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ON WEIGHTED SOBOLEV SPACES

SENG-KEE CHUA

ABSTRACT. We study density and extension problems for weighted Sobolev spaces
on bounded (¢, §) domains 2 when a doubling weight w satisfies the weighted Poincaré
inequality on cubes near the boundary of D and when it is in the Muckenhoupt 4,, class
locally in D. Moreover, when the weights w;(x) are of the form dist(x, M;)%, o; € R,
M; C D that are doubling, we are able to obtain some extension theorems on (g, 00)
domains.

1. Introduction. Recently there has been quite a number of works related to
weighted Sobolev spaces. For example, Kufner [23] studied various properties of
weighted Sobolev spaces on certain domains D for weights arising from dist(-, M)
with M C 9 D. Also, Brown and Hinton [2], [3], [4] and Gutierrez and Wheeden [20]
obtained weighted Sobolev interpolation inequalities. Meanwhile, the author [9], [11],
[13] has studied the extension and restriction problems on weighted Sobolev spaces. In
this paper, we would like to improve some results in [9]. Namely, we will study density
problems and extension problems on weighted Sobolev spaces. Note that some of our
results overlap some of those in [23] and [17].

By a weight w, we mean a non-negative locally integrable function on R”. By abusing
notation, we will also write w for the measure induced by w. Sometimes we write dw
to denote wdx. We always assume w is doubling, by which we mean w(2Q) < Cw(Q)
for every cube Q, where 20 denotes the cube with the same center as Q and twice its
edgelength. All cubes in this paper are assumed to be closed and with edges parallel to
the axes. By w € 4,, we mean w satisfies the Muckenhoupt 4, condition, i.e.,

1 . wl/e=D 1/
<
10| (/Qde) (/Q dx) < C whenl <p < oo, and
1
dx<C inf henp = 1,
_| ol /Q w(x)dx < eizlél w(x) whenp

for all cubes Q in R". Note that w is doubling when it is in 4,. Moreover, when D is an
open set, we will write w € A},“(’D) if for any cube Qp C D, there exists Cg, > 0 such
that
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. 1/p/
w(QﬂQo)'/”( /Qngo wFl(x)dx) " < ¢, whenl<p< oo,and
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w(Q N Qo) .
—=—=" < (Cp, essinf w(x) whenp=1,
|Q| = QOerﬂQO (x) p
for all cubes Q in R".!
Let D be an open set in R”. If « is a multi-index, o = (o, o, . .., 0,) € 21, we will

denote 3, o by || and D* = (6"7')"‘l ---((;37”)“". By a > (3, we mean o; > f3; for all
1 <j < n. Moreover we write « > 8 if « > 3 and o # 3. We denote by V the vector
(5‘1—1, 321+ -1 55) and by V" the vector of all possible m™ order derivatives for m € N.
A locally integrable function f on D (we will write f € L\ (D)) has a weak derivative

of order « if there is a locally integrable function (denoted by D%f) such that
a —(_1\la a
J 0% eydx =1 [ (D°ypds

for all C* functions ¢ with compact support in D (we will write ¢ € CP(D)).

If1 < p < oo, p'is always equalto p/(p — 1) and p’ = co when p = 1. Q will always
be a cube and /(Q) will be its edgelength. Following [22], we say that two cubes touch
if a face of one cube is contained in a face of the other. For 1 < p < 00,k € N, and any
weight w, L, (D) and E, ,(D) are the spaces of functions having weak derivatives of
all orders «, |a| < k, and satisfying

1/p
Wlem= ¥ I07lem= > ([ I07Paw) " <o,
0<|a|<k

0<Ja]<k

and
“f”Eka(ﬂ) = |? DA\l 2y < o0
' al=k

respectively. Moreover, in the case when w = 1, we will denote Lfv’k(ﬂ)) and EY, 7 «(D)
by Lf(D) and E{(D) respectively. Also, let E? (D) be the factor space EZ, (D)/ Pi-
where P, is the subspace of polynomials of degfee not greater than /. By f € ’L{’v’l’loc(ﬂ)),
we mean f € L{’V’I(K") for all compact sets K in D.

