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Cubic Base Change for GL(2)

Zhengyu Mao and Stephen Rallis

Abstract. 'We prove a relative trace formula that establishes the cubic base change for GL(2). One also gets a
classification of the image of base change. The case when the field extension is nonnormal gives an example
where a trace formula is used to prove lifting which is not endoscopic.

1 Introduction

Let F be a number field. Let E be a cubic extension of F, not necessarily Galois. Let Ap
and Ag be their Adele rings. Let G’ be the group GL(2), G be the group Rest G’. Then
G(F) = GL(2,E) and G'(F) = GL(2,F). In this paper, we study the base change from
the set of cuspidal representations of GL(2, F) to the set of automorphic representations of
GL(2, E). The automorphic representations are assumed implicitly to be irreducible.

An automorphic representation 7 = @ 7, of GL(2, E) is a base change of a cuspidal
representation 7' = @ 7, of GL(2, F), if the central character of 7’ is A and the central
character of 7 is A o N where N is the norm map from E to F, and if for almost all finite
places v, 7, is the principal series of GL(2, F,) associated to an unramified character x, and
m, is the principal series of GL(2, E,) associated to the character y o N. With this definition,
the base change of 7/ is unique by the strong multiplicity one theorem for GL(2).

The following Theorem is proved in the work of [J-PS-S]:

Theorem 1 Any cuspidal representation of GL(2, F) has a base change to an automorphic
representation of GL(2, E). A cuspidal representation has a cuspidal base change, unless when
E/F is nonnormal, and 7' is of the form m (I(£)) ® v.

Here £ is an idele class character on Af associated to KE, where KE is the splitting field
of E; 7 (I & )) is the cuspidal representation associated to &, and v is a character on Ay .

The corresponding result for the Galois extension case is proven by Langlands [L]. His
result and that of Jacquet-Piatetski-Shapiro-Shalika [J-PS-S] for the nonnormal extension
are used in the proof of the modularity of some Artin L-functions, which implies some
cases of Artin’s conjecture [L], [T]; the modularity result is also used in Wiles” proof of
FLT [Wi].

Langlands uses the twisted trace formula method to prove his result, while the method
in [J-PS-S] is the Converse Theorem. From the trace formula, one get a characterization of
the image of base change. Namely, when E/F is Galois, let o be the generator of the Galois
group. Then a cuspidal representation 7 of GL(2, E) is a base change from GL(2, F) if and
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only if 7 = 77, In the nonnormal case, the method of Converse Theorem does not give a
characterization of the image.

We will give another proof of the Theorem use a version of relative trace formula. Our
method applies to both the Galois and nonnormal case, and one gets a characterization of
the image of base change in both cases. Fix a nontrivial additive character ¢ on Ag/F. In
Section 2, we define a F-group L and a ‘Theta function’ on L(Afr) denoted @z, associated

to a Schwartz function ¢ on Ay @ Ar @ Ag. There is a homomorphism G — L while L(F)
is generated by F* and the image of G(F). Denote the image of ¢ € G by g again. Define

M ol = | LGN g€ GLO,A.
A JFX

F

We prove:

Theorem 2 Let m be a cuspidal representation of GL(2, E). It is a base change from a cuspidal
representation of GL(2, F) if and only if it satisfies the condition (*): its central character is of
the form X\ o N, and there exists ¢ € 7 and ¢ as above, such that

@ Pt )= [ ()67, (g) dg £ 0.
A GL(2,E)\GL(2,Af)

Compare with Langlands’ result in the Galois extension case, one gets

Theorem 3 When E is a cubic cyclic extension of F, the condition (*) for a cuspidal represen-
tation  of GL(2, E) is equivalent to m = 7°.

The relative trace formula we use is of the type introduced in [M-R1]. Let f €
ce (GL(Z, Agp), Ao N) , i.e., f is smooth of compact support modulo center, and f(zg) =
AL (N (z)) f(g). Define the kernel function

(3) Kie,y) = Y fx'¢p).

£eGL(2,E)

Define the distribution I(f, ¢) on GL(2, Ag) to be

(4) / / Ky (g, n(x)) ©%(g)¢ (T(—x)) dxdg

where the integrations are over Ay GL(2,E) \ GL(2,Ag) and Ag/E, n(x) = [1 ’1‘]; T(x) is
the trace of x.

For a function f’ € C (GL(Z, Ap), )\), we define similarly the kernel function
K¢/ (x, y). Define the distribution J(f’) on GL(2, Af) to be

(5) [5G0 mr2) i1+ )y

Here the integrations are taken over (Ar/F)>.
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For matching functions (f, ¢) and f’, (see Section 4 for a definition of matching), we
have I(f,¢) = J(f’). From this identity, and its spectral decomposition, we derive the
Theorems. Moreover, when a cuspidal representation 7 is a base change from 7’ with
central character A\, when (f, ¢) and f’ match, we have

© S Pu(r(en )W) = S WY @ @
Pi

i
’
Pi

where ¢; and ¢! are the orthonormal bases of 7 and 7/, and

7) W@ = [ () vto s

where the integral is taken over Ag/E or Ag/F.

We note that the case at hand is not an endoscopic lifting. This is one example that a
relative trace formula can be used to treat lifting where the Arthur-Selberg trace formula
can not.

The construction of the Theta function @f;(g) uses the idea of Kazhdan [K] which we
summarize in Section 2. In Section 3, we study the distributions I( f, ¢) and J(f”) and their
spectral decompositions. Here we follow the argument in [M-R]. The spectral decomposi-
tion for I( f, ¢) has different forms in the Galois extension and nonnormal extension cases.
It is for this reason that in nonnormal extension case, some cuspidal representations have
base change which is not cuspidal. In Section 4, we define the matching between ( f, ¢) and
f’, and prove the existence of matching functions. Here we can use the known results for
quadratic base change [J-Y], [J-Y2]. In Sections 5-7, we prove the fundamental lemma,
which shows the matching of Hecke functions. In the proof one uses an identity of Kloost-
erman sum over finite field (identity (53)), and an argument used in [M-R2], where one
applies the property of Theta representation to prove the fundamental lemma. We establish
the base change in Section 8.

We thank H. Jacquet for many helpful discussions. We thank the Math Research Insti-
tute in Ohio State University for their support. The first author thanks the IAS for their
hospitality during his visit.

