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Abstract

In this paper we give the definition of a meromorphic function which is geometrically finite and investigate
some properties of geometrically finite meromorphic functions and the Lebesgue measure of their Julia
sets.
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1. Introduction and results

Letf : C> C be a transcendental meromorphic function, and f*, n € N, denote the
nth iterate of f. Then f"(z) is defined for all z € C except for a countable set of the
poles of f, f2,..., f""'. Define the Fatou set of f by

F(f)={z € C; {f"}is defined and normal in some neighbourhood of z}

and the Julia set of f by J(f) = C\ F(f). Put Jo = [, f *(c0). Then
Joo C J(f), and all the f"(z) are analytic in F(f) for each n € N, It is well known
that F(f) is open and completely invariant under f, that is, z € F(f) if and only if
f(2) € F(f) and J(f) also is completely invariant under f. Let U be a connected
component of F(f). Then f"(U) € U,, where U, is a component of F(f). If for
n #m, U, # Uy, then U is called a wandering domain of f . For a wandering domain
U, a basic result is that all the limit functions of {f"|y} are constants in J(f ) U {oo}.
If for a smallest integer p > 0, f?(U) € U, then U is said to be a periodic component
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of period p. If U is a periodic component of period p and there exists a € 3 U U {oo}
such that f?"(z) —> ain U as n — o0, and f?(z) is not defined at z = a, then U is
called a Baker domain. Hence for a Baker domain U, all the limit functions of {f"|,}
are constants in J (f ) U {oo}.

A point z4 is called periodic if for some n > 0, f"(z0) = 2. In this case, the
smallest n with this property is called the period of z,. A periodic point g, of period
n is called attracting, indifferent, or repelling according as |(f ") (zo)| is less than,
equal to, or greater than 1. For an indifferent periodic point zy of period n, we have
(f"(z) = €, 0 < a < 1. When « is rational, we say that z, is rationally
indifferent and when « is irrational, zq is irrationally indifferent and furthermore, in
this case, zo is a Siegel point if zo € F(f ) or a Cremer point if zo € J(f).

Denote by sing(f ~!) the set of singularities of the inverse function of f, that is, the
set of critical and asymptotic values and limit points of these values. Define

P(f)={w e C: forsomen € N, f~" has a singularity at w}
and

p—1
S, (f) = fHsing(F )\ A0,
k=0

~

where A; = {z : f* is not meromorphic at z}, Ag = @ and A; = {00}. Then

Py =JSs .

p=0

DEFINITION. A meromorphic function f (z) is called geometrically finite provided
that

M #J(f)NP(f)} < +oo.

When f (z) is a rational function with degree at least 2, (1) implies that f (z) has
no Cremer points. This result is also true for the case when f is of finite type, that
is, the set sing(f ~!) is finite, since for a Cremer point a of f, we have in J(f ) some
singularity ¢ of f ~! such that

ae O\ {f"(O)},

(see [9, Proposition 1.11]). Rational functions which are geometrically finite were
investigated by several people. For example, it was proved in [10] (see [16, Chap-
ter 5]) that the Julia set of such a rational function has Lebesgue measure zero. A
meromorphic function which is geometrically finite and has no rationally indifferent
periodic points is called subhyperbolic according to the case of rational functions,
such rational functions have attracted much interest (see [16, Chapter 5]).
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In this paper, we discuss some basic properties and the Lebesgue measure of Julia
sets of transcendental meromorphic functions which are geometrically finite. This
case is obviously more complicated than that of rational functions. It is well known
that the Julia set of Atanz (0 < A < 1) lies in the real axis (see [1, 4]) and the
Julia set of sin z has positive Lebesgue measure (see [12]). These functions are all
geometrically finite.

A point a € C is said to be attracted by a set X provided that a is not (pre)periodic
and all the limit points of {f "(a)} are in X. We denote by C,(f) the set of rationally
indifferent periodic cycles of f , by D(f ) the set of points in J (f ) which are limit points
of some sequence {f ™ (b)}, where b, € F(f) Nsing(f ~') such that by — b € J(f)
and n, — oo (k — 00), and by L(f ) the set of all the limit functions of f "|y, where
U is a wandering or Baker domain containing at least one element of sing(f ~").