Let D be an open connected set. It is easy to see that Lfﬂ (D) is a Banach space when
= Lﬁ;c(ﬂ)) [17]. Moreover, the author [9] prove that E’fv’k(ﬂ)) is a Banach space
when w € 4,. Note that it is just a weighted version of Theorem 1.1.13.1 in [26]. We
will show that indeed the following is true.

THEOREM 1.1. Let 1 < p < 0o and let w be a doubling weight. If w~'/P ¢ Lf(;c(iD)
then E’:’v (D) is a Banach space for any connected open set D.

DEFINITION 1.2. An open set 9 is an (g,6) domain if for all x,y € D, |x — y| <6,
there exists a rectifiable curve ¥ connecting x, y such that 7y lies in D and

(1.1) 1) < Ix%y'

! Note thatw € A};’c(ﬂ) =2>weE A}f for all compact sets K C D in the notation of Wolff [35].
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elx—z|ly — 2|
x — ]
Here /(7) is the length of ¥ and d(z,d D) is the distance between z and the boundary

of D. Moreover, we will write d(Q,S) = inficgyes|x — y|, d(Q) = d(Q,9D) and
d(z) = d({z},9 D).

(1.2) d(z,d D) > Vz En.

In 1981, P. Jones [22] extended a famous extension theorem on Lipschitz domains to
(g,6) domains.

THEOREM 1.3. If D is a connected (g,6) domain and 1 < p < oo, then C*°(R") N
LY(D) is dense in L(D) and L}(D) has a bounded extension operator. Moreover the
norm of the extension operator depends only on ¢, b, k, p, rad(‘D), and the dimension n.

Furthermore he proved that

THEOREM 1.4. If D is an (g, 00) domain in R", then E}(D) has a bounded extension
operator, ie., there exists A: E}(D) — E}(R") such that Af|p = f a.e. and ||A|| is
bounded.

Recently, the author extended Theorems 1.3 and 1.4 to weighted Sobolev spaces when
the weight is in 4, [9]. In this paper, we will extend these results further by relaxing the
Ap assumption on the weight w to the following conditions on a bounded (¢, §) domain
D:

w is doubling on R, w € 4,%(D)
w satisfies a local Poincaré inequality on D.

Indeed, we prove that

THEOREM 1.5. Let D be a bounded (¢,6) domain. Let 1 < p < 0o and let w be a
doubling weight such thatw € A;I?C(@)' Suppose further that

(1.3) If = fowllzioy < CNDIV Iz Y €L, 10(D)

for all cubes Q C ‘D near 8D such that Ad(Q) < Q) < d(Q)/A, A > 0 where
Jow = Jof dw/W(Q). Then givenany f € L, (D) (resp. E%, (D)) and n > 0, there exists
Jo € C°(R") such that

“f_fn“Lﬂ_k(D) <n (resp. |[V¥(f —fll 2oy < m)-

Moreover, with the help of [11, Theorems 1.1 and 1.2] and the previous theorem, we
show that:

THEOREM 1.6. Let D be a bounded (g,6) domain. Let 1 < p < 00 and w a doubling
weight. If w € 47(D), w™l/P € I (R") and (3.3) holds, then there exists an extension
operator A on Lfv’k(ﬂ) such that

1Af 2 @y < ClA L o
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Moreover, if in addition that D is a bounded (e, 00) domain, then there exists an extension
operator N’ on EY, (‘D) such that

IVEA Nz @y < IV

REMARK 1.7. (a) Let M C 0D and 1 < p < oo. It is easy to see that if w(x) =
dist(x, M)*, a € R, then it follows from the non-weighted Poincaré inequality that

(1.4) If —follzio < CUDNIVSfllzo) Y €L, 10c(D)

for all cubes Q with /(Q) comparable to d(Q). Moreover, it is clear that w € A},“(’D).
Hence it follows from Theorem 1.5 that C*°(R") N Lfv,k(q)) is dense in Lfv,k(@) when
w(x) = dist(x, M)* is doubling (note that (1.4) implies (1.3)). Thus when w is doubling
and 9D is a bounded (g, 6) domain, we obtain those density theorems in [23].

(b) Furthermore, if w(x) = s(dist(x, M)) where s is a positive and continuous function
on positive real numbers that satisfies certain properties described in Kufner [23] or [17],
similar conclusion can be obtained by Theorem 1.5 if we know that w is doubling.