2 The Theta Function

We recall some results in [K]. In this section, unless specified, F is a local field of charac-
teristic 0; E is a 3-dimensional commutative semisimple algebra over F. Let [a, b] be the
Hilbert symbol on F. Let N, T be the norm and trace maps E — F. We denote by Bg the
bilinear form (e;, e;) — T(ere;) on E, and by 6/ € F* /F*? the discriminant of Bg.

For e € E, define 6(e) as in [K, Section 2]. When e is invertible, we have 6(e) = @ Let
A = F @ E, define a quadratic form on A by

Qi (xg,x) = N(t)xé + xoT(H(t)x) + T(tﬂ(x)).
From Lemma 2.1 in [K], we see

(8) %0Q;(x0,x) = N(x + xot) — N(x).
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Let A’ = Hompg(A, F) be the dual space of A. Let V. = A @ A’. In [K], Kazhdan
constructed a homomorphism ¢ from G(F) to GSp(V'). (Recall that G(F) = GL(2, E).) Let
L'(F) be the image of the homomorphism. Clearly F* is the center of GSp (V). Let L(F) be
the group F*L'(F). When g € GL(2, E), we will denote the element ¢(g) in L(F) by g.

The main result from [K] we use is the following:

Lemma 1 There exists a representation o, of L(F), acting on the space of Schwartz functions
S(F* @ A), with:

(9) Oy (”(f))(b(% X0, X) = Tb(}/ile(xo, X))(f)(}/, X, X + th)
(10) Jw(z)¢(y7 X(),X) = [Zv 6E/F]|Z|;¢(Zzy7 ZX()7ZX)
(11) oy(da)p(y, %0, %) = [N(a)|30(N(a)y, N(a)xo,a'N(a)x)

(12)  oyp(W)e(y, x0,%) = Clyl? oy, %o, X)¢ ()’71 (x0%o + T(xjé))) dxy dx

FXE
whered, = [* ], a € Eisinvertible,z € F*, w=[ _ '].

For the exact value of (, see [K, Lemma 3.4]. The above representation is the Weil
representation o, defined for the metaplectic group GSp, (F) restricting to L.
We need some knowledge of the discriminant dgr.

Lemma2 IfE is a cubic Galois extension of F or if E = F°, then dg/p is the identity. If
E = F ® K, where K = F(\/T) a quadratic extension of F, then dg/p = T.

Assume F is a number field, E is a cubic nonnormal extension of F. Let L = EK be the
splitting field of E, where K = F(\/T) is a quadratic extension of F, then dg/p = T.

Proof The cases E = F @ K and E = F? are clear. Now assume E is a cubic field extension
of F. Let E = F(v) with v satisfying the irreducible equation 4x*> — ax — b = 0. From
the definition, dg/r = (a’ — 27b*)F*2. Let 7, 7> be the two other solutions of the cubic
equation, then dg/r = [(v — 1)1 — 72)(72 — ~¥)]2F*2. Denote the number inside the
bracket a.

If E/F is Galois, let o be the generator of Gal(E/F). Then o(a) = «, thus & € F, and
dg/r equals identity.

If E/F is nonnormal, then L = E(/7). Let o be the generator of Gal(L/E). Then
o(a) = —a, thus dg/p = TE*2. Since 0g/p and 7 lie in F, we have dg/p = 7F*2 [}

Let F be a number field and E a cubic extension of F. Then one can define the group
L(F) as before. The representation oy, for the group L(AF) is given by Lemma 1. The Theta
function used in the introduction is defined as follows:

(13) 05) = > ou@e(yx,x), gE LAp).
(y,%0,x)EF* GFPE

We remark that the representation oy, is the usual global theta representation of (,}\SE) 4 Te-
stricted to L. In particular, we do not need to use the minimal representation of D, con-
structed in [K]. From the definition of @i, it is easy to check that it satisfies the moderate
growth condition.
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3 The Distributions I(f, ¢) and J(f')

In this section, F is a number field, E a cubic extension of F. We use v to denote a place of
F, E, = E ®f F,. We fix the measures over E, or F, as in [W1, p. 10]. Let Ag and Af be the
discriminants of the fields E and F respectively. We will identify F* with the center of L(F).

3.1 Local Orbital Integrals

We express I( f, ¢) in terms of local orbital integrals. We will use the notation f,*¢,(y, xo, x)
to denote the expression

(14) / g )o@y, x0, %) dg.
GL(2,E,)/EX

Then

Proposition 1 Let f and ¢ be given as in the introduction,

(15) 1(f,¢) = > [5G fox ¢v>+|AE|1/2HF<fV x by)

yeEFX Vv

where
(16) Ly f ) = / / s @DM@ fo % by 1,O%(yIN(E) — T()) de d* 2
E, JF)

% ¢y (22,0, 2)\,(2) d*z.

(17) Lf ) = / B

Proof We unwind the integral (4) formally. The computation is similar to that in
[M-R] and the necessary convergence follows from the argument of Proposition 1 in
[M-R]. The integral (4) is

/ / / Z f(g~ " yn(x)) O (z)A(2) (= T(1)) dg dt d*z.
A /F* JAp/E JA) GL(2,E)\GL(2,Ap)

YEGL(2,E)

Unwind the integral and make a change of variable ¢ — n(x)g:

/ / / fg7 0% (2n(x)g) M2)w (~T(t)) dg dt d*z.
AXJF* JAg/E JAS\GL(2,Ap)

Using the formula in Lemma 1 and the notation (14), we get:

/ / Z 2, 0g/F) |z|3.f * qS(z y,zxo,z(x+x0t))
A) JFX AE/E

(y,%0,%)

W (y 7' Qilxo, X)) A2 (—T(1)) dt d*z.
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The sum is over F* @ F @ E. Consider the contribution I’ from the part x, = 0; the
integration over ¢ is nonzero only when #(x) = y in which case it equals |Ag|'/2. The
condition (x) = y implies x € F* and x*> = y. Thus

I = |AE\1/2/ Z [z, 5E/F]|z|13gf* d(2*x*,0,zx)\(2) d* z.
A JFx

x€FX

Unwind the integral we get the expression | Ag|'/2 [], I5(f, * ¢,). For the contribution from
the part xy # 0, make changes of variables t — t — &,z — zxy ', y — yx3 and using the

formulas in Lemma 1, we get the sum over y € F* as in the Proposition. ]

3.2 Spectral Decomposition of I(f, ¢)

We now consider the spectral decomposition of I(f, ¢). We follow closely the discussion
in [M-R].