THEOREM 1. A meromorphic function f (z) is geometrically finite if and only if all

of the following statements hold.:

(1.1) #{J(f)Nsing(f N}<+00, #C,(f )<+ 00, #L(f )<+ 00 and #D(f ) < + 00.

(1.2) Foreach a € J(f) Nsing(f ') either a is (pre)periodic or f"(a) = oo for
somen > Q.

(1.3) Each b € F(f) Nsing(f ') is attracted by either (super)attracting or ratio-
nally indifferent periodic cycles or for some n > O, f"(b) is periodic or there exists a
subsequence {n,} of positive integers siich that f ™ (b) — 00 (k — 00).

For the case of entire functions we can deduce the following.

THEOREM 2. An entire function f (z) is geometrically finite if and only if all of the
Sollowing statements hold:

2.1) #{J)Nsing(f D) < 00, #C,(f) < +00 and #D(f ) < +o0.

(2.2) Foreacha € J(f) Nsing(f ~Y), a is (pre)periodic.

(2.3) Eachb € F(f)Nsing f ~! is attracted by either (super)attracting or rationally
indifferent periodic cycles, or for some n > 0, f"(b) is periodic or f"(b) — o0,
n — 0Q.

We denote by B, the family of meromorphic functions with bounded S,(f). We
write B, as B. The dynamics of the functions in Class B have been investigated by
many authors, see, for example, [3, 7, 18]. For an integer p > 0, put [,(f) := {z €
C:f™(z) > o0oasn — ooand f"(z) # oo}. We write I,(f) as I (f). Eremenko
[6] proved that if f is entire, then I(f) # @ and J(f) = 31(f), this was extended
by Dominguez [5] to the case of meromorphic functions. It was proved by Zheng
[18] that for f € B, I(f) C J(f) sothat J(f) = I(f). Below we shall discuss the
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Lebesgue measure of 1,(f) and J(f). Fora € C,r > O and R > 0, define
D(a,r):={z; |z—a|l <r} and Dg:=C\ D@, R).
The following concept is important. A subset E of C is called thin at infinity provided
that there exist r > 0 and R > 0 such that for all a € E N Dy, we have
) mes(E N D(a, r))
2 density(E, D(a, r)) = 1 —g,
(2 ensity( (a,r) mes(D(@. 1) <
where ¢ > 0 is independent of a. The definition is a little different from that given
in [12].

THEOREM 3. Let f be in Class B,,. If 1,(f ) is thin at infinity, then mes I, (f ) = 0.
If, in additon, f is geometrically finite and J (f YN P (f )NJow = @, thenmes J(f) = 0.

REMARK 1. McMullen [12] proved that mes(/ (sinz)) > 0. It is clear that sinz
is of finite type and geometrically finite. Hence ‘I,(f) is thin at infinity’ cannot be
left out in Theorem 3. However, Eremenko and Lyubich [7] proved under different
assumptions that for an entire f € B, mes/(f) = 0.

THEOREM 4. Let f be a geometrically ﬁni{e meromorphic function. Assume that
there exists R > 0 such that dist (1(f) N J(f) N Dg, P(f)) > 0. If I(f)NJ(f)is
thin at infinity and J(f YN P(f )N Joo = 9, then mes J(f) = 0.

THEOREM 5. Let f be a geometrically finite meromorphic function. Assume that
there exists R > 0 such that dist (.I(f) N Dg, P(f)) > 0. If J(f) is thin at infinity,
then mes J(f) = 0.