(c) We do not know exactly when will the weights w defined as above will be
doubling. However, in the case that M is just a finite subset of 9 D, it is easy to see that
dist(x, M) is doubling if and only if > —n. For more details, refer to [15].

REMARK 1.8. (a) Let w be as in Remark 1.7. If in addition that w!/? ¢ Lf;c(R”),
then we can apply Theorem 1.6 to get extension operator for L{’M(Q)) or £, ’k(D). This
overlaps some results in [17].

(b) The assumption that w™!/7 ¢ Lf(;c(lR") in Theorem 1.6 is somewhat too strong.
Indeed, we need only to assume that w~ P € [P/ (D). For the details, see [10]. Note that
when D is a bounded (¢, 0c0) domain, w € A},""(Q)) and (3.3) holds, it follows from [14,
Corollary 1.5] that /' € EY, (D) if and only if f € L, (D).

Finally, when the weights are of the form as in Remark 1.7(a), we are able to obtain
extension theorems similar to Theorems 1.4 and 1.5 in [9]; see Remark 4.3.

ACKNOWLEDGEMENT. The author is grateful to the reviewer for his suggestions to
improve the presentation of the paper and the proof of Lemma 2.5.

2. Preliminaries. In what follows, C denotes various positive constants, they may
differ even in a same string of estimates. Moreover, sometimes, we will use C(a, 3, .. .)
instead of C to emphasize that the constant is depending on «, 3, . .. . Following [22],
we say that two cubes touch if a face of one cube is contained in a face of the other. In
particular, the union of two touching cubes of equal size is a rectangle.

First, let us state a theorem on polynomials.

THEOREM 2.1 ([9, LEMMA 2.3]). Let F, Q be cubes such that F C Q and |F| > 7|Q|.
If wis a doubling weight, 1 < q < oo, and p is a polynomial of degree m, then

1/q
Pl < Comn( 22 ) IPlisen

for all measurable sets E C Q.
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Next, the following lemma is indeed a special case of a result in [12].

LEMMA 2.2 ([12, THEOREM 2.1]). Let f be a measurable function on R" and let w
be a doubling weight. Also, let 1 < p < 00, k € N and L > 0. For each cube Q
in R, let a(f, Q) be a polynomial of degree k associated to f on Q for each cube Q.
Suppose that {Q;}._, is a sequence of cubes such that Q; N\ Qj+ contains a cube ¢ with
|| > Lmax{|Qi|,|Qi+1|} for eachi=0,1,...,1— 1. Then

2.1 If = a(f, Qolllizg0y < CZ If — a(f, @0)ll1z 0y

where C depends only on L, I, w, k, p and the dimension n.

PROOF OF THEOREM 1.1. We will modify the proof of [26, Theorem 1.1.13.1] and
[9, Theorem 4.9].

Let Qo be a Whitney cube in D and let {Q;} be a sequence of open connected sets
which are the interiors of finite unions of touching Whitney cubes of D (when D = R”,
just take {€);} be a sequence of nested cubes) such that Oy C Q;, Q; C Quvy, U; Qi = D.

Given any Cauchy sequence {u;} C E,, (D), and any cube Q in D, let P(Q, u;) be the

unique polynomial of degree < k such that fy Dﬂ(uj — P(Q, uj)) dx =0 forall |8] < k.
Since

(5 — = PQ, s — )| gy = |2 (35— 0 — (PO — PL, ) )|

CUQ NV w; — w)| 10y

for all cubes Q in D by the unweighted Poincaré inequality, we have if P; = P(Qo, u;),

LY(Q)

IA

1D (w; — ws — (P — P)) llu(g,.) < C@)|IVH@ — w)llqy

< CQ)||V @ — w) eyl Pl
< CEO)| VA — w)l| 2 00y

by the previous lemma, the Holder inequality and the assumption on w. Hence if v; =
u; — P;, then {DPv;} is a Cauchy sequence in L'(C);) for any i and |8| < k. Thus
it follows that for each i and 3 with |8| < k, there exists #;3 € L'(Q;) such that
1DPv; — higll 11,y — 0 asj — co. (When |B| = k, clearly there exists hg € LL(D) such
that ||DBv; — hg|| 1 p) — 0 as LE(D) is complete.) Using subsequences, it is clear that
hiv13 = h; g a.e. on Q;. If we define hg on D by setting hg = h; g on €, it follows that for
each compact set K C D we have hg € L'(K) and DPv; — hg in L'(K) for all |3] < k
(for |B| = k, just use the Holder inequality and the fact that w™'/7 ¢ Lf;c(ﬂ))). Thus if
¢ € CP(D), then (let us write hg as h when 3 = 0)

/@ hDP o dx = lim /@ v,DP o dx = lim (- 1A /D(Dﬂv,-yp dx = (—1)A /@ hgp dx.