At each finite place v, let R, be the ring of integers in E,. Set K, = GL(2,Rg,). At an
infinite place v, let K, be the unitary group in GL(2). Let K = [] K,. Let I, be the identity
matrix. For each idele class character , let V() be the space of functions ¢ on K such
that:

cp(zdan(x)k) = )\(N(z))x(a)ga(k), zI,b € K,k € K,d,n(x) € K.

For each s € C, one may identify V (x) with a space of functions on GL(2, Ag) by extending
ap € V(x) to a function ¢(g,s) on GL(2, Ag), with:

¢ (2dan(0k, s) = A(N@))x(@|aly* k), z€AS keK.

The group GL(2, Ag) acts on V' (x) by right shift. We get a representation denoted as ps(x).
It is well known that

(18) Ki(x, ) =Y Keplx, p) + > Ky f(x, 7)
™ X

where 7 is either a cuspidal representation with central character A or a one dimensional
representation, x is an idele class character; and

(19) Kej(x,y) =Y 7(Nei0)@i(y)
Pi
(20) Kyslx,y) = ﬁ/ > E(x, ps00(f)pir ) Ely, 1, 9) ds.
T

The sum is taken over the orthonormal basis of 7 or V(). The function E(x, ¢, s) is the
Eisenstein series:

Eg @)= Y, 9089

YEP(E)\GL(2,E)
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Here P = TN is the parabolic subgroup. The Eisenstein series is defined for Re s large and
extended meromorphically to the whole complex plane.

Assume f is a K—finite function for the moment. As in [M-R], the integration in (4)
and the sum in (18) are interchangeable:

(21) I(f,0) =Y _L(f,¢) + > L(f,¢)
™ X
with the distributions:

@ o=/ [ K (g, 109) 0 (T(—) O, (g) dg d
A/ JAL GL(2,E)\GL(2,Af)

23) L0 = / / Ky s (g 10) 0 (T(—) O, (g) dg d.
Agyr JAY GL(2,E)\GL(2,AF)

Moreover, the sum (21) is absolutely convergent.
One easily verifies I, (f, ) = 0 if 7 is a one dimensional representation. For 7 being
any cuspidal representation, with the notations in the introduction,

(24) L(f,6) =Y _ Py(n(f)pi, ) WY ()
pi

where
Wi(g) = / o (n(x)g) ¥ (T(x)) dx.
Ap/E

We now consider I, (f, ¢). One uses the truncation operator. As in [M-R], denote by ¢/
the function ps(x)(f)ei, we get I (f, ¢) equals:

1 +ioo ~
(25)  lim —/ W (e, pi,s) NTE(g, ¢}, )07 \(¢) dg ds
T—oo 471 J_;oo %: A GL(2,E)\GL(2,Ap) v

where
W(g,@,s) = / E(n()g, @, 5)(T(x)) dx.
AE/E

Note that W (e, ¢;, s) extends to a meromorphic function, with no poles on the half plane
Re s < 0, and for any ¢ > 0, there is o(c) > 0 sufficiently small, such that the function has
no poles in the region {s | Re(s) < o(c), | Im(s)| < c}.

We claim that (25) equals

(26) : Les(f, @) ds + 6001 (f, 6)

—ico

4ri
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where I,  and I)’< are some distributions, d(x) = 1 when E/F is nonnormal, and x> =
A o N, where ( is the quadratic character on A} associated to the unique quadratic exten-
sion K of F such that EK is the splitting field of E; d(x) is 0 otherwise; the integral in (26)
is absolutely convergent.

Proof of the claim The integral (25) has the form:

+i0o 1
lim —H(s, T) ds
T—oo J_ing 471
where
H(s, T) = Y W, ¢i,9) NTE(g, ¢}, 507 ,(g) dg.

A} GL(2,E)\GL(2,Ap)

In the notation of H(s, T), we implicitly have the dependence on f, ¢ and x. As in [M-R],
H(s, T) is meromorphic in s, holomorphic on the imaginary line and the above integral is
absolutely convergent. Use the following Lemma, we can separate H(s, T') into a sum of
four functions as in [M-R].

Lemma 3

/A |, Gan9g) de = (020,00 + 3 / oo (QBE, (Né”) dt

{EFX

where

Bs0.5) = [ L T @6y oA a
A) JEX

yEFX
The Lemma follows from the computation in [G-R-S]. Note that o, (2)®(x,x) =
A2) ™ D (x, x).
Let M(s, x) be the intertwining operator from V(x) to V(Ao N - x~!). From the Lemma

and the explicit expression for ATE(g, ©!,s), as in [M-R], we get H(s, T) = H;(s,T) +
H,(s, T) + H3(s, T) + Hy(s, T), where:

T
His,T) = 3 Wie, 01,9) / / #5120 (K)ry (dak) (0, 0) dk d” a
i 0 K(Ag)

T
Hy(s,T) = 17%4 . 0i, a= 1/2 /k
A5, T) gj (“‘”)/0 /K(AE) *)
X Z/ oy (d )D€, t)1/1< ?) dt dkd”a

{EFX
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Hi(s,T) = — Z W (e, ©i,s) /00/ a=s"1/? [M(s, X)p; 1(k)oy (d.k)®(0,0) dkd™* a
;. r Jan
e, T) = = Y e 9 [ MG

x Yy /Aaw(dak)é({,t)@[) (%”) dt dkd*a.

EE€FX

We will use the following estimate for the L>-norm of ! as a function on K. There exists a
positive constant L, dependent only on f, such that

) PO (fpil] < MRl

and || ps(x)(f) ;]| is rapidly decreasing on any vertical line Re(s) = o.

As in [M-R], we do not need to evaluate H,(s, T) and Hy(s, T). The function Hy(s, T) is
homomorphic and rapidly decreasing on the imaginary line; the integral | :z |Hy(s, T)| ds
converges, and is bounded by a constant independent of T. Meanwhile we can separate
H,(s, T) into a sum of Hy,(s, To, T) and H, (s, To), where H, (s, To, T) is the part of
H,(s, T) coming from the integration of a over the interval [Ty, T'], while H, ; (s, Tj) is the
contribution of the integration over (0, T). Then H, 1 (s, T, T) satisfies above mentioned
analytic properties for Hy(s, T). The analytic property of H; (s, Ty) will follow from these
of H(s, T), Hy (s, T) and Hs(s, T). In particular H, ; (s, Ty) may be not holomorphic on the
imaginary line, as will be shown below.