REMARK 2. Theorem 4 is an extension of [8, Theorem 3]. Theorem 5 was proved by
McMullen [12] in the case when f is entire with compact P(f)and J(f )NP(f) =9
and by Stallard [15] in the case when f is entire with dist (J ), P(f)) >0

Itis not easy in general to determine whether the Julia set of a meromorphic function
is thin at infinity. It is obviously easier to decide that I (f) N J(f ) is thin at infinity,
and so it is sometimes more convenient to use Theorem 4 to show that mes J(f) = 0.
We discuss this further in the final section.

By the method of Stallard [15] and McMullen [12], we can deduce the following
result, which is used in the proofs of Theorems 3-5 and which is of independent
interest.

THEOREM 6. Let f be a meromorphic function with J(f) # C and let E be
a completely invariant subset of J(f) under f. For a € E \ Jy, If there exists
a subsequence {m;} of positive integers satisfying dist(f ™(a), P(f)) = & > 0,
k=1,2,..., then the following statements hold:
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6.1) I(f™)(a)| = oo, k — o0.

(6.2) Either a is not a Lebesgue density point of E or f ™ (a) — 00, k — 00, and in
this case, if, in addition, there exists R > 0 such that o := dist(E N Dg, P(f)) > 0,
then dist(f ™ (a), F(ﬂ) — 00.

2. Proofs of Theorems 1 and 2

In order to prove Theorem 1 and Theorem 2 in this paper, we need the following
results.

THEOREM 7. Let f be a transcendental meromorphic function. If a & Jy, then a
cannot be attracted by any repelling or irrationally indifferent cycles. If, in addition, a
is not in any parabolic domain, then a cannot be attracted by any rationally indifferent
cycles.

Theorem 7 was proved by Perez-Marco [11] in the case of irrationally indifferent
cycles and by using the Petal Theorem of Fatou in the case of rationally indifferent
cycles. It is obvious that Theorem 7 holds for the case of repelling cycles.

THEOREM 8. Let f be a transcendental meromorphic function. If U is a wandering
domain of f, then all the limit functions of {f " |y} lie in (P(f))'NJ(f). If U is a Baker
domain of period p of f, then all the limit functions of {f "y} lie in (S,(f)) N J(f).

Theorem 8 was proved by Zheng [17]. The following lemma will be often used in
the proofs of our Theorem 1, Theorem 2 and Theorem 3 (see [8]).

LEMMA 1. Let f be a transcendental meromorphic function and let a ¢ J, and
assume that a is not (prejperiodic. Assume that the set S of limit points of {f "(a)} in
the sphere Cis [inite. Then one of the following statements holds:

() if{f "(a)} has a finite limit point which is not in J, a is attracted by a periodic
cycle;

(II) there exists a subsequence {n,} of positive integers such that f ™*(a) - o0
(k — 00), and in this case, if, in addition, (S \ {00}) N J = B, then f"(a) —> o0
(n = o0).

PROOF. Let {a;, a,, ..., a,} be the set of all finite limit points of {f "(a)}. We
take positive numbers d and M such that D(a;,d) (j = 1,2,..., m) are mutually
disjoint and lie inside D (0, M). Then there exists a positive integer ny such that for
n > ng, f"(a) € U;-"=1 D(a;,d) U {lz| > M}. We can take r > 0 and an integer
ny > ng > 0 such that when n > n;, we have f"(a) € U;" \Dla;, ) U{lz] > M}
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and f (D(a;, r)) C D(f (a;), d), where we replace D(f (a;), d) with {|z| > 2M} for
f (a;) = oo. Now we assume, without loss of generality, that there is a subsequence
f™(@) — a (k > 00). If a; € J, then for k > n,, we have f™(a) € D(a;, r),
and hence f™*!'(a) € D(f (a;), d), and by noting that f (a;) is also a limit point
of {f"(a)}, we have f™**'(a) € D(f (a;1),r). Thus we deduce that for n > ny,
fa) e U}"=, D(f’(ay), r), and a, is (pre)periodic and furthermore from f ™ (a) —
a; (k — 00) it is easy to see that g, is periodic. Therefore a is attracted by a periodic
cycle. On the other hand, if for some p > 0, f?(a;) = oo, then f**?(a) - o0

(k - o0).
If f*(a) /& oo (n — o0) and (S \ {00}) N J = @, the same argument as above
implies that a is attracted by a periodic cycle. O

PROOF OF THEOREM 1. We prove that (1.1), (1.2) and (1.3) in Theorem 1 hold
provided that f is geometrically finite. It is obvious that (1.1) holds. For a €
J(f)NP(f) = A (say), it is clear that {f"(a)} C A, and from (1) we have that for
some n > 0, f"(a) is periodic or 0o. Consequently, (1.2) follows.