Hence D°h = hg exists. Moreover D°h = lim D*u; when || = k since D*u; = D®v;. This
completes the proof of the theorem.
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COROLLARY 2.3. Let D be an open connected set, let {u;} be a Cauchy sequence in
E’ (D) and let u be a function in E', (‘D) such that

”Vk(“j - u)“L’;(D) — 0.

Then there exists a sequence of polynomials {P;} of degree < k with uj — P; — u in
LY(K) for all compact sets K in D.

PROOF. By the previous proof, we know v; = u; — P, — h in L'(K) for each
compact set K in D, and V¥u; — V*h in L2(D). Since also VFu; — VFu in I2(D),
we see that V¥(u — h) = 0, so u — h = P for some polynomial P of degree < k. Thus
uj — P+ P — h+P=uinL'(K).

Now we will state a well-known lemma; see for example, Theorem II1.2 in [31].

LEMMA 2.4. Let k(x) be nonnegative and integrable on R" and suppose k(x) depends
only on |x| and decreases as |x| increases. Then for all non-negative measurable functions

f
S{;‘g If * k()| < Clikl| 1 gmyMS (x)

with C independent of x, f and k. Here k(y) = t "k(y/t) and Mf is the Hardy-Littlewood

maximal function of f.
Similar to 4, weights [27], [18], we have the following results.

LEMMA 2.5. Let 1 < p < 00, and w € AY(D). Then

(2.2) MG XN 2y < Crllf |2k

Jor all compact sets K in D.

PROOF. We will only prove it for the case when w is doubling.? It suffices to show
that (2.2) holds for K = Qy for all cubes Oy in D such that 3Qy C D.

Let 1 = Xx30,, vV = X30,w and w = x g, w. Note that (%,"i,)”"1 = x30,w' 7. Let M, h(x) =
sup fr h(y)dp / w(F) where the supremum is taken over all cubes F containing x. Let Q
be any cube. We will now show that v, W and M, satisfies the S, condition [29]. Let
x € Qo N Q, we now consider two cases:

CASE (i) O C 3Qo. Then there exists a cube F C Q and x € F such that
M, Xxoragow' ™ (x) < C [pw' ™ dy/|F]. Thus

—p' 1 17 . oc
M, (xoragoW 7 )x) < C(m /Fwdy) smceweA;7 (D)

1 ~ p-l ) -
C(‘W(—F) /FW ‘wdy) < C(My(xorag,w ‘)(x))” g

2.3)

2 The idea of this proof was provided by the referee.
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Hence

JoMiCxarsow' 7Y@ dir)

Jor, MO Yoo i)
<C ngo[Mw(xmgow—‘xx)]"’w(x)dx
< /Qon(w_l)plw(x)dx

dp\r -1
2.4) = /XQ(E) v(x)dx
since w is doubling® on R"; see for example [21].

CASE (ii). Qs not contained in 3Qy. Since there is nothing to prove when 0N Qp = 0,
we may assume 3"|Q N 30| > |3Qy|. Thus

JoMucoroonw' NP i) < [ IMu(xg' ™ YeP wix) de
1-p 1-p/
< C/3Q0w () dx < /ngo w7 (x) dx
since w € A},“(D). Hence by Theorem A of [29], we have
”M(XQJ)”L';(QO) = “Mu(XQof)”L{;(QO) = ”MM(XQJ)”L’;(W)
< “XQof”L';(R") = Cllf“Lﬁ;(Qo)

and hence (2.2) holds for K = Q.

LEMMA 2.6. Let 1 < p < oco,w € A;,“(i)) and let § € C}° be a non-negative
decreasing radial function with supportin {x € R" : |x| < 1} and [&(x)dx = 1. Then
forf € IB(D), f * & — fin LE(K) as t — 0 for all compact sets K in D. Moreover, if
fE Ll (D)thenfx& — fin L, (K) for all compact sets K in D.

