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Abstract

An optimal control problem governed by a class of delay semilinear differential equations
is studied. The existence of an optimal control is proven, and the maximum principle and
approximating schemes are found. As applications, three examples are discussed.

1. Introduction

Let H, V and F be three Hilbert spaces with V € H C V'’ algebraically and
topologically, where V' is the dual space of V. Let A, B, and B, be the three operators
definedby A : V — H and B, B, : F — H respectively. Let T and o be two given
positive numbers. For any function f(¢), we denote by f, the function defined by
fo@) = ft —o).

Now we introduce the control set U to be L2([0, T, F) and for any u € U, we
consider the semilinear differential equation:

y(#) + Ay(@) + B(y (@), y, (1)) Byu(t) + Bau,(r) for ¢t € [0, T] M
y) = n)eH
in H, where y,(t) = %y(t) and B is going to be defined later. o denotes the length of
the time delay. The state at time ¢ of the delay equation (1) is given by the function
segment y,. Therefore, y(s) = y(s) for s € [—0, 0] is a condition for the early
state yp.

We define the cost functional by

T T
J(u,y) =/ g(t,y(t))dt+/ h(u(t))dt + ¢o(y(T)) €3
0

g
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for B, # 0. If B, = 0 then we define the cost functional by

T T
J(u,y) =f g(t,y(t))dt-}-/o h(u(t))dt + ¢o(¥(T)), 3
0

where y is a solution of (1) corresponding to the control u, and g, &, ¢, are functions
definedby g : [0,TI x H — R,h: F — R, ¢ : H — R, respectively.
We consider the following optimization problem:

Minimize J(u,y) onall u € U )

This paper contains five sections as follows. In Section 2, the assumptions are
formulated and the existence theorem for the state equation (1) will be given. In
Section 3, we will establish the existence of an optimal control for the optimization
problem (4). We will discuss an approximating control process and therefore obtain
the maximum principle for the optimum control problem of (1) combined with (4) in
Section 4. Finally, in Section 5, as applications, three examples have been studied:
optimal control problems governed by parabolic equations, semilinear hyperbolic
equations and Navier-Stokes equations respectively. For those three examples, we
have been able to improve on previous results. The optimal control problem governed
by the same kind of semilinear equations without delays has been discussed in [8].
Delay optimal control problems have been studied in a series of papers: Banks and
Jacobs [1], Barbu [3], Barbu and Precupanu [4], Colonius [5] and Fattorini {7].

2. Some assumptions and existence of the state equation

The following hypotheses will be in effect throughout the rest of the paper:
H1: The operator A is selfadjoint, continuous and positive:

(Ay, y)y =0 forany y € D(A)

and 0 € D(A), where (-, -) denotes the scalar product in H and D(A) is the domain
of the operator A. Moreover the semigroup S(t) = exp(—tA) generated by —A is
compact fors > 0.

H1 implies that the spectrum o C [0, 00) and S(¢) is an analytic semigroup. Under
this hypothesis, the fractional power A® is bounded for ¢ < 0. For o > 0, we
denote by H, the space D(A®), this space equipped with its natural inner product
(¥, 2)e = (A%y, A“z)y. The inner product corresponds to the norm || yj| = |A*ylix.
For a < 0, H” is the closure of H under the norm || - [|,; for details see [2] or [8].

The nonlinear term B(-, ) is defined in Hy x H) and satisfies the following hy-
pothesis (L (X, Y) denotes the space of all bounded linear operators from the Banach
space X into the Banach space Y endowed with its uniform operator norm):
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H2: There exists 8,0 < 6 < %, such that the map B(:, f) : H% — H_, is con-
tinuous and locally bounded for any f € H,. Furthermore B has Frechet derivatives
for each of the variables D, B(y, z) and D,8(y, z), which are continuous and locally
bounded (as an element of L(H 1 X H 1 H_g4)-valued function).

The control u(t) takes a value in F. The linear operators B, and B, satisfy:

H3: B € L(F,H)fori =1,2.

We will assume that control 4 belongs to L*([—o, T1; F) (if B, = 0, then u €
L?([0, T], F)). As usual, we define a solution of the delay problem (1) in an interval
0 <t <TasaH;-valued function y(¢) which is continuous in the norm of H% and
satisfies:

y©) = S®)y(0) — [, A’st = r)A?B(y(r), Yo (r))dr

+jg S — r)Y(Biu(r) + byu, (r))dr for t € [0, T]. (%)

LEMMA 1. If H, to Hj hold and if yo € C((—0,01, Hy), then for any u(-) € U,
(1) has an unique solution y in the space C([O, T), H%) N L*([0, T]; D(A)) and
y. € L¥([0, T]; H).