Now we prove (1.3). Obviously, F(f ) has no Siegel disks and Herman rings, since
it is well known that their boundaries belong to J (f )N P(f). Let U be the component
of F(f) containing b. We only need to consider the case when U is wandering. From
Theorem 8, we have that all the limit functions of {f*b)}arein J(F)N(P({f)) and
from Theorem 7, b cannot be attracted to a periodic cycle in J(f ). Lemma 1 implies
(1.3).

Below we prove that f is geometrically finite provided that (1.1), (1.2) and (1.3)
hold. Since F(f) is completely invariant under f, O*(F(f)) cannot meet J(f ), and
so we have

J(F)N PG = 0*(J(f) Nsing(f ™) U (O (F(f) Nsing(f ™) NI ()
= 0*(J(f) Nsing(f 7).

Since #(J (f ) Nsing(f 7)) < 400, it follows from (1.2) that we have

p =#0Y(J(f)Nsing(f ") < 4+00 and (J(f)NP()) =0.
Note that
JEYNPEN =JEINFF)INPE))
=[O*(F(f) Nsing(f ~' NI NJ ().

For a € [OF(F(f) Nsing(f ~1))) N J(f), there exists a sequence b, € F(f) N
sing(f ~') and n, € N such that f™(b,) — a (k — 00). If there is a subsequence
by, =be F(f)Nsing(f '), thena € C.(f) UL(f). If b # by (k # k') and {b;)
has a limit point in F(f ), then it follows from (1.3) thata € C,(f )UL(f). If b, # by
(k # k')and by — b € J(f) Nsing(f ') and n, = p, then f™(b) = fP(b) —
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fP(b) = a(k — oo)sothata € O*(J(f) Nsing f ~'). Under the remaining case,
a € D(f). Therefore,

[0 (F(f)nsing f )] NI(f)C C.(FIUL(FIUD(F)UO*(J(f)Nsing f 7).
Thus we deduce
#J(F)NP(F)) <2p +#C,(f) + #L(f) + #D(f) < +o0,
so that f is geometrically finite. 0

PROOF OF THEOREM 2. We prove that (2.1), (2.2) and (2.3) hold provided that f
is geometrically finite. By Theorem 1 we only need to prove (2.3). Let U be the
component of F(f) containing b. Obviously, we only need to consider the case
when U is wandering. From Theorem 7, {f "(b)} cannot be attracted by any periodic
cycles in J(f). Since all the limit points of {f"(b)} are in J(f) N P(f) and f is
geometrically finite, Lemma 1 implies f " (b) — 00 (n — 00).

Now we prove that f is geometrically finite using (2.1), (2.2) and (2.3). For
a € L(f)\ {00}, we have a component U of F(f) and b € UNsing(f ~!') such that a
is a limit point of {f "(b)}. Then U is wandering. By (2.3) we derive a contradiction.
Thus L(f) \ {oo} = @. Then the same argument as in the proof of Theorem 1 implies
the desired result. - O

3. Proofs of Theorem 3 and Theorem 4

In the proofs of Theorem 3 and Theorem 4, we need the following lemma, which
is essentially due to [7].

LEMMA 2. Assumethat f € B, and0 ¢ U:‘;] f ~%(00). Then there exists a positive
constant d such that for all z € C\ {0} at which f? is analytic, we have

If7(2)] log If”(z)l.

(3) 7Y @1 = 2] .