PROOF. When 1 < p < 00, it follows from Lemmas 2.4 and 2.5 and the Lebesgue
dominated convergence theorem. Now if p = 1, given any compact set K C D, let us
first choose a continuous function g such that

(2.5) W = gllygesy <

where K* = {x+y : |y| <s,x € K}, and s is chosen so that K C D. Next since g is
continuous, there exists L > 0 such that |g(x) — g(»)| < n forx,y € K and |x — y| < L.
NextifsB={x € R": |x| <s}and 0 <1 <s,

W% & Mo < [ [, Ifex =) = fIE0) dywix) dx
< [ [ =) — g = I&0) dywe) d
+[ [, et =) — g@le0) dywix) dx

+ [ [ 1ot S0 dywiyds
=]+ 11+l

3 However, the theorem can be proved without assuming w is doubling i.e., assuming only w € A;,‘”( D).
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However, II < w(K)np when0 <t < s <L and

111 = [ |gtx) = fwix)ydx <

by (2.5). Finally, note that

1< [ [ V0) —g0lex =y dywix) dx
< [, [ &= ymix) dxlfv) — g0l dy
< € [ Movxow)lf ) — g0l dv
< Clf - glusrey < CEOM.
Lemma 2.6 now follows from the fact that D¥(f * £,) = (D%f) * £,.4

THEOREM 2.7. Let 1 <p <ooandw € A}fc(’D). Then for all compact sets K in D,

(2.6) If — a(f, Dlliz o) < CERMUOVS 12 (0)

forallf € If, | | (D) and cube Q C K where a(f, Q) = [of dx[|Q| or fof dw/w(Q).

PROOF. Let K be any compact set in D. First, note that it suffices to show that (2.6)
holds with a(f, Q) = fo = fpf dx/|Q|. However,

<L _ Vo)l
) ~fol < 15 @) =10l dy < € [ =20
forx € O, f € C°(R") (see [33, Proposition 4.2]). Hence if f € C*°(R") it suffices to
show that
g0)
@7 “ A e dy“L‘;(Q) < CEUQ) gl iz 0

for all cubes O C K. However, in the case 1 < p < 00, (2.7) is just a consequence of
Lemma2.5. Moreover, the case p = 1 follows immediately from the fact thatw € 4'%(D).
Finally, with the help of Lemma 2.6, by similar argument as the proof of Theorem 4.3 in
[9], our assertion follows.

Next we will state a theorem which is similar to [26, Theorem 1.1.2.1] and [9, Theo-
rem 4.2]. Since it can be proved by very similar method as the proof of [9, Theorem 4.2]
with the help of Lemma 2.6 and Theorem 2.7, we will omit the proof.

THEOREM 2.8. Let D be any open set in R" and let 1 < p < oco,w € A},"C(Q)). If
f € E, (D), then

/K |DfIPdw < oo for all compact sets K C D, Y0 < || <k.

4 For the case p = 1, indeed we just modify the proof of Lemma 8 in [28].
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3. Density theorems. Let D be an (¢,6) domain, we will decompose D = UD,
into connected components and define

r=rad(D) =inf inf sup Ix —y].
ayED

We will assume » > 0 in most cases. Then for any x € D, there is a point y in the same
component with |x — y| > 3. Note that we always have » > 0 when D is an (¢, 00)
domain since 9 is then connected.

Let us recall that two cubes touch if a face of one cube is contained in a face of
the other. In particular, the union of two touching cubes of equal size is a rectangle. A
collection of cubes {S;}7, is called a chain if S; touches S;4, for all i.

Next let us recall some properties of the cubes in the Whitney decomposition of an
open set D [31]. Since these properties are well-known, we will often make use of them
without explicitly mentioning them.

(Q)=2"% forsomek € Z,
NG =0 ifQ #0,

1/4 < ;ﬁg‘; <4 ifQiNQ, #0,

Q) _
1< 10 < 4/n.

The purpose of this section is to prove the density theorem.