PROOF. First we prove this lemma holds for T < ¢. In this case, (5) can be written
as:

Y1) = S@)x(0) — / A’S@t = r)ATB(n(r), yolr — 0))dr
0
+f S = r)(Biu(r) + By(us(r))dr.
0

Now with hypotheses H,, H, and N(y) = B(y, yo(r—0c)), all hypotheses of Theorem 1
of [10] are satisfied. Hence there exists a unique solution y, of (5) such that y, €
C ([0, T]; H%) N L%2([0,T); D(A)) and y, € L*([0,T]; H)). For T > o, by the
above result, there exists a unique solution y, (¢) in [0, c]. We extend y,(¢) into the
interval [—o, 0] by defining y,(t) = yo(t) for t+ € [—0,0]. Then using the same
argument as above, with y, and the interval [—o, 0] replaced by y, and the interval
[—o, o] respectively, we imply that the corresponding equation to (5),

y2(t) = St — o)y (o) —/ A’S(t —r)A™° B(ya(r), yi(r —o))dr

g

+/ St — r)(Biu(r) + bau,(r))dr, (6)

has a unique solution y,(t) € C([o,30]; H%) N L%*([o,30]; D(A)) and y, €
L*([0, 30]; H). Moreover, by the definition of y;, we have
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St —o)n(o)
=St —o) [S(O)YO(O) - / S — AT B((r), yolr — 0))dr

0

+ /6 S(o — rY(Byu(r) — Bzua(r))dr]
0

= S()y0(0) —/ A’S(t = AT B(n(r), yolr — o))dr

0

+ / S(t = ) (Byu(r) + Bauo (r)dr. %
0

In (6), substitute the right hand side of (7) for S(¢ — o)y, (c); we obtain
y(t) = S »(0) — / A’S(t — 1) AT’ B(32(r), yo(r — o))dr
0

+f S —r)(Bi(r) + Byu,(r))dr,
0

that is, y, is the unique solution of (5) in [0, 3o].
Using the same argument as the proof of the existence of y,, step by step, we can
finally conclude this lemma for any T > 0.

3. The existence of an optimal control

Let W be a convex closed subset of F. We denote by M ([—o, T]; W) the space of
all strongly measurable functions u(-) such that u(¢) € W a.e. in[—o, T]andu € U.
In order to state and prove the existence theorem for the optimal control problem (4),
we need make some assumptions for the functions g, A, ¢o:

H4: The function # : U — R is convex, lower semicontinuous (/.s.c.) and there
exist C,, C, € R such that

h(u) > Cylul’, - C, Yu € M([—o, T]; W).

HS: The function g : [0, T] x H — R is measurable in ¢, and for every r > 0
there exists an L, > 0 independent of ¢ such that g(¢,0) € L=(0, T) and

lgt,y) — g, )| + l¢o(¥) — po(2)| < L,y —zl,

forallt € [0, T), |yl + ]z < r.
A sequence {u,(-)} ¢ M([—o, T]; W) of some controls is called a minimizing
sequence if
S (U, yo) — inf J(u, y) = J”.
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Here y, is the solution of (1) corresponding to u, for each n. We have the following
existence theorem:

THEOREM 2. Assume that the assumptions H1 to H5 hold, W is convex and there exists
a minimizing sequence {u,(-)} C M([—o, T]; W) such that the corresponding {y,(t)}
is uniformly bounded in the norm of C([0, T); Hy). Then there exists an optimal
control t(-) as the weak L?-limit of a subsequence of {u,(-)}.

REMARK. Furthermore, if we assume that 8 satisfies

H6: [(B(y,8), )| < Cllyll}, forany y € Hy,

(here £ € H, and C depends on &), then the seqence {y,} is uniformly bounded in
the norm of C([0, T']; Hy). In fact, taking duality pairing with y, on both sides of (1)
with u replaced by u, (denote the corresponding y by y,), then in the interval [0, o],
we get

1d 1
55;"}%1"31 + ||A2}’n||i, + (ﬂ()’n, ya)’ yn> = (Blun + BZunay yn)H~

Then by using H1, H3, H6 and Gronwall’s inequality, we can easily imply that {y,} is
uniformly bounded in the norm of C ([0, 0]; H %). Hence the remark follows step by
step.