We now consider H; (s, T). Note by our notation, ¢;(k) = p;(x)(f)pi(k). Fora € R,
write a = b* with b € R*. Thus H, (s, T) equals

Vi
S We, 01, 9100 () # B(0,0) / 2 b d*b
©i 0

where

(28) @ *g D(xg,x) = /ch(k)ad,(k)‘l)(xo,x) dk.
As in [M-R], we consider the integral

(29) /A] ol (d.k)oy (d.k)®(0,0) d*a

where AL is the set of ideles with norm 1.

Lemma4 The expression (29) is nonzero only when (1) E/F is nonnormal, and x* =
(CX) o N on AL or (2) E/Fis Galois, x> = Ao N on AL
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Proof Make a change of variable a — ab?, b € A}, in the integral. Observe that ¢! (d2k) =
X*(b)p!(d,k). From Lemma 1, one finds

oy (dazk)®(0,0) = A (N()) [N(b), 0/rloy (dak) (0, 0).

Thus the integral is nonzero only when x?(b) = )\(N (b)) [N(b), dg/r]. This translates into
the condition in the Lemma. [ |

If x is not as described in the Lemma, then ps(x)(f)w;*x ©(0,0) = 0, thus H (s, T) = 0.
If x is given as in the above Lemma, then H; (s, T) equals:

_ TS
%j W(e, 91,9)—psO ()i #xc 2(0,0).

Similarly, Hz(s, T) is nonzero only when Y is as above, when it equals:
T
—

;W<e,goi,s) —[M(s, x)psO()pi] *x ©(0,0).

Thus Hi(s, T) + H5(s, T) is meromorphic in s, it equals 0 unless x is as in Lemma 4. If
H,(s,T) + Hs(s, T) have a pole at s = 0, then so will H, (s, T;). To compensate for the
possible pole, we define:

H'(9) = 3 Wl 19 p00( N e 20, 00

Pi

where M is any positive number that is larger than L in (27). Let Hy(s, T) = H;(s,T) +
H;(s, T) — 2H'(s), then Hy(s, T) is a holomorphic function on the imaginary line, (here
we need the fact that when x> = X o N on AL, M(0,x) acts as —1 on V() [J-Lai]).
Since H(s, T) is holomorphic on the imaginary line, from the above discussion, we see
H, (s, Ty) + 2H'(s) is holomorphic on the imaginary line, and clearly is a function inde-
pendent of T. As in [M-R], we get

/ T HG, T) — Hos, T)| ds = / (5, T) + Haa(s, T) + (o (5, To) + 2H'()]] ds

—ico —ioo

is bounded by a constant independent of T. By Fatou’s Lemma, we see

+ico +ico

lim [ [H(s,T) — Ho(s, T)] ds = / L.(f, ) ds

T—o0 —i0c0o —i0c0o
where

L(f,¢) = Tlgfgo Hy(s, T) + Hy (s, T) + [Ha,1 (s, To) + 2H'(s)].
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The above integral is absolutely convergent. We are left to consider the integral, (for a x in
Lemma 4):

1(f,6) = —— lim / Hols, T) ds

47l T—
Recall Hy(s, T) = [H,(s, T) —H'(s)] +[H3(s, T) — H'(s)]. For the integration of H; (s, T) —

H'(s), we shift the contour to the left, for the integration of Hs(s, T) — H'(s), shift the
contour to the right; then

471 T—

L(f,¢) = — lim {/(Hl(s, T) — H'(s)) ds+/C (Hs(s, T) — H'(5)) ds]
C ’

where C is the line Re(s) = a < 0, and C’ lies in the right half plane such that the left of C’
has no poles of the functions W (e, ¢;, s). Take the limit we get:

L0 = o | [y ass [ (rro)a.

Using the residue theorem, we get
L(f ¢)——i/a+iooH’(s)ds+12W(e 1, 0)po(X) ()i *x ©(0,0)
x\J» - i i P ~ » Pirs V) polX Pi *K s V).

As H'(s) is holomorphic on the half plane Re(s) < 0, we can let a tend to —oo; using the
estimate (27), we see the integral equals 0. Thus

L(F,0) = 5 30 Wiespi 0o (i ¢ 2(0,0).

Pi
When E/F is Galois, A o N = x? on A}, it is well known that W (e, ¢;,0) = 0 for all ¢;.
Thus I} (f, ¢) is always 0. When E/F is nonnormal, x ~*A o N is a quadratic character, and
I )/<( f, @) is a nontrivial distribution. [ ]
We remark that when y satisfies Lemma 4,
Ix,s(fv d)) = lim H(S, T).
T—o00

We have now obtained the spectral decomposition for I(f, ¢).

Proposition 2 With above notations, for f € C>° (GL(Z, Agp), Ao N), when E/F is Galois,

+ioo

(30) 1.0 = )+ 3 / o L(f9)ds.
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When E/F is nonnormal,

o0 =Yk [ Geds Y L
T % —100

12=ChoN|y

The sum of  is over all cuspidal representations, the sum of x is over all idele class characters.
The sum and integral in (30) and (31) are absolutely convergent.

The proof of the Proposition is as in [M-R]. We note that the only discrete terms in the
sum (30) are from the cuspidal representations. That will imply in the cubic Galois exten-
sion case, all cuspidal representations of GL(2, F) base changes to a cuspidal representation
of GL(2, E).

3.3 The Distribution J(f’)

We now consider the distribution J(f’). It is a Kuznietsov trace. The unwinding and the
spectral decomposition of J(f') is well known. We will only state the results.
Recall

Ko, y) = Ko, p)+ Y Ky polx,y)
™ X

where 7 is either a cuspidal representation or one dimensional, and  is an idele class
character on A} . Also

+100
Ky pr(x,y) = / Ky r1(x, ) ds.
Define J;/(f') and J,/(f') by replacing Ky with the corresponding K,/ s/ (x,y) or
Ky s,7(x, y) in the expression (5). Using the estimates in [A], we see

1 =S a3 [ s
i X

—ioco

The sum and integral converge absolutely. We remark that when 7’ is cuspidal with central
character A, J-(f’) is given by the right hand side of (6). It is a nontrivial distribution as
7’ has a nontrivial Whittaker model. When 7’ is one dimensional, J.-(f’) = 0.