PROOF OF THEOREM 1.5. Our proofis similar to that of [22] and [9]. Letp = 27", m €

Z.. Let W) be the Whitney decomposition of D. Define

R’ = {dyadic cubes R with edgelength g, R C D} and

R={ReR :RC SforsomeS € W, IS) >32n*p/e}.
Moreover, for each R € R let R, R be cubes concentric with R with sides parallel to the
axes and /(R) = 1281n%p/e? and I(R) = 2562n%0/e?. Fors > 0,let D, = {x € D :
d(x) > s}. First, let us make the following two observations.

(D) D C Ugex R provided rad(D) > 0 and g is small enough.

(Il) Let D be an (£,6) domain with rad(?D) > 0 and let s = 3203n°9/e> < 6.
Then for all Ry, R; € R with Ry N I:Zj # 0 and Ry N (D \ Dy) # 0, there exists a chain
Go; ={Ro=51,8,...,5: =R;} in R connecting Ry, R; with m < C that depends only
on ¢,8 and n, and UGo; C D \ D, d(UGo) > 20n%p.

(I) is first stated in [22] without proof. Nevertheless, the reader can refer to the
proof of Theorem 6.1 in [9]. A similar conclusion as (II) can indeed be found in [22,
Lemma 4.1] or [9]. However, since (II) is slightly stronger than the conclusion in [22]
or [9], we will prove it.

First note that since d(Ro,R;) < /n(2561n*p/e?) < 6, there exists ¥ connecting
Ro, R; which satisfies (1.1) and (1.2). Next if z € v, we will show that d(z, Ds,) > /np.
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First, we have

d(z,Ro) <I(Y) < d(Ro,R))/e < 2561n°p /e,
d(Ro, (D)) < +/n(640n*p /%) < 640n°p />

as Ry N (Dys)° # 0. Moreover,

d(Ro, Ds) > d((Das), Dss ) — d(Ro, (D)) — v/nl(Ro)
> 3203n°p/e* — 640n°p/e* — \/np
> 2562n5p/e3.

Next, without loss of generality, we may assume that d(z, Ro) < d(z, R;). We now consider
two cases:

CASE (i). d(z,Ro) < 42n’p/e. Thend(z) > 32n%p/c — 42n%g /e > 22n%p/e. (Note
that we may restrict ourself to the case n > 2.)

CASE (ii). d(z,Ro) > 42n%g/e. Then by (1.2),

ed(z, R)d(,R)

@) 2 dRo,R))

21n%p.
Finally let us note that an appropriate subcollection of {R € R’ : RNy # 0} will provide
us the required chain. Moreover, m < C as I(Y) < d(Ro, R))/e.
Now, given f € Lﬁ',k(ﬂ)’ we will let P; = P(R;) be the unique polynomial of degree
k — 1 such that
/RJD“(f—P(Rj))dw =0, 0<|o|<k—1.

Nextlet Ry, R; € R, Ro, R; be as in (II). Suppose that Gy, is the chain connecting R, R;
guaranteed by (II). If Py = P(Ro) and P; = P(R;), similar to the proof of [9, Lemma 6.3],
by the triangle inequality, (1.3), Lemma 2.2 and the fact that £d(R)/10000n° < [(R) <
20n%d(R) for all R € UG, we can show that

3.1 ID*(Po — Pl 2y < CE 1NV ln 0oy VO <o <k

where C is independent of f,, Ry, R; and p.
Next given 7 > 0, let us choose s > 0 such that |[f{|;» (p\p,,) < 7. We then choose

¥ € C* such that x5, < ¢ < x, and |D%| < C(e)s .
Recall that by Lemma 2.6, there exists { € C3° such that f{dx =1 and

If —f * &z 0y — O ast— Oforf € I, (D), where £(x) = t—"g(%‘).
Thus we can choose 0 < ¢ < s5/2 such that

B.2) D¢ —f * &z, = ID°f — D) * &dll oy < ns*71%, 0< o] <k
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For each R; € R, let us choose ¢; € C*° with 0 < ¢; < x; suchthat Ty ¢ = 1
J
on Uger Ri, 0 < Tgen p; < 1 and [Dg;| < Co™lel,

Fixing t and s, let go = g cx Pj ), &1 = go(1 — ) and g2 = (f * {,)y. Then clearly
£0,81,82 € C°(R"). We now show that || — (g1 + &2)||,» (@) < Cn. First, we will show

that || — (g1 + 22)||.» (s < Cn. Let us note that since g; = 0 on Dysand gy =f* &, on
D, for |a| < k we have

