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Abstract

We characterize surjective nonexpansive mappings between unit spheres of L∞(0)-type spaces. We
show that such mappings turn out to be isometries and can be extended to linear isometries on the whole
space L∞(0).
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1. Introduction

Let (X, dX ) and (Y, dY ) be two metric spaces. A mapping V0 : X→ Y is called
nonexpansive if it is a 1-Lipschitz map. That is,

dY (V0(x), V0(y))≤ dX (x, y) ∀ x, y ∈ X. (1)

The mapping V0 is called an isometry if the equality holds in (1) for all x, y ∈ X .
Freudenthal and Hurewicz [10] stated that every nonexpansive map from a totally

bounded metric space onto itself must be an isometry. Rhodes [13] and Brown and
Comfort [3] generalized this result to uniform spaces. We wonder whether Freudenthal
and Hurewicz’s result holds in complete bounded metric spaces which are not compact,
in particular, the unit spheres of infinite-dimensional Banach spaces.

On the other hand, in 1972, Mankiewicz [12] proved that an isometry mapping from
an open connected subset of a normed space E onto an open subset of another normed
space F can be extended to an affine isometry from E onto F . In 1987, Tingley firstly
considered isometries between unit spheres of normed spaces. He showed in [14] that
isometries between unit spheres of finite-dimensional Banach spaces map antipodal
points to antipodal points and he raised the following isometric extension problem: is
every onto isometry between unit spheres of two real normed spaces, necessarily the
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restriction of a linear or affine map on the whole space? In recent years, Ding and his
students have been working on this topic and have obtained many important results
(see [1, 5–9, 11, 15, 16]). Ding [4] was the first to consider the nonexpansive map
between unit spheres of Hilbert spaces. He proved that such a map is an isometry on
the unit sphere and can also be extended to a linear isometry on the whole space.

In this paper, we generalize Freudenthal and Hurewicz’s result to the unit spheres
of L∞(0)-type spaces and give an easy example to show that there exist nonexpansive
maps from the unit balls of Banach spaces onto themselves but not isometries.
Moreover, applying this result, we give an affirmative answer to Tingley’s isometric
extension problem in L∞(0)-type spaces.

Throughout this paper, we consider the spaces over the real field. The following
notation for L∞(0)-type spaces can be found in [7, 11]. The space of all bounded real-
valued functions on an index set 0 equipped with the supremum norm is denoted by
`∞(0) (see [2]) and any of its closed subspaces containing all eγ ’s (γ ∈ 0) are called
L∞(0)-type spaces. For example, the spaces `∞(0), c(0) and c0(0), particularly,
`∞, c and c0 and so on, are all L∞(0)-type spaces. As usual, S(L∞(0))={x | x ∈
L∞(0), ‖x‖ = 1}.

For every 0< ε < 1 and x ∈ S(L∞(0)), let supp x = {γ : γ ∈ 0, x(γ ) 6= 0},
N±x (ε)= {γ : γ ∈ supp x,±x(γ ) > 1− ε} and define the star of x with respect to
S(L∞(0)) by

St (x)= {y : y ∈ S(L∞(0)), ‖y + x‖ = 2}.

2. Some lemmas

We start this section with a simple observation, the proof of which we omit.

LEMMA 1. Let x, y be in S(L∞(0)). Then y ∈ St (x) if and only if, for every
0< ε < 1, N+x (ε) ∩ N+y (ε) 6= ∅ or N−x (ε) ∩ N−y (ε) 6= ∅ .

LEMMA 2. Let x be in S(L∞(0)). If there exists an x0 ∈ St (x) satisfying ‖y − x0‖

≤ 1 for every y ∈ St (x), then supp x0 is a singleton.

PROOF. Suppose that supp x0 contains more than one point.
Suppose that |x(γ )| = 1 for all γ ∈ supp x0. Given γ1, γ2 ∈ supp x0 with γ1 6= γ2,

put

y1 = x(γ1)eγ1 − sign(x0(γ2))eγ2 .

Clearly, we have y1 ∈ St (x), but

‖y1 − x0‖ = ‖x(γ1)eγ1 − sign(x0(γ2))eγ2 − x0‖

≥ |sign(x0(γ2))+ x0(γ2)| = 1+ |x0(γ2)|> 1.