Similar to Proposition 1, we can write J(f’) in terms of orbital integrals. We have

(32) I = T e £) + 126 P T] 5D
- 5

(33) Ja, £) = /W £/ (o™ dn () 0+ y) dxdy
and

(34) r = [ ()
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4 Local Integrals

Fix a local field F,, we study the space of functions on FX: [, = {I,(a, f, * ¢,)} and f, =
{J.(a, f,))}. We will drop the reference to the local place v when no confusion occurs. We
will show a matching between these two spaces of functions.

First fix some notations. Recall the Hilbert symbol [a, b] takes value 1 if 2> = ax? + by?
has a nonzero solution, and —1 otherwise [Se]. Recall also the Weil’s formula [J1]

090 (0 ) dx = 1ol 360.9) [[ o (~5#) ds

here @ is the Fourier transform of ¢ and ~(a, ) is the Weil constant. Define

_a,9)
(1, %)

Let Ag/r denote the discriminant of Rg as a Rp-module if F is a nonarchimedean field, and
1if F is archimedean. Then |Ar| = |Ag|[], |Ag,/f, |F,- From now on, we use || to denote
F,-

We say the pair of functions ( f, ¢) match the function f” if

pla, )

[—1,a].

(35) I(a™", f x ¢) = [2a, 6g/r]|a| A(@)u(S/r, ) I (a, f)
and F(f * ¢) = |AE/F|1/2 J(f"). The main result of this section is:

Theorem 4 Given f', there is a matching pair (f,¢). Given (f, @), there is a matching
function f'.

Proof Since E, = E®pF,, there are three possibilities to consider: E, is a field, E, = F,®K,
where K, is a quadratic extension of F,, and E, = F>. When E/F is Galois, the second
possibility does not appear. Note that instead of working with a pair (f, ¢), we can just
consider I(a™!, ¢) and I*(¢).

First consider the last two cases. We will denote by K, either a quadratic extension of F,
or F2. Then A, = F, ® F, ® K,. We write an element in A, as (xo,t,t") with ¢’ € K,. From
the definition, I(a™!, ¢) equals:

/ a2 z,zt, 2t Vp(att't! —t —t' — 1)z [z, Op, p, |1 A(2) ¥ z dt dt’
where x — % is the nontrivial F,-automorphism on K. This is

at't’ — 1

//¢ <alzz,2, Z,zt') P(—t' — 1|2z, Ok, /r, 1A (2) d*zdt’

where ¢ is the Fourier transform of ¢ with respect to the third variable. Such an integral
is an orbital integral considered in [J-Y] and [J-Y2], where the quadratic base change is
studied. (The paper [J-Y2] considers the case of GL(3), however it is easy to extract from
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there the corresponding results in the GL(2) case. The results we use can also be found in an
unpublished note [J2].) Similarly IF(¢) are the singular orbital integrals considered there.
The comparison with J(a, ') and F(f’) is given in [J-Y] and [J-Y2]. The existence of
matching follows from the results there, and the fact that g/ is a square when K, = F, ®F,
and is a nonsquare over F, if K, is a field (by Lemma 2). We will skip the details for these
two cases.

In the case E, is a field, it must be a non-archimedean field and Jg/F is a square. Here
I(a™!, ¢) equals:

(36) // dla= 22, z, zt )1 (aN(t) - T(t))|z|3)\(z) d*zdt.
E,

We need to know the asymptotic behavior of this integral as |a| — 0, then compare with
the known asymptotic behavior of J(a, f’) [J-Y2].

Drop the reference of v. Let Py be the prime ideal of E. Assume E is generated over F
by a root v of 4x> — ax — 3 = 0. Let u be a representative of EX /E*?, we consider the
behavior of I(u~'v=2,¢) as |v| — 0.

Make changes of variables t — tv~! and z — av in (36), we get:

/ d(u'2%, zv, 2zt <M> 1z’ A(vz) d* z dt
which is

(37) // ou (@)™ v, ) <”N(t)vT(t)> Avz) d*zdt.

One can apply the stationary phase to the integral over t. Writet € Eas b + cv + dv?. The
function h(t) = uN(t) — T(¢) is a cubic polynomial in (b, ¢, d). It has a critical point only
when u is a square. Thus when u is not a square, I(u~'v 2, ¢) = 0 for |v| sufficiently small.

From now on, we consider the case u = 1. The critical points of h(¢) are (£1,0,0) and
they are regular critical points (Hessian is nonsingular at the critical point). When |v| — 0,
the theory of stationary phase says the above integral equals:

Z// ou(2)6(1,0,C)ep (M) Nvz)d*zdV
C Pg

where the sum is over the critical points C = %1, and k¢ is the degree 2 Taylor polynomial
of haround C; ho(C + V) = —2C + T((V)). For V = b + cv + dv/%, the quadratic form
T(6(V)) is:

2
317 — %8 + %CP _ ¥cd+ abd.

If  # 0, then the quadratic form becomes:

2 23 2
3<b+a_d) _g<c+ﬂ) +ﬂd2.
2a 48
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One can then use the Weil’s formula to evaluate the integral. Note that o’ — 273 is the
discriminant of the equation 4x° — ax — 3 = 0. We get:

24av

[ ¥ au@on.o.0 (——) [w( —CL YN O

C==1

.

1/2
Mvz)d*z.

3
|AE/F‘ /2|7

By the proof of Lemma 2, we have o> — 273 is a square. One can use this fact and the
formulas (27)—(31) in [J1] to simplify the above product of Weil constants. We skip the
computation, the product equals

V(1,9 u(=2vC, ), =3][~1, —1].

Again use the fact o’ — 273?% is a square, we see that by definition, [, —3] = 1. In conclu-
sion, when |v| — 0, I(v™2, ¢) equals:

A2
/ Z oy (2)$(1,0,C)y <——> |Ag/r|™ 12 Y(1,)7°
C==+1
cp(=2vC, ) [=1, =11\ (v2) d™z
which is

(38)
3 1/2

F(@)| A T2 =1, - 11A) | =

VLYY (——) u(=2vC, ) ' A(C).