ID%(r = @ +2) |5, = 1D —F % Elliziny < Cn by 3.2).
w(Das)

Next write

D(f — (g1 + &) = D*(%(f —f *£)) + D*((1 — ¥)(f — 2))
= Y CogD* PYDP(f — % €)+ 3 CapD*P(1 — Y)DP(f — go)

Ba Ba
=A+B.
Since |D* 4| < Cs71*A1,0 < 8 < arand ¢ = 0 on (D))", we have || 4|2\ 1,y < Cn
by (3.2).
To complete the proof, we need only to prove that ||B|| 2o\ 1,y < ClIV¥ |20\ Dy,)-
To this end, first note that if RyN(D\ Ds;) # 0, RyNR; # () then by the triangle inequality

and (3.1),
> [0 (Po = P)e) gy < € T MR TID o — Plizcay
RieR e RoR A<

(3.3) <C Y NV ue,-

RonR#D

Also, note that
G4) DG~ g0l =[P (7 = S Biey)| < D'~ POl [P 52 (Po— P
‘We now consider two cases:
CASE (i). 8 < a. Then D*#(1 — 1)) =0o0on D \ D, and hence
D=1 — p)D°(f — 8)l%s o\
< Cslaplp > [o* 1AWy |2 ro) ¥

Ro€R,RoN(D;\ Doy)7#9
+ Cs~la—olp > > [@""B'IIV"f “Lfv(UGOJ)]p
Ro€ER RoN D\ Dos)#D izon]:zﬁ‘o

by (3.4)and (3.3) since D\ Das C Ug,e Ro- Nextnote that || Sgyex Thkord XUGo, |z <

C where C is independent of p. Moreover by (II), if Ry N (D; \ D) # 0, I:Qj NRo #0,
then UGo; C D \ Dy, and in particular Ry C D \ Ds,. Hence if a > 3 (then |3] < k),

ID*A(1 = D(f = go)lliz\myy < Cs~* NV, < Co.
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CASE (ii). f = a. First observe that for each Ry € R, Ry N (D \ Dss) # 0, similar to
(3.3) we have

20 (Po=P)e)l gy <€ X TNV lla

RieR R/ERRoNR;#D
by Lemma 2.1. Thus
a . ) a . a L 3
”D L0y gy S 1P Pollzg * [D° 20 = Poeil,

<CIDPollgry +C X TNVl e
R ER.RyNR; 70

< ClD gy *+ Co* IVl z.me)

+ Cgk_lal Z . “ka”Lﬂ,(UGo,j)'
R,ER,RyNR;7D

Note that again by (II), if Ry N (D \ Ds,) # @ and Ry N R; # @ then UGy, C D\ D,
and in particular Ry C D \ Ds;. Hence by the previous estimate,

1D = 2oz mno,) < CUPT g\

P
D C'DQZP;‘% )
Ro€R,RoN(D\ Do) 7#0 RER Li(Ro)

< ClIPS W\ + UL 202

+ Cg(k_la')p“ka”lL){’v(D\i)h) <oy

since || Sroer Zp gy XuGy, | < C. Thus |D*(f — (21 + 22)) "L{L(@\%) <aQn.

Finally, if / € EY, (D), let us note that by Theorem 2.8, we have /' € L, (D). We
can then construct g; + g, as before since (3.2) still hold. One can just check through the
proof and see that g| + g satisfies our assertion.

4. Extension theorems. First, let us state an extension theorem from [11].

THEOREM 4.1 ([11, THEOREMS 1.1 AND 1.2]). Let D be an (e,6) domain. Let 1 <
p < 00 and let w be a doubling weight such that

4.1 Ilf = fowllzoy < CollDIVS iz Yf € Lipioe(R")

Jor all cubes Q in D wherefp,, = [ f dw /w(Q). Then there exists an extension operator
Aon D (ie, Af =f on D a.e.) such that

1Al aey < CAlz o

for all f € Lipt,'(R") (= {f : D*f € Lip,,.(R") for all || < k}) where C depends only
on e, b, rad(D), p, w, k, Cy and n. Moreover, if D is an (e, 00) domain, then there exists
another extension operator A’ on ‘D such that

IV*A N ey < CUV i)
for all f € Lip’, ! (R") where C depends only on ¢, p, w, k, Co and n.
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REMARK 4.2. Checking through the proof of Theorem 1.1 in [11], let us note that
indeed we need only to assume (4.1) holds for all cubes Q near 9 D such that I(Q) is
comparable to d(Q) for the first part. However, for the second part, we need to assume
in addition that 2 is bounded.

