
The number n is multiply perfect if and only if G"i(n) = 

0(mod n). By (1) this is equivalent to 

(2) Ti(n) s S^n) - (f^n) + 1 (mod n). 

The right hand side of (2) i s congruent to 

- Z d | n , d 7 l / * ( d ) d s l ( n / d ) + 1 = - ^d | n ,d> l /M d ) n i< 1 + n / d ) + l < m o d n>' 

If n is odd, each 1 + n/d is even and n |ny(l+n/d) . Thus an odd 
n is multiply perfect if and only if T^(n) S i (mod n). 

Now let n = T T p j n p be even. Correct ing the statement of 
our problem we have to assume n ^ 2. We wish to show that n 
i s multiply perfect if and only if Tj(n) H 1 + n /2 (mod n) . Thus 
we have to show 22 , A(d)n^(l+n/d) = n /2 (mod n) or 

Z I d | n , d > l / ^ d ) ( 1 + n / d ) + 1 — 0 (mod 2). This is equivalent to 

(4) 2 | Z = f d | ^ d ) ( l + n / d ) . 

But 1 = r d | n / L ( d ) ( n / d ) + r d j n yU(d) = r d j ^ d ) ( n / d ) 

= <p(n)=TTpjn(p*~p*-l). 

Thus Z is even unless n = 2. This proves (4). 

P 3. Let F be a finite field of charac te r i s t i c p . Let V n 

be an n-dimensional vector space over F . In Vn a symmetr ic 
bil inear form (a,b) i s given. Let n ^ 2 if p = 2 and n > 3 if p 
is odd. Show that there is a vector a ^ 0 in V n such that (a,a) =0 . 

P . Scherk 

Solution by the p roposer . Let F = { ^ , ^ , . . . j be a fin
ite field of charac ter i s t ic p . Let G denote the multiplicative 
group of all the squares ^ 0. If p = 2, ? = *£ if and only if 
F = ^ . Thus the mapping of the elements ^ 0 of F onto G is one-
one and G is the multiplicative group of F . If p > 2, this mapp
ing is two-one and G is a subgroup of index two in the mult ipl ica
tive group of F . Let G denote the complement of G in this group. 

If 1 + G = G, 1 6 G would successively imply 2 , 3 , . . , , p - l€G 
and finally p = 0 € G. Thus 

(1) 1 + G t G . 
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Let V = {a , b , . . . } denote a vector space of dimension 
n over F with a symmetr ic bi l inear form (x,y) . If (a ,a) =• 0, 
the vector a i s called i so t ropic . 

If p = 2 and n ^ 2, V n will contain two l inear ly independent 
vectors b and c. We may assume they a r e non- iso t ropic . The 
equation £2 = (b ,b ) / (c ,c ) has a solution ?€ F . It follows that 
( b + £ c , b + ^ c ) = (b,b) + 2 Ç . (b , c )+ £ * . ( c t c ) = " 
(b ,b )+ | \ (c ,c) = 0, 

F r o m now on let p > 2, n > 3 • Fo r every vector a let M a 

denote the set of the n o r m s (Aa,?\a) = 7\ (a ,a) with }\± Q, Thus 
either a i s i sot ropic or M a = G or M a = G. 

We choose any three mutually orthogonal vec tors ^ 0. if 
none of them i s i so t ropic , two of them, say b and c satisfy 
M-k = M c . We may a s sume (b,b) = ( c , c ) . Thus 

(b + £ c f b + f c ) = (b,b) + 2 Ç . ( b , c ) + £*. (c ,c) 

- (b,b) + 2 ^ . 0+ J\ (b,b) - (1+ f z ) (b ,b) a 

Case (i): «1 € G. Then let | be a solution of 1 + ^ x = 0. 
The vector b + ç c will be i so t rop ic . 

Case (ii): -1 € G*. By (1) the re i s a | such that 1 + f*€*GL 
Thus there i s a vector d such that Mfo ^ M^. 

Since n > 3, there i s a vector e £ 0 such that (e,b) = (e,d) = 
0. Since M e mus t be distinct from either M^ or M d , we have 
found two vec to r s , say e and f such that (e,f) = 0, M e ^ M£. We 
may assume l€ M e , -1 € Mf and hence (e, e) = 1, (f ,f) = - 1 . 
This yields (e + f, e + f) - (e ,e) + (f,f) = 0» 

NOTES 

ON THE DISCRIMINANTS OF A BILINEAR FORM 

Jonathan Wild, P r ince Alber t , Sask* 

Let E denote a vector space of dimension n over a field of 
charac te r i s t i c # 2 , In E a symmet r ic bi l inear form f(x,y) i s 
given. Define Ef a s the subspace of those vec to rs x for which 
f(x,y) = 0 for al l y € E. Thus rank f = n - dim E?. F u r t h e r 
m o r e , define ind f = maximum dimension of a subspace in which 
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