C==+1

When a = 0, the quadratic form T(G(V)) is 3b* — %cd. Let ¢’ = %’l andd’ = C%d, then
it becomes 3b* — %(c/2 — d'?). We can use Weil’s formula to integrate over b, ¢’, d’. We
arrive at the same result, noting that —3 is a square in this case.

Meanwhile, using a computation as in [J-Y2], we see when a = uv? and |v| — 0, J(a, f’)

equals 0 when u is not a square, and when u = 1, J(+?, f') equals:

se ey —1 —1/2 31 1 _ _& _ -1
FOOA 0)2v] 7251, 9) 7 -1, 1]Z¢< V)u( 2vC, ) A(O).

C=+1
Our assertion follows then from the standard argument in [J-Y2]. [ |
5 Local Integral: Unramified Case—Cubic Extension

In the next three sections, we assume F is a local nonarchimedean field, with odd residue
characteristic g. Assume 1) is an additive character of F of order 0, and ) is unramified. We
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will consider the cases when the extension over F is unramified. With these assumptions,
the matching condition in Section 4 becomes:

I(a™', f* ) = [a, Og/ellalA(a)J(a, 1)
and F(f x ¢) = F(f).

In this section, we assume E is an unramified cubic extension of F. Let ¢, be the char-
acteristic function of the lattice Ry @ Ry @ Rg. We prove that if f” is the image of f under
the Hecke algebra homomorphism between GL(2, E) and GL(2, F), then the pair (f, ¢)
match the function f’.

5.1 Homomorphism Between Hecke Algebras

Let Ky, K¢ be the maximal compact subgroups GL(2, Rr) and GL(2, Rg). The Hecke alge-
bra J{(GL(Z, F)//Kg, )\) of GL(2, F) consist of the smooth functions of compact support
modulo center that are biinvariant under Kr, and satisfy f(zg) = A\~'(z) f(g). The Hecke
algebra H((GL(2, E)//Kg, A o N) is defined similarly.

Denote by p(x) the representation of GL(2, F) induced by the character:

z [g alc] = AMz)x(a).

If x = |-|° is unramified, p() contains a vector fixed under Kg. Call such a vector vy. Then
for f € H(GL(2,F)//Kp, \),

PO wo = f N ).

The map f' — f'"(s) is an algebra homomorphism from H(GL(2,F)//Kg, A) to C*.
Let S,, be the set {g € GL(2,F) | |det(g)| = ¢, ||g]| < q™}. Here ||g]| = max{|g;;|}
where g;; are the entries of g. Define f, the Hecke function by:

fl(zg) = M2)™", g € S, otherwise f/(zg) = 0.

Then f, m = 0,1... is a basis of H(GL(2, F)//Kg, ). Similarly, we define f,, as above
a basis of H(GL(2,E)//Kg, A o N). The algebra homomorphism f,, — f,)(s) is defined
similarly with x replaced by x o N.

Let w be the uniformizer of Pp. Let f_; = f_, = f/, = f’, = 0. Then

Proposition 3  For any s a complex number, any m > 0,

(39) (for = AN ) for2) ") = (fly — AN ) fs) " (5).
The map

fm — qs)‘(w_S)fmfZ — f3/m - q)\(w_l)f;miz

determines an injective  homomorphism  from H(GL(2,E)//Kg,A o N) to
H(GL(2,F)//Kg, ).
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Proof It follows from the formula

fﬂ/l\(s) _ Zq3(2i7m)sq3m/2)\(w3(i7m)). -

i=0

We show that if f and f’ correspond under the above homomorphism, then (f, ¢) and
f’ match in the sense of Section 4.

5.2 Computation of I(af‘, (fn — PAN@ ™) frn2) * qso)

Let ®;(x) be the characteristic function of the set {x € F : |x| = q'}. Define
(40) I,,(a) = / W (aN(t) — T(t)) dt.
tEE,|t|<q™"
Recall from Section 4 (36) that I(a™ ", f,, * ¢) equals
anff] fulg )ruzdola™!, 1,00 (aN(E) — T() di(z) d” 2 dg.
GL(2,E)/EX

Lemma5 Whenm >0,

(42) I(a™", fu* ¢0) = Z (I)3m72j(a)1j,m(g)q6m_3j)\(wj—3rn).
=0

Proof Note that ¢y is fixed under the action of k € Kg. From the Iwasawa decomposition,
we see S, is the disjoint union:

\ |
w! 1 w
(43) J U =7 [
=0 WGPE—mﬂ’/PIZSi—m

From the equivariance of f under center, and Lemma 1, I(a~!, f,, * ¢) equals
(44) / o (n(t)zg*1)¢o(a*1, l,O)zb(fT(t)))\(z) dgd*zdt.
$ESm

We can separate the domain for g according to (43). Let i be as in (43), the contribution
to (44) from the subset with index 7 gives

£ / / / S (n(t)zn(W) [“l wm,-D ola™", 1,00 (~T(1)) Mz) d* zdt dw.

If i # m, a change of variable t — t — w shows the above integral is 0. When i = m,
integrating over w, we get:

(45) " // o (n(t)z [wm 1}) doat, LOW(—T(t)))\(Z)ddet.
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The formulas in Lemma 1 then gives the expression

q"" Ao ™) // dola 122w ™" 2, zw*mt)w(aN(t) - T(t)))\(z)|z\3 d*zdt.
It is clear this is the expression in the Lemma. [ ]

Lemma6 Whenm > 1:

2
1(a, (o= @AE D fu2) #60) = D2 a" N ") P33 (@1 ma).

j=0

Proof From Lemma 5, we only need to show that ®3,,_»;(a)[I;_,(a) — Ij_—1(a)] = 0
when j > 3. Since I;_,,(a) — I;_,,—1(a) equals:

/ Y(aN(t) — T(1)) dt
[t|=g3i—3m
= ‘13/ / Y(aN[t(1 +v)] — T(t) — T(tv)) dt dv.
lv|<q—3 J|t|=g?i—3m

It is easy to check when |a| = g*" =%/, the above integral over v equals 0 for j > 2. ]

Lemma7 Whenm > 1,

q3m)\(w73m) ‘a| — q3m
I(a, (fu — PN frua) * ¢0) = (=g — PN M) Ja] = P2
qu—3/\(w2—3m) ‘a| — q3m—4.