With the help of the preceding theorem and the density theorem in the previous
section, we can now prove our extension theorem.

PROOF OF THEOREM 1.6. First given f € Lfv,k(a))’ by Theorem 1.5, there exists
a sequence {fj} C C®(R") such that i — f in L, (D). Next since L! (R") is a
Banach space, the first part of the theorem now follows from the preceding theorem (see
Remark 4.2). Now letf € E}, (D). By Theorem 1.5 there exists {f;} C C°(R") such that
V4 — V¥l o) — 0. Then {A'f} is a Cauchy sequence in E}, (R") by the preceding
theorem. Since Epw’k(R") is complete by Theorem 1.1, there exists g € E:;,k(Rn) such
that VEA'f; — Vg in IZ(R"). Since A'f; = f; on D, we obtain ||V¥g — V*f]|1p) = 0.
Hence there exists a polynomial P of degree < k such that g = f+ P a.e. on D.
Define A’f = g — P. Then A’f = f a.e. on D. Also, V¥A'f = Vg and consequently
VEN'f; — VEA'f in LE(R™). The proof of the theorem is now complete by passing to the
limit.

REMARK 4.3. (a) Let D be a bounded (¢, 00) domain with r = rad(D) and let Q
be a bounded open set containing D. Let W, be the collection of cubes in the Whitney
decomposition of (D¢)° and define

er

wy={0em: Q) < —

}, L=2" mel,,

where L is chosen so that Q C (Ugew, @)U D. Finally, when the weights are of the form
as in Remark 1.7(a), we have better extension theorems.

THEOREM 4.4. Let 1 < p; < oo, w; = dist(x, M;)*, o; € R, M; C 3D such that w; is
doubling fori =0,1,...,N. Let Q be a bounded open set containing an (g, 00) domain
D and let L and r be defined as above. Suppose that k; = 0 for 0 < i < N, ki=k >0
Jor N <i < Nand0 < k; <k otherwise. Then there exist extension operators A and
A on D such that

A1z

i
W,

/(R7) < Ci“f”ygi(@) Jor0 <i<N,
”vk‘Af”Lﬁ,"‘_(Q) < Ci|‘vki]r||L’,';',(1)) Jor Ny <i<N
“Vk'/\lf”uj;;(n) < Ci”VkﬂIiji(D) Jor0<i< N,
”valfHL"’g’_(Rn) < Ci”ka“ij,_(@) Jor N2 <i<N
forallf € Lip{‘o_cl(R"). Here C; depends only on €, p;, w;, ki, n, L and max; k;. (Unfor-

tunately L usually depends on r, but there are cases where L is independent of r and
consequently C; is independent of r.)
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THEOREM 4.5. Let 1 < p; < oo, w; = dist(x, M))%, a; € R, M; C 9D such that w; is
doubling for i = 0,1,...,N. If D is an unbounded (g, 00) domain, then there exists an
extension operator on ‘D such that

||V""AfHL‘:f,.(R~> < C"”Vkﬂll'i‘,-(i’)

foralliandf € Lip{‘o_cl(R"). Here C; depends only on €, w;, p;, kin and max; k;.

PROOF OF THEOREMS 4.4 AND 4.5. If w(x) = dist(x, M)* for M C D, € R, let us
make the following two observations:

4.2) W —follz o) < CUDNVS 120

@3) i < Cm@ Pz
for all cubes Q in D such that A/(Q) < d(Q) < I(Q)/A for A > 0. We can now check
through the proof of Theorems 1.4 and 1.5 in [9] using (4.2) and (4.3) as the substitute
of the condition that w € A, to obtain Theorems 4.4 and 4.5.

(b) In Theorem 4.4, if we assume in addition that w='/? ¢ L’l’;c(lR"), we can indeed
replace Lipt,.' (R") by NE;, (D) as C*(R")N (ﬂ Eﬁ»i,-.k,-(@)) is dense in NEY, | (D). For
the details, check through the proof of Theorem 6.1 in [9].
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