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Biflatness and Pseudo-Amenability of
Segal Algebras
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Abstract. 'We investigate generalized amenability and biflatness properties of various (operator) Segal
algebras in both the group algebra, L!(G), and the Fourier algebra, A(G), of a locally compact group G.

Barry Johnson introduced the important concept of amenability for Banach alge-
brasin [17], where he proved, among many other things, that a group algebra L'(G) is
amenable precisely when the locally compact group G is amenable. For other Banach
algebras, it is often useful to relax some of the conditions in the original definition
of amenability, and a popular theme in abstract harmonic analysis has been to find,
for various classes of Banach algebras associated to locally compact groups, a “cor-
rect notion” of amenability in the sense that it singles out the amenable groups. For
example, the measure algebra M(G) is amenable if and only if G is both amenable
and discrete [5]; however, M(G) is Connes-amenable (a definition of amenability for
dual Banach algebras) exactly when G is amenable [28]. As another example, the
Fourier algebra, A(G), can fail to be amenable even for compact groups [19] but is
operator amenable (a version of amenability that makes sense for Banach algebras
with an operator space structure) if and only if G is amenable [27].

The purpose of this paper is to examine the amenability properties of Segal al-
gebras in both L'(G) and A(G). All of the aforementioned versions of amenabil-
ity imply the existence of a bounded approximate identity (or identity in the case
of Connes-amenability); however, a proper Segal algebra never has a bounded ap-
proximate identity [2]. Ghahramani, Loy, and Zhang have introduced several no-
tions of “amenablility without boundedness”, including approximate and pseudo-
amenability, which do not a priori imply the existence of bounded approximate
identities [13, 15]. It is thus natural to try to determine when a Segal algebra is
approximately/pseudo-amenable. Indeed, this has already been considered in [13]
and [15]. In particular, Ghahramani and Zhang showed that if $'(G) is a Segal al-
gebra in L'(G) with an approximate identity which “approximately commutes with
orbits” (this includes all [SIN]-groups) and G is amenable, then S'(G) is pseudo-
amenable and that when G is compact, S'(G) is pseudo-contractible [15, Propos-
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tion 4.4 and Theorem 4.5] (also see [13, Corollary 7.1]). At present, there is no
known example of an approximately amenable Banach algebra without a bounded
approximate identity, so in our study of Segal algebras we will only consider pseudo-
amenability and pseudo-contractibility. We note that the approximate and pseudo-
amenability of L' (G), M(G), and A(G) are studied in [13-15].

An important property that is related to amenability is the homological notion
of biflatness (see, for example, [4, Theorem 2.9.65]). In Section 2, we provide a
natural generalization of biflatness, in the spirit of the definitions of approximate
and pseudo-amenability: approximate biflatness. Our definition is inspired by A.Yu.
Pirkovskii’s recent characterization of biflatness [23]. We prove that a sufficient con-
dition for A to be pseudo-amenable is that it is approximately biflat and has an ap-
proximate identity (Theorem [2.4]). The section concludes with an examination of
some hereditary properties of (approximately) biflat Banach algebras that are needed
for our study of the approximate cohomology of Segal algebras.

In Section 3, we study Segal algebras, S'(G), in L'(G). We prove that G is amenable
when S!(G) is pseudo-amenable (Theorem and prove that for [SIN]-groups,
S!(G) is either pseudo-amenable or approximately biflat if and only if G is amenable.
For symmetric Segal algebras, we show that G is amenable exactly when S'(G) is a flat
L'(G)-bimodule, which happens exactly when S'(G) has a type of approximate diag-
onal in L'(G)®S'(G) (Theorem [B3). This idea is then used in Theorem B.4] to give
an alternative approach to that of [12] for describing continuous derivations from
S'(G) into L' (G)-modules when G is amenable. We show in Theorem [3.5that S'(G)
is compact when S!(G) is pseudo-contractible (the converse to [15, Theorem 4.5]).
Finally, in Theorem [3.6] we prove, for any group G and every continuous derivation
D: SY(G) — SY(G)*, that 7* o D is w*-approximately inner, where 7 is the product
map from ' (G)®S'(G) into S'(G).