A proof of Lemma 2 was given in [14] for ‘167’ instead of ‘4’ in (3) by the
logarithmic change of variable in a neighbourhood of infinity, as in [7, Lemma 1]. We
prove (3) using the hyperbolic metric principle (see [19]).

PROOF. Take a positive number d such that

sing(f ) ¢ D(0,d) and |f?(0)| <d.
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Let zo be an analytic point of f# such that |f?(z)| > d. There exists a domain U
such that zp € U and f? : U — D, is a covering map. By the hyperbolic metric
principle, we have

|(fP) (20)
1 7 (z0)I log(If ? (z0)1/d)’
where A and A p, are the hyperbolic densities of U and D, respectively. Let U* be the

component of f =7 (D, U {oo}) containing U. From [7, page 993] or [14, Lemma 2.1],
U* is simply connected and 0 ¢ U*. Thus we have

CY) 2u(z) = Ao, (f P @o)I(f?) (o) =

1
~ 4dist(zg, U) T 4|20|

Combining the above inequality with (4) implies (3). O

Ay(z0) > Ay(20) 2

The following is an immediate consequence of Lemma2.

COROLLARY. Let f be in B,. For z € I,(f ), we have

(5) !(f_"")’_(zﬂ_}oo, _asn—> oo.

If (2l
Therefore, f? is expanding on I,(f).

PROOF. Indeed, by (3) we have

np kp
l(fnp)l(z)| If (Z)' H f (Z)I .z € Ip(f)

Then (5) follows. O

PROOF OF THEOREM 3. Assume, without loss of generality, that0 & (.-, f ~*(c0),
otherwise we consider the function g(z) = f (z+c¢)—c, where ¢ ¢ U;’i, f ~*(00), then
0 ¢ U, 87%(00), and note that mes 1, (f ) = mes I,(g) and mes J(f ) = mes J(g).
Since I, (f) is thin at infinity and f € B,, we can find R, r, ¢ > O such that R > 2r,

sing(f —p) N DR/2 =@
and for all z € I,(f ) N Dz, we have
(6) density(I,(f), D(z,r)) <1—¢

and log(|z|/d) > 32, where d is the constant in Lemma 2. Givena € I,(f )N Dy, put
an := f"™ (a). Since f " (a) is a Lebsegue density point of 1,(f) if and only if a is,
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by noting that I, (f ) is completely invariant under f 7, we have a,, - 00 (m — 00),
and we can assume |a,| > 4R, m =0, 1,2, ..., and D(a,, 2R) C Dy. Then there
exists the analytic branch f -7 of f 7 that is univalent in the disk D(a,,, 2R) and that
maps am, to a,_;. It follows from Koebe’s Distortion Theorem that

[P (D(am, R)) C D(@n-1,4RI(f,") (am))).

From Lémma 2 we have

8R
] = 8RI(F,7PY (@m)| = |amoy| — =
lan-1] = BRI(S = el = Sy ol
32R|ap_y| la, ]!
> |ap | — ———— | log —
> |apy_i| an| og d
R|a,,_
_>_ Iam~l] - |a ll > R,
|G|

and hence
D(am-1, 8R|(f,,?) (an)|) Nsing(f ) =0

By the same argument as above, we have

Fnli(D(@n-1, 4RI, 7Y (@m)D)) C D(@m-2, 4RI(f,. ") (@) |41 (f 1)) (@n-)])

-~

and by induction, we have
£~ (D(an, R)) C D(a, R4 @),
k=1

where f ™™ = f " o f;” o-+- 0 f 7 is univalent in D(an, 2r) and hence Koebe’s
Distortion Theorem implies that f =™ has distortion K = 9 in D(ay,, r). Using
Koebe’s Distortion Theorem again we have that

D(a, s,/16) C D,, := f "™ (D(an, r)) C D(a, s,),

where s,, is the radius of the smallest disk centered at a containing D,,, and furthermore,
we have

0<sn < R[T4G” —R[]——
s H G @l Hl(f )(ak Ol

Rla| [ Iakl]
< 16 -0, m-— o0.
|G| l_[
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From (6) and noting that I, (f) is completely invariant under f 7, we deduce
density(I,(f), D) <1 —¢/81.

