2

Then V is a uniqueness set for HP(B^), p>0 and H2n_2(V) < oo.

PROOF. For each k,

H2n-2(Vk) = TT»-I(1 - r |)-V(» -1 ) I < (2")"-1 *-«»-«•/(» -1 ) !

Hence H 2 B _ 2 (F) = £ H2n_2(Vk) <oo, since (n -1) a > 1.
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Now for each z = (zl5 •••,zn_1)eBn_1, let a>0 be given by a2 = 1—||z||2, where
||z|| is the Euclidean norm of z. Suppose z^O and consider A = Afc(z) such that
(Az, Xa)e Vk. Then Afc(z) = rk/a. LetN = N(z) = max{/fc: rk<a}. Finally, let bz be
the finite Blaschke product with simple zeros at Xk, 2<fc<iV. Then

(3)

We claim that

(4) | h { ^ ( L )
where c is a positive constant.

Assuming (4) for the moment, we show that V is a uniqueness set for Hp(Bn),
p>0. Suppose feHp(BJ a n d / = 0 on V. Write

where j ^ is a homogeneous polynomial of degree/ To show that /sO in Bn, it
suffices to show that/g=O.

For each zeBn_lt let/8(A) =/(Az, Aa), Ae U, the unit disc. Then an argument
similar to that given in Chee (1970b, p. 230) shows that feHp(U) for almost all
zeBn_v By the circular invariance of the Lebesgue measure m on Bn_1 (see Chee,
1970a, p. 256) and Corollary 4.2 of Chee (1970b), we get

(5) f dm(z) f* \f*(zei9,aeiff)\Pd6= f dm(z) [' \f*(z,ae">)\pd8
jBn-l J-W JBn-1 J ~n

= f
where the star denotes radial limit.

Since/= 0 on V, the construction of bz shows that there exists a holomorphic
function gz, which is in HP(U) for almost all zeBn_v such that

fjL\) = XbJLA)gJLX), XeU.

Hence, for almost all zeBn_lt

/ (
bt

fs(z>a)
bM

(0) 1 *

It follows from (5) that

(6) f
JB.-1

By (4), | bz(0) | - 1 has an exponential singularity at z = 0. Since/g(z, a) is a polynomial
in z and a, (6) cannot hold unless / g =0.

https://doi.org/10.1017/S1446788700011526 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700011526


68 P. S. Chee [4]

It remains to prove (4). We note that

where eN->0 as N->co. So by the definition of N = N(z),

(7) a"'1 > (1 - Ar-«yv-i > e x p (_ eN) e x p ( - AT1-*)

)' C 1 > o -

Next

S k~a > (N+ iy-«/(l - a) -1/(1 - a) - 1 .
2

Since (1 - A"*)-1 > exp (£-<*), we obtain

(8) n(l-fc~a)"

1 / 1

where c2>0. Hence by (3), (7) and (8),

{ « / 1

This completes the proof of Proposition 1.

For n = 2, we have the following.

PROPOSITION 2. Choose a such that £ < a < l . Construct V as in Proposition 1.
Then V is a uniqueness set for all HV{B^, p>0, and

Jo

PROOF. For 0 < r < 1 and

Hence

(\(K(r))</r<27rS \\r-
Jo 2 Jr*

rk)dr

00

since 2«>1.
2
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The proof that V is a uniqueness set for HP{B^ is similar to that given in
Proposition 1 above and is omitted.

The theorem follows from Propositions 1 and 2.
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