It equals 0 in other cases.

Proof We only need to compute I;_,,(a) for [a| = g%/ and j = 0, 1,2. When |a| = ¢*",
¢(aN(t) — T(t)) = 1 when [t| < g7, thusI_,,(a) = g™

When |a| = ¢ %, the argument in Lemma 6 shows the integration in I,_,,(a) over
[t| = q°~3™ gives 0, and the integration over [t| < g>~>" gives g° ™.

When |a| = "2, the integral in I, _,,(a) reduces to a finite field situation; it equals:

" p(N@®).

tEFq3

As for r € F)S, there are ¢* + q + 1 solutions to N(t) = r, and N(t) = 0 has one solution,
the above sum equals —g "1 — g=3m+2, -
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5.3 Computation of J(a, f,)

J(a,f’)=/f’ ([1 ’1‘] [a ‘l] [1 )1/]>¢(x+y)dxdy.

Lemma8 Whenm > 1,

Recall

(46) J(@, fin) = @p(a) — By s (@M@ ™).

Proof By definition of f,, J(a, f,) equals

/ P(x + y)Ab) dbdx dy.
Jabl.abx], [aby! Jabry—b| <q™ |ab?|=g"

First consider the contribution from the part with |ab| = ¢™, then |b| = 1, above integral
is ®,,(a) fx JeRs 1 dx dy, which equals ®,,(a). Over the subset |[ab| < g™, then the subset

|abx| < q" contributes 0, (as the integration over y will then equal 0). Thus we may impose
a condition |abx| = q", the integral becomes:

/ Plx+a 'x YD) d¥bdx.
lab|<q™,|ab*|=q™,|abx|=q"

By a change of variable, it becomes

/ YD) d* b dx.
|ab|<q™,|ab*|=q",|abx|=q™

Clearly the above integral equals —®,, _,(a)\(zw™!). [ |

5.4 Comparison in the case m > 1

Compare the Lemmas 7 and 8, we see
Proposition4 Whenm > 1,
7)1, (o= @AE D fu2) # 60) = laA@] (@, f — A& ) fi o)

Since dg/r is a square in the case at hand, this is the equation stated at the beginning of
the section.
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5.5 Comparison of I(a, fy * ¢) and J(a, f)
It is clear that I(a, fy * ¢o) = I(a, ¢o). Thus

(48) I(a, fo * ¢g) = / |z po(a 2%, z, zt)w(aN(t) — T(t)) dt)\(z) d*z.

This integral is compared with the Kloosterman integral:

(49) J(a, fy) = / Y(x+ y)A(b) d*bdxdy.

|ab| <1,|ab?|=1,|abx|<1,|aby|<1,|abxy—b| <1
Proposition 5
(50) I(a, fo * ¢o) = lalA(a) J(a, fy).
Proof Assume |a| = ¢'. If Iis odd, then both sides equal 0. Assume I = 2#, the I(a, f * ¢p)
equals:
(51) )\(w_")q_3”/ Y(aN(t) — T(1)) dt

la]<1,]t]<q™

while J(a, fy) equals:

(52) AMww™") P(x+ y)dxdy.

lal <1,|x[<q=",|y|<q="|axy—1|<q"

The identity is trivial when #n > 0 as both sides equal 0, and when n = 0 as both sides
equal 1. When |a| = g2, we get the finite field case. We need to show for b € F,*

(53) Y wETING - T®) =q Y $lbx+x).

tqu3 xquX

This follows from the identities:

(54) ST TwHTINE = TO)x(b) =q > Y wibx+x)x(b)

beF) tEFp bEF) xEF

for all x characters of qu. To prove (54), change b — bN(t) on the left and b — bx~! on
the right. Then both sides of (54) are given by products of Gaussian sums. The identity
follows from the Hasse-Davenport relation. We have shown (50) in this case.

When |a| < g2, we use the argument in the proof of Theorem 4. Here |a] is small
enough so that the stationary arguments used in Theorem 4 work. We get the equation (50)
in this case as well. ]
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5.6 Singular Orbits

It is easy to compute I(f,, * ¢o) and J°(f,}). Using the argument in Lemma 5, we see
F(fm * ¢0) = ¢"N(w ") if m = 2n, and 0 if m is odd. Meanwhile J*(f,)) = 0 unless
m = 0 where J°(fy) = 1. This implies

P((fn = €XE ) ) 60) = T (fin = N fips), m >0

5.7 Conclusion

We have proved that when E is an unramified cubic extension of F, if f — f” is the Hecke
algebra homomorphism defined in Proposition 3, then (f, ¢) and f’ match.

6 Local Integral: Unramified Case—Split Case
In this section, we assume E = F® F@ F. Let ¢ be the characteristic function of the lattice
Ry & R}. We prove that if ' is the image of f under the Hecke algebra homomorphism
between GL(2, E) and GL(2, F), then the pair (f, ¢y) match the function f”.

In this case, f is a linear combination of functions fi ® f, ® f;, where fi, 5, fs €
H(GL(2,F)//Kg, A). The homomorphism between the Hecke algebras is given by f; ®
£, ® f3 — fi ' fr#" f3 [L], here *' is just the usual convolution. We prove:

Proposition 6  Forall f,, f», fs € H(GL(2,F)//Kp, \),

(55) Ia ' fA®L® fi*¢0) = Ja, f +" fx" f5)|a|A(a)

and F(fi ® L@ fi* o) = P(h " " f3).

Proof Denote by 1 the unit element ofﬂf(GL(Z, F)//Kg, )\) . We use a method in [M-R2].

Lemma 9 If f is a Hecke function on GL(2, F), we have
(56) / F) e (n(x)gh) (—) dx dh
FX\GL(2,F)
(57) = / /f(h*l)aw (ze(g, 1)) $o(1,0, =1, —1, —1)A(z) d* z dh.
FX\GL(2,F)

where 1(g, h) iseithergh® 1 ® 1, 0rg®@h®@1org®@1® h.

Proof of the Lemma Let F;(g) and F,(g) be the expressions (56) and (57) respectively.
Clearly

(58) F;(n(t)zgk) = ()X (2)Fi(g), k€ Kp,i=1,2.