PROOF OF THE THEOREM. First the existence of {y,} has been proven by Lemma 1.
The uniformly bounded assumptions of {y,} and HS imply that J* < co. Now in the
interval [0, o], by the definition of solutions, we have

Yn(®) = Sy (0) — f A’S(t = VAT B (1), yo(r — o))dr

0

+ f S = rY(Byin(r) + Bty ().
0

Using the same arguments as in the proof of Theorem 4.11 of [8], we conclude that
there exist two subsequences {y,} and {u,} such that

u, — i weaklyin L%*([—o, T]; W)
Y. =y in C([0, 0], H).

Similarly, in the interval [o, 20], we have

3a(8) = S ya (o) — f APS(t — ) A= BOW(E)s Yoo (F))dr

a

+ / S(t = P)(Byun(r) + Bottn(r — 0))dr
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or

Ay = AFS()ya(0) — f A3 S(t = P)YABOR(), oo (F)dr

4

+ / APES(E = YA LB, Fno () — BOR(), Yoo (r)))dr
n f AYS(t — r)(Byta(r) + Battyg (r))dr. ®)

We apply Proposition 4.1(II) of [8] with « = 0 4+ % for the first integral. For the
second integral, we use H2 and the fact: y,(r — 0) = y(r — 0) in C([o, 20]; H),
in addition to the uniformly bounded property of {y,}. For the third integral, we
use Proposition 4.1(1) of [8] for p = 2 and ¢ = % Finally, for A%S(t)y,,, we
use Lemma 2.1 of [8] (or see [11]), Al y.(¢) is convergent to an element z(¢) in
L?([o, 20]; H) for any p < oo and we may assume (again choosing a subsequence)
that it is convergent almost everywhere. Moreover, by the assumption that {Azy,()}

is bounded, so is z(-). Taking limits in (8) and defining y = A%z(t), we obtain

A}y = AIS(t—0)j(0) — / AP*1S(t — r)AT B(ya(r), 35 (r))dr
' g €))
+ / AYS( — r)(By(r) + Baiy ())dr.

So A?3(t) is continuous and 7 is the solution corresponding to u € [0, 20], that is
y(t) = y(¢) for all ¢ € [0, 20]. Hence, when we left multiply both sides (9) by A3,
we get

() = S = )§(o) — / APS(t = YA B(a(r), 9o ())dr

g

+ / S(t = 1)(Brtta(r) + oty (r))dr.

In Proposition 4.1 of [8] with @ = 6 and a = 0 respectively and selecting still another
subsequence, we deduce that {y,} is convergent in C([o, 20], H), that is, we obtain

Yo = ¥ in C([0,20], H).

Then we use similar arguments iteratively in the interval [io, (i 4+ 1)o], for i =
2,3, ..., step by step; we conclude that there exist subsequences u,,, y, such that

u, — i weakly in L*([—0c, T]; W),
Yo = $. in C([0, T]; H).
Therefore, by using standard arguments, we can readily imply that the theorem holds.
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4. The approximating control problem and the maximum principle

Let (y,2) € C([0, T; H%) x M([—o, T]; W) be any optimal pair for (4). For
every € > 0, we consider the following approximating optimal control problem:

Minimize J¢(y, u), 10)

where J¢(y, u) is defined by

T T l
Je(y,u)=f g‘(t,y)dt+f (h(u)+§|u—ﬁl)dt+¢3(y(T))-
0

-0

onally e C([0, T]; H%), u € M([—o, T]; W) subject to (1) and where g€ : [0, T] —
H and ¢§ : H — R are defined as

n

gt y(1)) = / 2, Py — eAsT)pn (), (1)
&) = f So(Pay — €A,T)pa(T)d. (12)
Rll

Here n = [¢'], p, is amollifierin R" and P, : H — X, are givenby P,u = Y | u;e;
ifu=73ue At =73 r;e; and {€;}<° is an orthonormal basis in H.

Using standard arguments, we easily prove the existence results for (10). Moreover,
we have the following lemma.

LEMMA 3. Let {y., u.} be a solution to the optimality problem (10). Then
uc — i strongly in L*([0, T]; W),
ye = ¥ stronglyin L*([0, T1; V)N C([0, T1; H).

PROOF. By the assumption H4, we have that {x.} is bounded in L?([—o, T]; W).
Therefore there exists u* € L*([—o, T]; W) such that

u. — u* weaklyin L*([—o, T]; W).
Then by the same arguments as in the proof of Theorem 2, we readily obtain that
Ye = y* in C([0, T]; H).