If there is a γ0 ∈ supp x0 such that |x(γ0)|< 1, then let

y2 = x − x(γ0)eγ0 − sign(x0(γ0))eγ0 .
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It is also easy to check that y2 ∈ St (x) and

‖y2 − x0‖ ≥ |sign(x0(γ0))+ x0(γ0)| = 1+ |x0(γ0)|> 1.

Thus it follows from the above two cases that supp x0 must be a singleton. 2

LEMMA 3. Let V0 : S(L∞(0))→ S(L∞(1)) be a surjective nonexpansive mapping.
Then for every γ ∈ 0, supp V0(eγ ) is a singleton and V0(−eγ )=−V0(eγ ).

PROOF. We firstly prove that supp V0(eγ ) is a singleton for every γ ∈ 0. By the
hypotheses on V0, for every y ∈ St (−V0(−eγ )) and x ∈ V−1

0 (y),

2≥ ‖x + eγ ‖ ≥ ‖V0(x)− V0(−eγ )‖ = ‖y − V0(−eγ )‖ = 2.

It follows that x ∈ St (eγ ) and V−1
0 (St (−V0(−eγ )))⊆ St (eγ ), that is,

St (−V0(−eγ ))⊆ V0(St (eγ )). (2)

On the other hand, for every x ∈ St (eγ ), it is evident that ‖x − eγ ‖ ≤ 1. Since V0 is
nonexpansive, we get ‖V0(x)− V0(eγ )‖ ≤ 1. Together with the relation (2), we get

‖y − V0(eγ )‖ ≤ 1 ∀ y ∈ St (−V0(−eγ )). (3)

We claim that

V0(eγ ) ∈ St (−V0(−eγ )). (4)

Otherwise, if ‖V0(eγ )− V0(−eγ )‖< 2, then by Lemma 1, we may choose an ε1 so
small that

N+V0(eγ )
(ε1) ∩ N+

−V0(−eγ )
(ε1)= ∅ and N−V0(eγ )

(ε1) ∩ N−
−V0(−eγ )

(ε1)= ∅. (5)

Equation (3) shows that ‖V0(eγ )+ V0(−eγ )‖ ≤ 1, so we can also find a small enough
ε2 such that

N+V0(eγ )
(ε2) ∩ N+V0(−eγ )

(ε2)= ∅ and N−V0(eγ )
(ε2) ∩ N−V0(−eγ )

(ε2)= ∅. (6)

It is obvious that

N+V0(−eγ )
(ε2)= N−

−V0(−eγ )
(ε2) and N−V0(−eγ )

(ε2)= N+
−V0(−eγ )

(ε2). (7)

Then put

ε0 = min(ε1, ε2);

A = N+V0(eγ )
(ε0) ∪ N−V0(eγ )

(ε0);

B = N+
−V0(−eγ )

(ε0) ∪ N−
−V0(−eγ )

(ε0).
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By (5), (6) and (7), we conclude that A ∩ B = ∅. Then set

y1 =−V0(−eγ )χB − V0(eγ )χA ∈ S(L∞(1)).

By Lemma 1, we obtain

‖y1 − V0(−eγ )‖ = 2 and ‖y1 − V0(eγ )‖ = 2,

which is a contradiction. Therefore the claim is proved and it follows from Lemma 2
that supp V0(eγ ) is a singleton for every γ ∈ 0.

Now we may assume that supp V0(eγ )= {δ1} with δ1 ∈1 and, by (4), we obtain
that δ1 ∈ supp V0(−eγ ). Then we assert that

supp V0(−eγ )= {δ1}.

Suppose that there exists a δ2 ∈ supp V0(−eγ ) with δ2 6= δ1. Since V0 is surjective, let
x2 be in S(L∞(0)) satisfying

V0(x2)=−sign(V0(−eγ )(δ2))eδ2 − V0(eγ ).

Hence
‖x2 + eγ ‖ ≥ ‖V0(x2)− V0(−eγ )‖ ≥ 1+ |V0(−eγ )(δ2)|> 1,

which yields x2(γ ) > 0. It follows that

1≥ ‖x2 − eγ ‖ ≥ ‖V0(x2)− V0(eγ )‖ = 2.