Thus a is not a point of Lebesgue density of I, (f ), and mes I, (f ) = 0.

Now we prove the latter part of Theorem 3. Since I(f) C I,(f), we have
mesI(f) =0. Foranya € J(f) \ ({ (f ) U Jw), {f "(a)} has at least one finite limit
point. If all the limit points of {f *(a)} are in J(f ) N P(f), then from Lemma 1 and
since J (f YN P(f )NJ, = @, we have that a is attracted by a periodic cycles. However,
this contradicts to Theorem 7. Therefore there exists a subsequence {m,} of positive
integers such that b, := f™(a) > be J(f),butb & J(f) N P(f) U {oo}. Then we
have that for some § > 0, dist(by, m) > 6 > 0. From (6.2) of Theorem6 it follows
that a is not a point of Lebesgue density of J(f ), and hence not of J(f )\ (I (f YU J).
We derive mes(J(f) \ (I (f) U J)) = 0, and since J, is countable, it follows that
mes J(f) = 0. O

PROOF OF THEOREM 4. Analysing the proof of the latter part of Theorem 3, we
only need to prove mes(/ (f )N J (f )) = 0. Suppose that I (f YN J(f) has a Lebesgue
density point a. Since a, := f"(a) — 00 (n — 00), we can assume that |a,| >
R, n =1,2,..., so that dist({a,}, P(f)) > 0. Then by applying Theorem 6 to
I(fyN J(f) we have (f")'(a) - oo and dist(a,, P(f)) - oo (n — 00). Since
I(f) N J(f) is thin at infinity, there exist r, £ > 0 such that

@) density(I (f)NJ(f), D(a,,r)) <1 —e¢.

Put r, := (1/2)dist(a,, P(f)). We can assume that r, > r,n = 1,2,.... There
exists an analytic branch g, of f = univalent in D(a,, 2r,) carrying f"(a) back to a.
Koebe’s Distortion Theorem implies that

D(a, d,) C U, := g,(D(a,, r)) C D(a, 16d,),

where d, := (r/4)|g, (a,)| = r/(41(f ") (@)]) = 0, n — oo. Thus from (7) it follows
that a is not a Lebesgue density point of I(f) N J(f). We derive a contradiction,
from which Theorem 4 follows. 0

PROOF OF THEOREM 5. For a given point a € J(f) \ (P(f) U Js), We want to
prove that a is not a Lebesgue density point of J(f). To this end suppose that a is.
We consider two cases.

(i) Assume that there exists a subsequence {m;} of positive integers such that
{f ™ (a)} C D, then by Theorem 6, we have b, := f ™ (a) — oo and dist(b;, P(f)) -
o0 (k — ©0), otherwise a is not a Lebesgue density point of J(f). By the same
argument as in the proof of Theorem 4 we can derive a contradiction.
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(ii) Assume that |[f"(a)| < R,n = 1,2,.... Since f is geometrically finite, from
Lemma 1 and Theorem 7 it follows that {f " (a)} has a limit point notin P(f)NJ(f)U
{oc}. Therefore for some constant § > O and a subsequence {n,;} of positive integers,
dist(f ™ (a), P_(f)) > §. By (6.2) of Theorem 6, we deduce that a is not a Lebesgue
density point of J(f). O

4. Proof of Theorem 6

PROOF OF THEOREM 6. We prove (6.1). Since D(f "™ (a),8) N P(f) = @, there
exists the univalent branch g, of f =™ in D(f ™ (a), §) carrying f ™ (a) back to a. By
Koebe’s Quarter Theorem,

8(D(f™(a), 8)) D D(a, (3/4)Ig,(f ™ @)D,

and hence

f™(D(a, §/g(f ™ (@)D) € D(f™(a), d).