Since the functional u — f_Tah(u(t))dt is weakly lower semicontinuous on
L%([0, T]; W), we have

limiglfJ‘(ye, u) = J(y,ut) = J(y',ut). (13)

https://doi.org/10.1017/50334270000010353 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000010353

(8] The maximum principle for a type of hereditary semilinear differential equation 201
On the other hand, since u. — u*, again as the proof of Theorem 2, we have
ye =y in C([0,T]; H),
and by HS and Proposition 2.15 of [2],
8t Y1) —> g(t, 3(1)) VvVt €[0,T].

Then by the Lebesgue dominated convergence theorem, we obtain

T T
lim f g (t, y(t))dt = / g, y(0))dt.
«=%Jo 0

Similarly
l{%%(ﬂ(ﬂ) = ¢o(3(T))
whence
lim sup J¢(y,, ue) < J (9, i)
and by (13), we get:
T
lim | [|u.— @)%dt =0.

e~>0 J_,

Hence y* = y and u* = i, that is, the proof is complete.

Now we consider the linear backward problem:

(pe)t = Ape + Dlﬂ(yn yea)*pe + DZﬂ(ye(t + 0)’ ye(t))*pe(t + 0)

+ Dg (2, ye), YVt e [T —o0,T)] (14)

(P)i = Ape + D1B(Ye, Yeo)™ Pe + D2g°(t, ye), Vi e [T —o0,T], (15)
pe(T) = =Dy (y.(T)), (16)

pe(s) =0, Vs e [T, T + 0], 17

where D1 B(ye, Yeo)* and D,B(ye(t + 0), y.)* are the dual operators of Dy B(Ye, Yeo)
and D,B(y.(t + €), y.), respectively.
First we state the following Lemma, which can be found in, say, [8].

LEMMA 4. Let y(-) € L*([t, T]; H) and A be a given linear bounded operator from
H, to H_4. Then the system

z()+(A+L@)z(t) = y@) for t<t<T,

z(t) = 2z (18)

possesses a unique solution z(-) in t < t < T. This solution has the following
properties:
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(i) z(-)is an H,-valued continuous function in t <t < T and satisfies

Iz lla < Ci{¢ = ) *Nlzolly + ¥ l2qe,rieny) for t € (z,T]; (19
(ii) z(-) € C¥([r, T; H) and

lzOlls < Cz (lzolle + 1Y l2qe i) for t € (2, T (20)

Moreover, z(-) € L*([0, T1; H,) and

Nzl 2qe, iy < Cs (||Zo||H + ||V||L2([r,TJ;H)) for t e (z,T]

From this lemma, we easily conclude that (15)—(16) has a unique solution p, €
C(T —o,T]; HYN L*([T — 0, T]; H,).
We now consider the backward problem (14) with initial value

pe(T —0) =p(T — o). 21

In the interval {T — 20, T — o}, if we let

y(@) =Dyt +0), y NPt +0) + Dg*(t, yo),

then y(t) € L*([T — 20, T — o]; H) and L(t) = D,B(¥:(t), ye- (t)) again satisfies
the hypotheses of Lemma 4. Hence, in [T — 20, T — o], (14) and (21) has a unique
solution in C([T — 20, T — o]; H) N L*({T — 20, T — o]; H,). Therefore, step by
step and using the same argument, we finally conclude that the system (14)—(17) has
a unique solution in C({0, T]; H) N L*([0, T]; H,).

Simlarly using Lemma 4, we can obtain the following estimates:

lplluw <C for t € (0, T] (22)

and
lPell 2qo. 71,y < Cs (23)

where C is a constant independent of €. Then multiplying (14) and (15) by p, and
using (22) and (23), we obtain

2

d

— Pe . 24
P =C (24)

L2((0.1; H)

On the other hand, since (y., u.) is an optimal control for (10), we have

JEO* ™ u, 4 Av) > JE(Ye, Ue) VA>0, vel*(—o,T];W). 25)

€
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Here y“*** is the solution of (1) corresponding to u. + Av. Then (25) yields

€

T T
/ (D,g°(t, ye), zo)dt +/ [ (ue), v) + (ue — 4, v)1dt + (Vg (y(T)), zc)
0 4
>0 Vv e L*([—o, T, W), (26)

where z, € C([0, T]; H) N L*([0, T]; H,) is the solution to the linear equation

Zer +Azs+D1ﬂ(ye,yea)*ze+D2ﬂ(y£yyeor)*zeo=Blv + BZUtn t e [09 T]
z.=0, s € [—0,0] 1))

This delay problem can be solved in C([0, T]; H) N L*([0, T]; H,) by the same
methods.
If we multiply (14) and (15) by z, integrate and then use (27), we can obtain