This contradiction proves the assertion. Finally, we apply relation (4) again to obtain
that V0(−eγ )=−V0(eγ ). 2

LEMMA 4. Let V0 be the same as in Lemma 3. Then there is a family of signs {θδ}δ∈1
and a bijection σ :1→ 0 satisfying

eδ = θδV0(eσ(δ)) ∀ δ ∈1. (8)

PROOF. By Lemma 3, we can define a map π : 0→1 satisfying {π(γ )} =
supp V0(eγ ) for each γ ∈ 0. Moreover, we shall prove that π is bijective.

If π(γ1)= π(γ2), then by Lemma 3 and the fact that V0 is nonexpansive,

2 = max{‖V0(eγ1)− V0(eγ2)‖, ‖V0(eγ1)+ V0(eγ2)‖}

≤ max{‖eγ1 − eγ2‖, ‖eγ1 + eγ2‖ } ≤ 2.

So max{‖eγ1 + eγ2‖, ‖eγ1 − eγ2‖} = 2, which implies that γ1 = γ2. To see that π is
surjective, suppose, on the contrary, that there exists δ0 ∈1/π(0).

Choose {εγ }γ∈0 ∈ S(L∞(0)) with εγ > 0 for every γ ∈ 0 and y0 ∈ S(L∞(1))
satisfying

y0(δ)=

{
V0(eγ )(π(γ ))εγ if δ ∈ π(0) with δ = π(γ ),
0 if δ ∈1/π(0).
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Since V0 is surjective, we can find x1, x2 ∈ S(L∞(0)) such that

V0(x1)= y0 + eδ0 and V0(x2)= y0 − eδ0 .

It follows from Lemma 3 and the property of y0 that, for every γ ∈ 0,

‖x1 + eγ ‖ ≥ ‖V0(x1)+ V0(eγ )‖ = ‖y0 + eδ0 + V0(eγ )‖ = 1+ εγ > 1.

This implies that x1(γ ) > 0. Similarly, we can also get x2(γ ) > 0 for every γ ∈ 0.
Hence ‖x1 − x2‖ ≤ 1, but ‖V0(x1)− V0(x2)‖ = 2. This is impossible since V0 is
nonexpansive. Therefore π must be onto.

Finally, let σ = π−1 and define θδ = sign(V0(eσ(δ))(δ)) for every δ ∈1. We
complete the proof of this lemma. 2

3. Main results

THEOREM 5. Let V0 : S(L∞(0))→ S(L∞(1)) be a surjective nonexpansive
mapping. Then V0 must be an onto isometry and there exists a family of signs {θδ}δ∈1
and a bijection σ :1→ 0 such that, for any element x ∈ S(L∞(0)),

V0(x)(δ)= θδx(σ (δ)) ∀ δ ∈1. (9)

PROOF. Let σ and {θδ}δ∈1 be as in Lemma 4. It is easy to see that if (9) holds, then V0
is an isometry from S(L∞(0)) onto S(L∞(1)). Thus we only need to verify (9).

Take x = {ξγ }γ∈0 ∈ S(L∞(0)) and let V0(x)= {ηδ}δ∈1 ∈ S(L∞(1)).
For any |ηδ| 6= 0, by Lemma 4, we get

‖V0(x)+ sign(ηδ)θδV0(eσ(δ))‖ = ‖V0(x)+ sign(ηδ)eδ‖ = 1+ |ηδ|.

On the other hand,

‖x + sign(ηδ)θδeσ(δ)‖ =max{supγ 6=σ(δ)|ξγ |, |ξσ(δ) + sign(ηδ)θδ|}.

Since V0 is nonexpansive, we conclude that

sign(ξσ(δ))= sign(ηδ)θδ (10)

and

|ηδ| ≤ |ξσ(δ)|.