In Sections 4 and 5, we turn our attention to (operator) Segal algebras in A(G). We
first show in Theorem [4.2] that an arbitrary Segal algebra SA(G) in A(G) is pseudo-
contractible if and only if G is discrete and SA(G) has an approximate identity. We
then focus on the Lebesgue—Fourier algebra S'A(G) = A(G) N L!(G) that was intro-
duced by Ghahramani and Lau in [11] and was recently studied by Forrest, Wood,
and Spronk in [10]. As well, we will examine Feichtinger’s Segal algebra Sy (G), which
was shown by the second author to have many remarkable properties [29]. When
S'A(G) has an approximate identity and G contains an abelian open subgroup, Theo-
rem .6 shows that S'A(G) is approximately biflat (and therefore pseudo-amenable).
Supposing that G contains an open subgroup H that is weakly amenable and such
that Apy, the diagonal subgroup of H x H, has a bounded approximate indicator
(this is true for example whenever G,, the connected component of the identity,
is amenable), then S'A(G) is operator approximately biflat (and therefore operator
pseudo-amenable) whenever it has an approximate identity (Theorem[4.7]). We con-
clude with Theorem[5.3]that shows that under these same hypotheses, the Feichtinger
Segal algebra Sy(G) is actually operator biflat. This, in particular, implies that it is op-
erator pseudo-amenable.
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1 Preliminaries
1.1 Banach Algebras of Harmonic Analysis

Let G be a locally compact group and let M(G) be the Banach space of complex-
valued, regular, Borel measures on G. The space M(G) is a unital Banach algebra
with the convolution multiplication, and L!(G), the group algebra on G, is a closed
ideal in M(G). We write J, for the point mass at s € G; the element J, is the identity
of M(G), and I'(G) is the closed subalgebra of M(G) generated by the point masses.

Let G be a locally compact group, let P(G) be the set of all continuous positive
definite functions on G, and let B(G) be its linear span. The space B(G) can be iden-
tified with the dual of the group C*-algebra C*(G), this latter being the completion of
L'(G) under its largest C*-norm. With pointwise multiplication and the dual norm,
B(G) is a commutative, regular, semisimple, Banach algebra. The Fourier algebra
A(G) is the closure of B(G) N C.(G) in B(G). It is shown in [7] that A(G) is a com-
mutative, regular, semisimple Banach algebra whose carrier space is G. Also, up to
isomorphism, A(G) is the unique predual of VN(G), the von Neumann algebra gen-
erated by the left regular representation of G on L*(G).

Let H be a closed subgroup of G, and let I(H) = {v € A(G) : v| g= 0}. A net
(uy) in B(G) is called an approximate indicator for H if
(i) lim v(uwr| y) = viorallv € A(H), and
(ii) limwu, = 0 forallw € I(H).

Approximate indicators were introduced in [1].

1.2 Operator Spaces

Our standard reference for operator spaces is [6]. We summarize some basic defini-
tions below.

Let V be a Banach space. An operator space structure on V is a family of norms
{Il1la: Mu(V) — RZ%},cn that satisfy Ruan’s axioms, where each M, (V) is the
space of n X n matrices with entries in V. The natural morphisms between oper-
ator spaces are the completely bounded maps, i.e., those linear maps T: V. — W
which satisfy ||T||c; = sup,ey || Tul < o0, where T,: M, (V) — M,(W) is given
by T,[vij] = [Tvij]. We say that T is completely contractive if | T, < 1. Opera-
tor spaces admit an analogue of the projective tensor product ®, which we call the
operator projective tensor product @,