T T T T—o
/Dmkwm+/m—&wm+f@g&Wh5/(mﬁmwmza
0 - 0 —

o o

for all v € L({0, T]; W), where Dh(u,., v) is the derivative of & at u, in the direction
v. This yields

B*p.(t) = Dh(u(®)) + uc(t) — u(r), t€(0,T], (28)

where B* is the operator defined by B*p.(t) = B{p.(t) + B; p.(t + o). Equations
(14)—(17), (28) together represent the Euler-Lagrange optimality condition for (10).
Now we will prove that there exists a subsequence {p., } such that

Pe, = P in C([0, T1; H) N L*([0, T]; Hy). (29)

In the interval [T — o, T] we have

t

pe = =5t — T)D¢;(ye(T)) +/ A’S(t = r)AT D2 (Ye, Yeo ) Pe(r)dr

T—o

+/ St — P)Dage (1, ye(t))dr.
T

—-a

By Proposition 2.15, Ch. 2 and Lemma 1.4, Ch. 5 of [2], we have that

—Dg5(y(T)) — p(T) € 3o(3(T)) weaklyin H,

Dyge(t, y.) — € € Dyg(t, y(t)) weakly starin L*®([0, T]; H). (30)

Then, of course, D,g¢(t,y.) — & weakly in L2. Moreover, we have that
1 D28(Yes Yeo ) Pe (r)||% is uniformly bounded. Therefore, by the same arguments
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as in the proof of Theorem 2, we conclude that for some subsequence, denoted again
by {p.}, we have

pe— p in C(IT -0, T); HYNL*(IT — 0, T}; H,). @31)

In the interval [T — 20, T — o], we have

pe(®) =St —~T +0)p(T —0) + / A’S(t = r)A™ D1 B(Ye, Yeo) Pe(r) dr

T-20

+f St — r)[D2g“(r, y) + D2f(ye(r + 0), 3 ()] pe(r + o) ar.
T

~20

Then by (31) and the facts D8 and D,8 are continuous and bounded, the same
argument implies that for some subsequence of {p.} and some function in C([T —
20,T —o); H)N L¥([T — 20, T — o]; H,), again denoted by {p.} and p, we have

pe— p in C(T —20,T —o); H)NL*(T — 20, T —o]; H,).

By the same arguments, we can then prove the above convergence holds in the interval
[T — 30, T — 20]. Iteratively, we can finally conclude (29). Moreover, by (24), we
have that (p.), — p weakly in L%([0, T]; H).

Letting € — O in the system (14) to (17), we conclude that there is a p €
C([0, T1; H) N L%([0, T1; H,) such that p satisfies the following equations:

—p(t)+Ap(@t) + DBG@), 3, ) p(t) + D,B(Y(t +0), y)) p(t + o)
€ D,g(t,5¢)), te[0,T—ol, (32)
— p.(t) + Ap(t) + Di\B(F (), 3, (1)) p(t) € Dog(z, 3(1)),
tel[T —o,T], (33)

p(T) € —Dgy(¥(T)), (34)
p(s) =0, sel[T, T +o]. (35)

Moreover, since the map Dh : W — W is closed, taking ¢ — 0 in (28) we obtain
B*p(t) € Dh(u(1)), a.e. in [0, T]. (36)

Therefore, we have proved the following weak form of the maximum principle for (10).

THEOREM 5. Let (y, it) be any optimal pair for (10). Then there exists a function
p € WI'2([0, T1; H) N L*([0, T}; H,) satisfying (33)—(36).
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5. Some examples

1:  Optimal control of delay semilinear parabolic equations
Let 2 be an open set of R” and G = [0, T] x Q2. Here, we shall study (1) and (4)
in the special case where A = —A, V = —H}(Q), H = L*(R), V' = H () and
B(y, ¥,) = B(¥,) is locally Lipschitz continuous and satisfies the hypothesis
H2'":
B = CUBDI+ Iy + D).

In other words, we consider the case where the state equation is given by

Y»—Ay+B(,) = Bu in G,
y(s,x) = Yo(s,x)(zs,x) €[—0,T] x Q, 37N
yit,x) = 0on Z=(0,T) x9Q

for yy € L*([—0, 0); H}(2)), B, € L(W, L*(2)).