For any fixed neighbourhood V of a € J(f), f"(V) contains a disk with radius
25, when n is sufficiently large. This implies that (§/4)|g,(f ™ (a))| — O, that is,
(f ™) (a) > oo, k — oo.

Now we prove (6.2). To this end, we assume that a is a Lebesgue density point of
J(f). Put by := f™(a) and C; := g:(D(by, 8/2)).

Suppose that {b,} has a bounded subsequence, and assume, without loss of gener-
ality, that by — b € J(f ), k — 00. Koebe’s Distortion Theorem implies that

(8) D(a, pr) C C C D(a, 16p,),

where p; 1= |g;(b:)16/8 = 8/[8](f ™) (a)]] — O, as k — oo, where we employed
(6.1).
From (8) we have

im PSCNIE)) o2 iy MesP@ 1600\ TF)) _
k>0 mes(Cy) k=00 mes(D(a, 16p:))

so that
mes(D (b, 8/2) N J(f)) _
o mes(D(by, §/2)) o

and consequently, mes(D(b, §/2) N J(f)) = mes(D(b, §/2)). Thus D(b,/2) C
J(f),and J(f) = C. This is a contradiction. Therefore by > ocoask — o0.

Now we prove the latter part of (6.2). Suppose conversely that for some M > 0,
re = dist(by, P(f)) < M. Since b, - 00, k — 00, we can assume that |b;| >
R+M,k=1,2,.... Wecanfind z, € P(f) such that |z, — b| = dist(b;, P(f))
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and hence |z| > R, k = 1,2,.... Itis clear that D(z,0) N E = @, otherwise
dist(E N Dy, P(f)) < o, and then mes(D(z;, o) N D;) > 0, where Dy := D(by, i),
Sy = n — o /4. It follows that

9 density(E, Dy) <1 —-¢e(M,0) < 1,

where £(M, o) only depends on M and o. Put U, := g.(D;). Koebe’s Distortion
Theorem implies that

D(a,d,) C Ui C D(a, 16dy),

and 0 < di := sclg;(be)l/4 < M/(@4|(f ™) (a)l) > 0, k — oo. Then from (9) it
follows that a is not a Lebesgue density point of E. We derive a contradiction. O

5. Conclusion

From the previous discussion we have seen that, to some extent, whether the
Julia set of a meromorphic function has Lebesgue measure zero depends on whether
I(f) N J(f) is thin at infinity. When f () is iii Class B, Eremenko and Lyubich [7]
gave simple criteria for I (f ) being thin at infinity, for example, f is an entire function
of finite order and its inverse f ~! has a logarithmic singularity. Hence mes I (¢?) = 0,
but it is well known that J(e?*) = C (see [13]). Since e,(0) = oo (n —> o0), where
e,(2) is the nth iterate of e, ¢° is not geometrically finite. This is very interesting.
From their method, we can deduce that if £ is an entire function of finite order and
its inverse f ! has a logarithmic singularity, then 7 (f (¢%)) is thin at infinity. The
following is an example illustrating Theorem 3.

EXAMPLE 1. Julia sets of ze* and exp(z — ¢*~') have Lebesgue measure zero.

PROOF. It is easy to see that ze® is of finite type and O is only one asymptotic value
of ze* and a logarithmic singularity of the inverse. From the result of Eremenko and
Lyubich [7], we have mes(/ (ze*)) = 0. Itis easy to see that 0 is a rationally indifferent
fixed point of ze* and z = —1 is the only critical point of ze* so that —1 is attracted to
0 under iterates of ze?, and —1 € F(ze?). Thus ze* is geometrically finite. Theorem 3
implies mes(J (z¢€%)) = 0.