Obviously, the inequality holds for ηδ = 0, so

|ηδ| ≤ |ξσ(δ)| (11)

holds for any δ ∈1. We shall show, in fact, that |ηδ| = |ξσ(δ)| for all δ ∈1. Assume
that there is a δ0 ∈1 such that |ηδ0 |< |ξσ(δ0)|. Then choose a sufficiently small ε0 > 0
such that

|ηδ0 | + ε0 < |ξσ(δ0)|. (12)
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Define

x0(γ )=

{
(|ηδ0 | + ε0)ξγ if γ 6= σ(δ0),

sign(ξσ(δ0)) if γ = σ(δ0),

and set V0(x0)= {η
0
δ }δ∈1. Since |ξσ(δ)| ≤ 1 for every δ ∈1, we apply the definition

of x0 and (11) to obtain that

|V0(x0)(δ)| = |η
0
δ | ≤ (|ηδ0 | + ε0)|ξσ(δ)| ≤ |ηδ0 | + ε0 < |ξσ(δ0)|

for every δ ∈1 with δ 6= δ0. However, ‖V0(x0)‖ = 1, therefore |V0(x0)(δ0)| =

|η0
δ0
| = 1. It follows that

‖V0(x0)− V0(x)‖ ≥ |V0(x0)(δ0)− V0(x)(δ0)| ≥ |η
0
δ0
| − |ηδ0 | = 1− |ηδ0 |.

On the other hand,

‖x0 − x‖ = sup{|x0(γ )− x(γ )| | γ ∈ 0}

≤ max{1− (|ηδ0 | + ε0), 1− |ξσ(δ0)|}.

From (12), it is clear that

‖x0 − x‖ = 1− (|ηδ0 | + ε0) < 1− |ηδ0 | ≤ ‖V0(x0)− V0(x)‖.

This contradicts the fact that V0 is nonexpansive. Thus |ηδ| = |ξσ(δ)| for all δ ∈1.
Combining this with equality (10), we get the desired characterization of V0 given
by (9). 2

REMARK 6. The surjectivity of V0 is essential in the Theorem 5. For example, fix
y0 ∈ S(L∞(1)) and define V0 by V0(x)= y0 for all x ∈ S(L∞(0)). It is obvious
that V0 is a nonexpansive mapping, not an isometry. The next simple example shows
that we cannot replace the unit sphere by the unit ball and the restriction of V0 to the
unit sphere is also important for us to generalize Freudenthal and Hurewicz’s result on
the relation between nonexpansive mappings and isometries.

The following example is so easy that we omit the proof.

EXAMPLE 7. Let X be `p(1≤ p ≤∞), c or c0. Then a map T : X→ X defined by
T (ξ1, ξ2, ξ3, . . . , ξn, . . .)= (ξ2, ξ3, . . . , ξn, . . .), for all {ξn}n≥1 in X , is a bounded
linear surjective operator with ‖T ‖ = 1 and the restriction of T to the unit ball of X ,
denoted by T |B(X), is a nonexpansive but not isometric map from B(X) onto itself.

Applying Theorem 5, we can get a result for the isometric extension problem as
follows.

COROLLARY 8. Let V0 : S(L∞(0))→ S(L∞(1)) be a surjective nonexpansive
mapping. Then V0 can be extended to a linear isometry defined on the whole space
L∞(0).
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PROOF. By Theorem 5, there exist a family of signs {θδ}δ∈1 and a bijection σ :1→ 0

such that, for any x ∈ S(L∞(0)),

V0(x)(δ)= θδx(σ (δ)) ∀ δ ∈1.

Define V : L∞(0)→ L∞(1) by

V (x)(δ)= θδx(σ (δ)) for each x ∈ L∞(0).

Clearly, V is a surjective linear isometry on L∞(0) and the restriction of V to the unit
sphere S(L∞(0)) is just V0. Hence the proof is complete. 2

By Corollary 8, we have the the following result.

COROLLARY 9. Let V0 : S(L∞(0))→ S(L∞(1)) be a surjective mapping satisfying
‖V0(x)− V0(y)‖ ≥ ‖x − y‖ for all x, y ∈ S(L∞(0)). Then V0 must be an isometry
and it can be linearly isometrically extended to the whole space L∞(0).

We find that the proof of Theorem 5 relies on the structure properties of L∞(0)-
spaces and we would like to know the following

PROBLEM. Let E be an infinite-dimensional Banach space. Let T : S(E)→ S(E)
be a surjective nonexpansive map. Is T necessarily an isometry?
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