Thus one only needs to show that F;(d,) = F,(d,).
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Case 1: 1(g,h) = gh® 1 ® 1. In this case, we only need to show the identity for the case
f(h) = 1g(h). Itis clear then F;(d,) = F,(d,) = ®¢(a).

Case 2: 1(g,h) = ¢g®h® 1. Let f = f,. Use the decomposition given in (43), we can
compute F,(d,). Only the coset with i = m in (43) gives a nonzero contribution to F,(d,).
We get F,(d,) equals:

(59) q" /Uw(z)%(da ® den @ 1)o(1,0, =1, =1, =1)A(2) d*z.
This expression equals A(ww™")®_,,(a). On the other hand F;(d,) equals:

(60) / Y(x)A(z) d*z dx
|az], 2|, |22 <q”

which equals A(co™")®_,,(a). We have proved the lemma in this case.

Case 3: 1(g,h) = g ® 1 ® h. Proved in the same way as in Case 2. ]
With the Lemma, we have J(a, fi *’ f * f3) equals
[ A0 2 58 o)
oy (wdan(y)hihahs @ 1® 1) ¢o(1,0, —1, =1, =) (—y)A(z) d* zdhy dh, dhs dy.

(Here we change 9 in the orbital integral to 1), which does not affect the value of the or-
bital integral.) Use the equality in Lemma 9 between different ¢(g, /), the above integration
becomes:

(61) /a¢ (zwdan(y))fl ® L f3* Po(1,0,—1,—1, —1)h(—y)A(z) d*z dy.
Use the formula for the representation of (/3\81) 4(F), the above integral equals

/f1 ® fH® ]%*(bo(azz,az, azy,azt,, azts)

“Playtty; — y — t, — t3)|a*2’ |\ (z) d*zdy dt, dts.

Compare with (16), a change of variable z — a~ 'z gives the identity (55).
A similar argument works for the singular orbit integral J(f; *" f, *” f3). We will skip
the proof. ]
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7 Local Integrals: Unramified Case—Quadratic Case

In this section, we assume E = F & K, where K is a quadratic extension of F. Let ¢ be
the characteristic function of the lattice R & R%: & Rg. We prove that if ' is the image of
f under the Hecke algebra homomorphism between GL(2, E) and GL(2, F), then the pair
(f, ¢o) match the function f'.

In this case, f is a linear combination of functions f; ® f,, where fi €
H(GL(2,F)//Kp,A) and f, € H(GL(2,K)//Kk, A © Ni/p). The homomorphism be-
tween the Hecke algebras is given by fi ® f, — fi ¥’ v(f,), where f, — v(f,) is the Hecke
algebra homomorphism corresponding to the quadratic base change [J-Y]. Explicitly, let

/! be the basis of Hecke algebra of GL(2, K) as defined in Section 5, the map v is defined
by

(62) v(fol = @N@ ) = fom — aN@ ) fo o

We proceed as in Section 6:

Lemma 10 With above notations,

(63) / (b 15 (n(0)gh)(—x) dx dh
FX\GL(2,F)
(64) :/ fl(hfl)odj(gh@1)¢0(1,07—1,—1))\(z)dxzdh
FX\GL(2,F)

(65) - / S os(g © hdo(1,0,—1, —~DA) d*zdh
KX\GL(2,K)

where fi = v(f).

Proof The first equality follows in the same way as the case 1 of Lemma 9. To show the
second equality, we again compute F,(d,) where F, is the expression (65). When f, = f,//,
we get F,(d,) equal to:

q*" /a¢(z)a¢(da ® dm)do(1,0, —1, —1)\(z) d*z
which is
(66) qzm/C(z)|z3a2w4m|gbo(aw2mzz,0, —zw?™, —zaw™)\(z) d* z.

Recall {(z) is the quadratic character on F* associated to K. The expression (66) equals
(=1 "IN @ ). Thusif fo = £,/ — ¢* M@ ™2) f,,5, we get

F2(da) = ¢—2mA(w72m) _ q®2—2m)\(w172m).

The formula for the expression (63) evaluated at f; = v(f,) and g = d, can be found easily
as in Lemma 9. The comparison gives the equality in the Lemma. ]

From Lemma 10 and the argument in the proof of Proposition 6, we get:
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Proposition 7 Let fi, f, be Hecke functions of GL(2, F) and GL(2, K) respectively, then
(67) @™ fi® fixd) = C@](a, fi +" v(f2))]a|\(a)

and F(fi ® fo+ ¢) = J'(fi+'v(f).

8 The Comparison

From Sections 5, 6 and 7, we get (under the assumption at the beginning of Section 5):

Theorem 5 If f and ' are Hecke functions of GL(2, E) and GL(2, F), and f"(s) = f//\(s),
then f and (f, ¢o) match.

Back to the global situation. From the local results in Theorems 4, 5, we get

Theorem6 Let f = Q f, ¢ = Q b, and f' = Q f, be functions smooth of compact
support modulo center. If for any v, (f,, ¢,) and f] match, then

(68) I(f,¢) = J(f").

For any f' as above there exists (f, ¢) that matches f' over all places, and the converse holds
also. Moreover, at almost all finite place v, if f] is the image of f, under the Hecke algebra
homomorphism, let ¢, be the characteristic function of R)* @ A(R,), then (f,, $,) and f]
match.

Proof The first assertion follows from Proposition 1 and (32), the matching condition and
the fact [] (35, /r,,¥) = 1, []]al, = 1 and [][2a,, dg, /5, ]A(a) = 1 when a € F*. The
other assertions are given by Theorems 4 and 5. ]

From Theorem 6, we can apply the standard arguments (see [M-R]) to prove the Theo-
rems 1, 2 stated in the introduction. We can apply the strong multiplicity one theorem for
GL(2). One gets when (f, ¢) and f’ match, for each cuspidal representation 7’ of GL(2, F)
with central character A, either

(69) o (f1) = L(f, 6)

for a unique p with > = (Ao N on AL, or

(70) Jor (f') = Ii(f, 9)

for a unique cuspidal representation 7. In the first case, E/F is nonnormal, the cuspidal
representation 7’ has a base change that is not cuspidal. Its local components are of the
form 7T(I(§)) ® v for almost all places, thus 7/ must be of the form ﬂ'(I({)) ® v. The
conclusions in Theorems 1, 2 follow immediately from the equation (70) and the fact that
all cuspidal representations of GL(2) have nontrivial Whittaker models.
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