THEOREM 6. The optimal control problem (4) with the state system (37) has at least
one solution (3, i) € W'*([0, T1; H) N L*([0, T]; Hy () N H?) x L*([0, T]; W).
Moreover, for every such optimal pair, there is a function p € L*([0, T; Hy (2)) N
Wi2([0, T1; H) and p € L'(G) such that

p(&) + Ap(t) — u € Dog(t, 5(1)), 1€[0, T ~o], (38)
p(t) + Ap(t) € Dog(t, 3(t)), 1e€l0,T -0l (39
p(T) € —D¢(3(T)), in , (40)

B*p(t) € Dh(a(t)), wn@)e€dpy@)p(+o), a.e. in [0, T], 41)
p(s) =0, sel[T, T +o0o]. 42)

Here 38 is the subgradient of B in the sense of Clarke.

PROOF. First we shall prove that forevery y, € L2([—0,0]; H}(Q),pn e L*([0,T]; W),
(37) has a unique solution in W'2([0, T}; H) N L*({0, T1; Hy (2) N H?). Indeed, in
the interval [0, o], (37) can be written as the following:

y—A=Bu—B(), inl0,T]xQ,
y(0, x) = yo(0,x), forall x € 2,
¥y, x) =0, (t,x) € (0,0) x 99Q2.

By [4], we obtain that there exists a unique solution y € W2([0, 0]; V N H*()).
Then by using a step by step argument as before, we can easily conclude that (37)
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has a unique solution y in W'2({0, T}; V N H?(2)). The existence of an optimal pair
(9, i) can be proved by standard methods. Here we omit this proof.

To prove the necessity of optimality system, we consider the approximation problem
(10) with the state equation

y—Ay+ B°(y,) = Bu, in G,
y(s,x) = yo(s, x), s € [-0,0], (43)
y = 0, t,x)e X.

For this smooth problem, we conclude that there exists a function p, € L*({0, T];
H}(2))NC(0, T1; H) with p, € L*([0, T]; L*(2)) (see Theorem 1.9, Ch. IV of [2])
such that

(Pt +Ap.—DB(y)pe(t+0) = Dag(t, yo), (t,x) € [0, T—0] x 2, (44)
(P) + Ape = Dagt(t, ye), (t,x) €[T—0,T] xR, (45)

p(T) = —03¢5(3(T)), inQ, (46)

p(s)=0, (t,x)€e([T,T+o]x . 7

Moreover, p. = 0on ¥ and
3(ue — @) + B*p. € Dh(u,).

For (45)—(46), using the estimates of parabolic equation, we obtain

I pellwizqr—o.ri;nz < C ("Vg(t, Y lleqorym + |V¢0|2) .
Then by assumptions H4 and HS5, we conclude that

Ipellwieqr-o.rny < C.

Moreover, by using the assumption H2' and the step by step argument, we have that

lpellwr2qr—o,r1:n2) < C and [3B8°(ye(£))p(t +0)| < C.

Hence, we conclude that

De,(t) = p(t), weakly in H, (48)
p., — p, weakly star in L%([0, T); H) and strongly in L2([0, T'}; H), 49)
3B (¥e,) P, (t +0) > p in L'(G). (50)

Therefore, we can take the limit and conclude Theorem 4.
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2:  Optimal control of nonlinear delay hyperbolic equation

We study (4) in the case when the state equation is nonlinear hyperbolic and where
V=H}(Q),V =H'(Q),H=L¥RQ), A= —Aand D(A) = AN H*(Q), that is,
we study the state equation

yu— Ay + B(y,) = Bu, in G,
y(s,x) = yo(s, x) and y,(s,x) = Yu(s,x), (s,x) € [-0,0] x 2,
y = 0, on X.
(51)
Here y, € L*([—0,0]; V), B € L*(W, H). Equation (51) can be written
Yy = z in G,
z, — Ay + B(y,) = Bu, in G, 2
y(s, x) = yo(s, x) and z(s,x) = z(s,x), (s,x) € [-0,0] x €,
y = 0, on X.
Now let X denote the product space V x H endowed with the scalar product
(0, 2), 01, 21)) = (ATy, ATy) + (2, 21).
Let
a=( 0 1 and D(A) = D(—A) x V;
“\-A 0 - ’
then A is self adjoint, continuous and positive for all (y, z) in X. So (52) can be
written as
.+ Ay +B(G.) = Bu,
Y6 = i) = (Yols), yo (5)), s € [~a,0], (53)

y = 0, on I,

on X, Where y = (y, z), ﬁ = (0, B) and Bu = (0, Bu). We can easily check that (4)
with (53) satisfies all hypotheses H1-H5. Moreover, since B does not depend on the
first variable y, other than Theorem 3 in Section 3, we have the following result:

THEOREM 7. The optimal control problem (4), having (51) as the state equation with
B locally Lipschitz continuous and satisfying hypothesis H2', has at least one solution
(y,u)withyeC'([0, T); H)NC([0, TI; VNH?), 3, €C'([0, T]; HYNC([0, T]; V),
Vi, Aye L=([0, T); H), and u € L*([0, T); W). Furthermore, for every such optimal
pair, there exist p € W'2([0, T); H) and i € L'(G) such that

Pu — Ap+ € Dyg(t, y), tel0, T-ol, (54)

Pu — Ap € Dag(t, ), tel0, T~ol, (55

p(T)=0, p(T)e —D¢(3(T)) and p=0 onZx, (56)

B*p +Dh(@) =0 and u(@t) € 3BGE)p(t +0),  ae te[0,T]. (57
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PROOF. Foru € L?([0, T]; W), the existence of a solution of (53) can be easily proved
by using the existence results for wave equations (see Ch. 2 of [12]). Moreover, by
using standard arguments, we can conclude the existence of an optimal pair (y, &).

We now prove the existence of p, by using the approximation method. Similarly
as in (14)—(17), we consider the e-approximating delay problem:

(P — Ape + D25 (¥e) pe(t +0) = Dyg(t, ye), t €0, T-ol, (58)
(Pe)n - Apf = D2g€(t! }’e), IS [T—Uv T]’ (59)

(P)(T) = ~D@y(y(T)) and p.(T) =0, (60)
Pe(s) = pa(s) =0, se[T, T +o] (61)
p.=0, on X,
where
())e)u — Ay + .Be()’ea) = Bu,, in G,
y = 0, on X, (62)
Ye(s) = yo(s) and y.(s) = yu(s), s € [-0,0].

First we note, as before, that u, — # strongly in L*([0, T]; W). Then we con-
sider (62) in the interval [0, o]. Multiplying the first equation of (62) by (y.), and
integrating over [0, ¢], we get

SR + 21950 — 5 [0 + V(0]
< fOIIBuf(S) — B°Geo ()3 1yl dis.
By Gronwall’s lemma, we obtain
Y@+ 1V <C,  VYe>0,1€]0,1]. (63)
Next we multiply (62) by A(y,), and integrate over [0, T] to get

IVO; +1Ay:(0f < C. (64)

Finally, multiply the same equation by (y.),, and integrate over [0, ¢]; we obtain

f (3e)ulds < C. (65)
0

Hence the Arzela-Ascoli criterion gives

Y. — ¥y strongly in C([0,0], V) and weakly in C([0, o], H*(R2))
(¥e): = ¥, strongly in C([0,0]; H), (66)
(Ye)u = yuweakly inL2([0, 0] x ).
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Now considering y, in the interval [0, 20] and using the same argument as above and
the fact that (67) holds in [0, o], we conclude (67) also holds in the interval [o, 20].
If we continue doing that, we can finally conclude that

ye — ¥ stronglyin C([0,T], V) and weakly in C([0, T, H*())
(ye): = 3 stronglyin C([0, T1; H), 67)
(Ye)u = Y. weakly in L*(G).

Similarly we multiply (58) by (p.), and integrate over [z, T] to get

IVDOR; + [pec (D < D5 (ye(THI + /rT |D2g* (¢, Y)3| per(0) 3d2.
This yields
P13 + 1(p) (D3 < C, Vie[T —0,T] and € > 0. (68)
By hypotheses H4 and HS, we have

Ve (2, Yl oqoriany + 1 DS§ (e (T3 < C.

Finally since {DpB,(y.)} is bounded and y. — y in C([0, T]; V), using (57) and
(68) in the interval [T — 20, T — o], we obtain that (68) also holds in the interval
[T —20, T — o]. Step by step, we conclude that (68) holds for all ¢ € [0, T]. Hence
we have that

pe = p strongly in C([0, T]; H) and weakly in L*([0, T]; V).

Moreover,
pe = p weakly in W'([0, T]; H),

which completes the proof.

3:  Optimal control of Navier-Stokes equation
Let @ C R", n = 2,3, be an arbitrary bounded open set with a C*> boundary 3.
Let (1w, p) satisfy the Navier- Stokes equation:

W+ @ -V = —-Vp+nAw in G,
divw 0, in G,
w(t,x) = v()g@)+ v (1)g(x), on X,
v(s) = wyls), s € [-0,0],

(69)

with fasz gi(x)vdS = 0fori = 1,2, and w(0, x) = Wy(x) for x € Q. Where nis a
constant, v(:) : [-0,T] - Rand g;(-) : 32 — R",i =1, 2.
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Our task is to find v, or rather, its time derivative ¥ = v, such that the cost functional
T
f |[w(T, x) — @9 (x)| dx +2n/ f IV(J)(I, x) — ﬁ)d(t,x)) |* dxdt
Q 0o Ja

T
+A / (v () —v7)* dt (70)
0

attains its minimum value.