If A is a Banach algebra which is also an operator space, and V is a left A-module
and an operator space, we say that V' is a completely contractive left A-module if the
product map my: A ® V — V extends to a complete contraction m: A®,,V — V.
Completely contractive right and bi-modules are defined similarly. We say that A is a
completely contractive Banach algebra if it is a completely contractive bimodule over
itself. Natural examples include L'(G), which inherits the maximal operator space
structure as the predual of a commutative von Neumann algebra; and A(G), which
inherits its operator space structure as the predual of VN(G).
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1.3 Amenability Properties

Let A be a (completely contractive) Banach algebra.
Following Johnson [18], we say that A is (operator) amenable if A admits a bounded
approximate diagonal, i.e., a bounded net (m,) in AQA (resp. in A®,,A) such that

(1.1) a-my —mg-a— 0, w(my)a — a

foralla € A, wherea- (b ®c¢) = (ab) @ ¢, (b®c)-a = b® (ca), and 7 is the
product map. (Operator) amenability of A is equivalent to having every (completely)
bounded derivation from A into a(n operator) dual bimodule be inner; see [18]. A
natural relaxation of amenability is to allow A to admit a diagonal net, as in (L.I])
above, but not insist that it is bounded. In doing so we obtain (operator) pseudo-
amenability, as defined in [13]. If A admits a net in ARA (resp. in A@aPA) which
satisfies (LI) and the additional property that a - m, = m,, - a, then A is said to be
(operator) pseudo-contractible, as defined in [15].

We say that A is (operator) biflat if there is a (completely bounded) bounded
A-bimodule map 6: (ARA)* — A* (resp. (A@)OPA)* — A*)such that Qo™ = idy~.
A. Ya. Helemskii proved that A is amenable if and only if A is biflat and admits a
bounded approximate identity; see [16] or [3]. The analogous characterization of op-
erator amenability follows similarly. A (completely contractive) left A-module is said
to be (operator) projective if there is a (completely bounded) bounded left A-module
map¢&:V — ARV (resp. V — A@opV) such that 7 o £ = idy. A similar definition
holds for right modules. A is (operator) biprojective if there is a (completely bounded)
bounded A-bimodule map £: A — ARA (resp. A — A@DPA) such that 7 o £ = ida.

1.4 Segal Algebras

Segal algebras were first defined by H. Reiter for group algebras; see [26], for example.
The definition of operator Segal algebras appeared in [10]. However, our abstract
definition deviates from the one given in [10] in the sense that we demand that Segal
algebras be essential modules.

Let A be a (completely contractive) Banach algebra. An (operator) Segal algebra is
a subspace B of A such that

(i) Bisdensein A,

(ii) Bisaleftidealin A,

(iii) B admits a norm (operator space structure) | - || under which it is complete
and a (completely) contractive A-module, and

(iv) Bisan essential A-module: A - Bis || - ||p-dense in B.

We further say that B is symmetric if it is also a (completely) contractive essential right
A-module.

In the case that A = L!(G) we will write S'(G) instead of B and further require
that

(v) SYG) is closed under left translations: L, f € S'(G) for insist that all x in G and
f in SY(G),
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where L, f(y) = f(x'y) for y in G. By well-known techniques, condition (iii) on

B = SY(G) is equivalent to

(ili”’) themap (x, f) — Ly f: GxS'(G) — S'(G) is continuous with|| L, f||s: = || f||s:
for all x in Gand f in S}(G).

Moreover, symmetry for S'(G) is equivalent to having S'(G) be closed under right
actions, R, f € S(G) for x in G and f in S}(G), where R, f(y) = f(yx~HAK™Y),
with the actions being continuous and isometric.

We will discuss two specific types of operator Segal algebras in the Fourier algebra
A(G). One is the Lebesgue-Fourier algebra, S'A(G), whose study was initiated in
[11] and which was shown to be an operator Segal algebra in [10]. The second is
Feichtinger’s algebra So(G), whose study in the non-commutaive case was taken up
in [29]. This study included an exposition of the operator space structure. Though
slightly different terminology was used in that article, it was proved there that So(G)
is an operator Segal algebra in A(G), in the sense defined above.