Let h(z) = exp(z — €*~'). A simple calculation implies that sing(h~!) = {0, 1}
and 1 is a superattracting fixed point of 4(z). We prove that 4"(0) — 1 (n — 00).
For0 <x < 1,A(x) > 0and A(x) < k(1) = 1. Note that

(h(x) —x) =10 -€&Hax) -1 <0,
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and so h(x) —x > h(l) — 1 = 0, that is, A(x) > x so that h([0, 1]) C (0, 1] and
further #"(0) — 1 (n — ©0). Thus h is geometrically finite. We can write h(z) =
(we™/¢) o €%, and hence I (k) is thin at infinity. Theorem 3 implies mes(/ (h)) =
mes(J(h)) = 0. O

The next example illustrates Theorem 5.

EXAMPLE 2. The Julia set of f(z) = z+4 +e % +¢/(z—1), &€ = 0.02 has
Lebesgue measure zero and H := {z;Rez > 0and |z — 1| > 0.1} C I(f).

PROOF. For all z € H, we have
Ref(z)=Rez+4+Re(e*+¢/(z—1)>4-1-02>2,
sothat f (H) C H,and H C F(f). Note that
(10 fl@=1-e—¢/(z—1%

When |z — 1] < 0.1, we have

If'@1 =

T —1—je?|>2-1—exp(—-1+0.1) >0,

and therefore all the critical points of (z) lie in D := {z; |z — 1| > 0.1}. When
z € Dand f'(z) =0, it follows from (10) that e=* = 1 — £/(z — 1)? and so we have

le?)l<142=3 and Rez> —log3
so that

Ref(z) > Rez+ 5 —Re + Re

€
(z—1)? z—1
>—log3+5-2—-02=—log3+2.8> 1.3.

Therefore, sing(f ') C H, and further P(f)  H and dist(P(f), J(f)) > 0.2.
Hence f is geometrically finite.

Below we prove that J(f) is thin at infinity. Obviously there exists a negative
number x, such that for x < xo, we have d(x) :==x +4 —¢ + ﬁe*"/Z > 4. Put
H :={-n/4+2kn <Imz <n/4+4+2kn}Nn{Rez < xo}, k =0,£1,%£2,.... For
Z € H, we have

Ref(z) =Rez+4 +Re(e/(z— 1)) + e R cos(Imz) > d(Rez) > 4.

We deduce that f (H,;) C H and H, C F(f). This implies that J(f ) is thin at infinity.
By Theorem 5, we have that mes J(f ) = 0. It is obvious that H C I (f). O
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EXAMPLE 3. Let g(z) = Asinz — ¢/(z — &), where A and ¢ are both non-zero
constants. Then mes(/(g)) > 0 and mes(J(g)) > 0.

PROOF. We first note that g(z) has no asymptotic values. We now consider the
critical values of g(z). For z € C such that

£
"(z) = hcosz + ——— =0,
g@) T
we have
£ £
(11) 8@ < [Al]sinz] + Izl—Izrl < pVIT oozl + lzl—lnl

el? e}
< Al T1 .
<! |\/ * APz = |* * |z —m|

Since the sequence of the zeros of g’(z) tends to infinity, from (11) we deduce sing(g~")
is bounded and infinite, that is, g(z) is in Class B.

By the same argument as in [12], we can prove that mes(/ (g)) > 0. This is because
for sufficiently large & > 0, |g'(z)| = O(e*) and |g"(z)/g'(z)| ~ 1 in {z; | Im(z)| > A},
that is, g is expanding by a rate of exponentiation and the nonlinearity is near 1. By
[18, Theorem 2], we have I (g) C J(g) and hence mes(J(f)) > 0. O

It was proved in [5] that for sufficiently small £ and 0 < A < 1, F(g) consists of
one attracting basin and contains all the singularities of g~!. It is easy to see that g(z)
is geometrically finite and dist(P(g), J(g)) > O.

We conclude the section with the following result.

Let f (z) be an entire function having a completely invariant component. If
sing(f ') consists of critical values and logarithmic singularities and their limit
points, and sing(f ~') N J(f) is finite, then f is geometrically finite.

The result follows from [7, Lemma 11], which asserts that a completely invariant
component contains all the critical values and logarithmic singularities.
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