In practical terms, w : [0, 7] x @ — R" is a smooth desired velocity field,
v? : [—0, T] — R is a nominal forcing speed and A > 0 is some given number. The
second term in the cost functional (70) represents the cost of forcing.

This problem in the non-delay case has been considered by Fattorini and Sritharan.
‘We now reformulate this problem. Consider the space

H={u:Q— R", uecl*Q), V-u=0)

and
V=Hx HO‘(Q).

Using the method which has been used in [11], we reduce this problem to a distributed
control problem by taking y = z + w,u + w,u,, where w; and w, are the Leray-Hopf
cut functions corresponding to g, and g, respectively (for detail see [11] or [8]). Then
taking the projection on H, we get the system:

z. +nAz + B(z, 2) + v(t) Bi(2) + v; (1) B2(2)
= fuv@®) + fv?() + fave(t) + f2v2(t) + fuv,()v()
+ 10 (8) + f3200.(2),
2(0, x) = zo(x) and v(s) = v/(s), for s € [-0, 0],

(71)
where z; is determined by wy, v(¢) and Leray-Hopf cut functions. A is Stokes operator
which is selfadjoint and (since  C R" is bounded) positive defined. The operator
B(-,-) and B,(-) are standard in Navier-Stokes theory ([6], [9], [11]). Note that
fij € Hfori, j=1,2,3. It can be shown that D(A) = H*( Q) NV, D(A%) =V
and the linear operator B; € L(D(A%), H)fori=1,2.

Let us now set

(1) i=(3 ) (). e (),

Bi(y. yo) = ( b(z,2) + vBi(z) — (fi1 + Vo f33)V — fia0? ) |

st

_ . 2
Br(yo) = ( f21v00 f22vg ) )
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Then (71) can be written as

v = Ay + B3, o) + Ba(¥s) = Biu + Byu,, in G

y(0) = ( 12)3 ) for x € Q and v(s) = v¥(s) for x € [—0, 0]. (72)

THEOREM 8. Let u € L*([—0,T); R) and u(0) € H. Then there exists a unique
solution y € L*([0, T}; D(A)) n C([0, T]; D(A%)) to (69). Moreover, if u(0) €
D(AY), then y, € LX([0, T]; H).

PROOF. (72) is equivalent to the following problem:

Yo+ Ay + Bi(y, ¥o) = Biu + Boutg — B2(y,), in G

y(0) = ( “59) ) for x e Q and v(s) = v?(s) for x € [~o,0]. (73)

In the interval [0, o], taking N (v) = B,(y, v¥) and using Theorem 3.3 of [8], we
see that there exists a solution y, € L2([0, o]; D(A%)) N C(0,0]; H) to (73) in
[0, o]. Moreover, if £ € D(A%), then y, € L*([0, ]; D(A) NC([0, o]; D(A'i)) and
yi. € L*([0, o}; H) (Theorem 3.3 of [8] can be also found in [9]). Then, using the
same arguments on (73) in the interval [({ — 1)o, io] iteratively fori = 2,3, ..., and
finally in the interval [T — o, T}, we complete the proof of this theorem.

Using the above Theorem, we can easily conclude the following theorem

THEOREM 9. Let (¥, it) be an optimal pair of (70) with the state equation (71). Then
there exists a function p € W'2([0, T); H) N L*([0, T); H,) satisfying the following
equations:

— p(t) + Ap@) + (M3, 3), p(©)) + (NG +0), $)' () € Drg(t, 5(1)),
telO, T -0}, (74)
— &)+ Ap@®) + (M3, $,), p®)) € Dag(t, 5(0)),
telT —o0,T], {75)
p(T) € =D¢gy(3(T)) and p(s) =0, sel[T, T+ol, (76)
B*p(t) € Dh(ii(t)),

where M and N are defined as follows Vz = (zy, z,):

(M, ¥0),2) = (D1Bi(, ), 2)
— ( ZB(U’ Zl) + uBl(zl) - (fll + uaf33)22 - 2f12u22 )

_22
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and

(NG, 30), 2) = (DB (¥t +0), ) + DB(»), 2)

_ [ —frn— 2fnusz
= 0 ,

respectively. Moreover, h(u(t)), g(t, y) and ¢o(y(T)) are defined as in [8].
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