2 Approximate biflatness and pseudo-amenability

Throughout this section, A is a Banach algebra. Recall that if E, F are Banach spaces,
then the weak* operator topology (W*OT) on B(E, F*) is the locally convex topology
determined by the seminorms {p. s : e € E, f € F}, where p. ((T) = |(f, Te)|. On
bounded sets, the W*OT is exactly the w*-topology of B(E, F*) when identified with
(E®F)*, so closed balls of B(E, F*) are W*OT compact. When E and F are operator
spaces, CB(E, F*) is identified with (E@opF)* (6, Corollary 7.1.5]. On || - ||cp-bounded
subsets of CB(E, F*), the W*OT agrees with the weak* topology.

Suppose that X and Y are Banach A-bimodules. Following A.Yu. Pirkovskii [23],
anet (65)s of bounded linear maps from X into Y, satisfying

(2.1) 10s(a-x) —a-0;5(x)|| =0 and |[|@s(x-a)—0s5(x)-al| — 0

for all a in A, will be called an approximate A-bimodule morphism from X to Y. If Y
is a dual Banach space, and instead of norm convergence we have w*-convergence in
210, we call (65)5 a w*-approximate A-bimodule morphism.

The following proposition may be compared with [23, Corollary 3.2].

Proposition 2.1 The following statements are equivalent:

(i) Adis biflat;

(ii) there is a net 05: (ARA)* — A* (§ € A) of A-bimodule morphisms such that
(05)s is uniformly bounded in B((ARA)*, A*) and W*OT-limy 05 o * = ida~;

(iii) there is a w*-approximate A-bimodule morphism 0;: (ARA)* — A* (6 € A)
such that (0s)s is uniformly bounded in B((ARA)*, A*) and W*OT-lim; 65 o
™ = ldA* .

Proof The implications (i) = (ii) and (ii) = (iii) are trivial. Let (65)s be a w*-ap-

proximate morphism satisfying the properties of statement (iii). As bounded subsets

of B((ARA)*, A*) are relatively W*OT compact, (65)s has a W*OT limit point, 6;

we may assume that W*OT-lims §s = 6. Routine calculations show that 8 is an

A-bimodule map such that 8 o 7* = id4~. |
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Remark 2.2 When A is a quantized Banach algebra, one can similarly prove an
operator space version of Proposition 2.1t
A is operator biflat if and only if there is a net 05 : (AR,,A)* — A* (J € A)
of completely bounded A-bimodule morphisms such that sup; |05 < oo and
W*OT—lim(g 6‘5 om* = idA*.

By dropping the condition of uniform boundedness from statement (ii) of Propo-
sition2.1] we obtain our definition of (operator) approximate biflatness. Remark
gives examples of approximately biflat Banach algebras which are not biflat.

Definition 2.3 We call a (quantized) Banach algebra, A, (operator) approximately
biflat if there is a net ;: (ARA)* — A* (respectively, 6;: (A@apA)* — A*) (6 € A)
of (completely) bounded A-bimodule morphisms such that W*OT-lim; 65 o 7* =
idax.

Note that statement (iii) in the following theorem agrees with statement (iii) of
Proposition[2.]] except that we have dropped the condition of uniform boundedness.
Statement (ii) may be seen as an approximate biprojectivity condition.

Theorem 2.4 Consider the following conditions for a Banach algebra A:

(i) Ais pseudo-amenable;
(ii) there is an approximate A-bimodule morphism (3;) from A into AQA such that

|| o Bs(a) —al| — 0 (a € A);

(iii) there is a w*-approximate A-bimodule morphism 0s: (ARA)* — A* (6 € A)

such that W*OT-limg 05 o m* = id=;
(iv) A is approximately biflat.
Then (i) = (ii) = (iii) and if A has a central approximate identity, then (iii) = (i). If
A has an approximate identity, then (iv) = (i).
Proof Assuming that condition (i) holds, let (1) be an approximate diagonal for A.
Then it is easy to check that

ﬁg:A—>A®A:a»—>a-m5

satisfies the properties of condition (ii). The dual maps 8; = 3; satisfy the conditions
of statement (iii).

Suppose that 05 (ARA)* — A* (§ € A) satisfies the conditions of statement (iii)
and let (ex) e be a central approximate identity for A. Then for any a € A and
P € (ADA)*

liinlignw, a-6;5(en) —05(en) -a) = liinlign@m@éw -a) — 0s5(a- 1))
= lim li§n<6m O5(1p - a) — 05() - a+05(1)) - a— O5(a- )
(x) = liinli(ISH@A, 05 - a) — 05(p) - a) + (ex,a- 05(¢) — O5(a- 1))

= 1im(0 +0) =0,
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where we have used the centrality of (e)) at line (x). Also, fora € A and ¢ € A%,
limlim{¢, 7 (65 (e,)) - a) = limlim(ey, 65(7"(a - $)))
= lim(ey,a- ¢) = lim{era, ¢)
= (a,9).

Let E = A x AM be directed by the product ordering, and for each 3 = (), (6)/)) € E,
let mg = 65, (ex) € (ARA)**. Using the iterated limit theorem [20, p. 69], the above
calculations give for each a in A

(22) a-mg—mg-a— 0, w"in (ARA)** and 7**(mp)a — a, w* in A**.

As in the proof of [15, Proposition 2.3], we can use Goldstine’s theorem to obtain
(mg) in A®A, and we can replace weak* convergence in equation by weak con-
vergence. This implies, via Mazur’s theorem, that A is pseudo-amenable (again see
[15, Proposition 2.3]).

The proof that A is pseudo-amenable when A is approximately biflat and has an
approximate identity (e)) is the same as that given above except that we reverse the
order in which we calculate the iterated limits and use the fact that each 65 is now an
A-bimodule map:

li(ISnli/r\na 05 (en) — 05 (ey) -a= lignliineg(a cey—ey-a) = li(r;no =0

and

li(r;n li/r\n<q5, (05 (ey)) - a) = li(rsn li/I\n(ew, O5(7* ()))

= lim({a, 65(7"(9))) = (a, ¢).

This completes the proof. ]

One can similarly prove the analogous relationship between operator pseudo-
amenability and operator approximate biflatness. Our motivation in writing this
paper has been to obtain information about the approximate (co)homology of Segal
algebras, so we will not attempt to exhaustively determine the relationship between
approximate biflatness and other forms of amenability. Instead, we have chosen
to only examine approximate biflatness versus pseudo-amenability (Theorem 2.4)
and refer the reader to [15] for a detailed study of the relationship between pseudo-
amenability and several other amenability properties. We will, however, conclude
this section with an examination of some hereditary properties of (approximately)
biflat Banach algebras that are needed in the sequel.

Proposition 2.5 Let B be an (operator) Segal algebra in A, and suppose that B contains
a net (e\) e in its centre such that (ef\)xeA is an approximate identity for B. If A is
(operator) approximately biflat, then so is B.
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Proof We will prove the operator space version of the proposition; the other case is
similar. Let T, be the completely bounded map specified by

Ty: A@)OPA — BGAQOPB: a® b ae\ Q bey.

As ey, is central in B, T) is a B-bimodule map. Let 6;: (ARA)* — A* (6 € A)bea
net of completely bounded A-bimodule maps such that W*OT-lims 05 o 7y = idx-,
and consider the completely bounded B-bimodule map, p: A* — B*: ¢ — ¢| . Let
E = A x A% be directed by the product ordering, and for each 3 = (X, (6x/)x/) € E,
define 63: (B@opB)* — B* so that the following diagram commutes.

O,
(AQepA)" = A

Ty T P
9‘_3

(BRgpB)* — > B

Thatis, 03 = po6;, o Ty, a completely bounded B-bimodule map. Note that because
ey lies in the centre of B,

Tyomp(d) =m0 R\ (@) (A€ A, ¢ €B),

where Ry: A — B:a — aei. Let ¢ € B*, b € B. By the iterated limit theorem we

have
lim(b, 0, 0 75(9)) = limlim(b, (p o 65 o T5 o 5)(6)
= limlim(b, (65 o 73 o R})(¢))
= lim(b, RY(¢))
= lim({be}, )
= (b,9).
Hence, W*OT-limg 03 o mp- = idp-. [ |

Note that if (ey), is an approximate identity that is bounded in the multiplier
norm on B, then (€})) is also an approximate identity for B.

Definition 2.6 The (operator) biflatness constant of an (operator) biflat (quantized)
Banach algebra A is the number BF, = inf, ||| (respectively, BFy’ = inf, [|0]|s),
where the infimum is taken over all (completely) bounded A-bimodule maps

0: (ARA)* — A* (resp. 6: (A@OPA)* — A*))

such that § o m* = idy-.
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Proposition 2.7 Let A be a (quantized) Banach algebra containing a directed family
of closed ideals {A,: v € T'} such that for each v € T there is a (completely) bounded
homomorphic projection P, of A onto A,. Suppose that either:

(i) A has a central approximate identity (ey)y in U,A+; or
(ii) foreacha € A, ||Pya— a|| — 0.

(a) If each A, is (operator) approximately biflat, then so is A.

(b) If each A, is (operator) biflat with sup, BF, < oo (resp., sup., BFZI: < 00),
and (1) holds with (ey) bounded in the (completely bounded) multiplier norm
of A, or (ii) holds with sup,, ||P,|| < oo (resp., sup. ||Py[[cy < 00), then A is
(operator) biflat.

Proof We first prove (a). Given o = (F, ®,¢), where F C A, & C A* are finite, and
€ > 0, we will find an A-bimodule map 6, : (ARA)* — A* such that

(23) (a,(Baom)(@) — @) <€  (a€F ¢c ).
Assuming first that condition (i) holds, take e, = ¢, such that
(2.4) |laeo — al| < €/2M (aeF)

where M = sup{||¢||: ¢ € ®}. Choose vy € I such that ey € A,,. Consider the
maps

L AyBA, — ABA:a®b—a®b and Ty: A — A, :a— ae

and let y: A, ®A,, — A, be the multiplication map. As A, is approximately biflat,
there is an A, -bimodule map 6y : (A, ®A,,)* — A% such that

25 Toa (Boom)6], ) =6, N <e/2  (@€F oca).
Define 0, so that the following diagram commutes:

)
(A“/o ®A70 )* A:O

I T l Ty
0O

(ARA* — = A*

That is, let 6, = T 0 6y o 1. Fora € F and ¢ € ®, equations (2.4) and (2.3)) give

[{a, (0o 0 m3)(@) — @)| < [{Toa, (B0 (5 (m4())) — @)| + [(Toa — a, ¢)|
< [(Toa, (6o 0 75)(8] , ) = &|, )| + llaeo — all]| ]

< €.
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If condition (ii) holds, we instead choose 7o such that ||Py,a—al| < ¢/2M (a € F).
By replacing T in the above paragraph by P, , we again obtain equation (2.3)).

Because we only know that 6 is an A, -bimodule map, the argument showing
that 6, is an A-bimodule map requires some care. Note that

wla-9) =Pya)-15()  (a €A, P e (ADA)Y),

where on the left and right we respectively have A-module and A, -module actions.
Leta,b € A, ¢ € (A®A)* and assume first that 0, = T o 6y o ;. Then

(b,0a(a- ) = (Tob, Oo(tg(a- 1))
= (Tob, 0o(Py,(a) - 15(x))))
= (Tob, Py, (a) - Oo(15 (1))
= (To(b)Py,(a), 0o (14 (1))
= (To(ba), Oo(15(¥)))
= (ba, T (0(15(1))))
= (b,a-0.(¢)),

where we have used the fact that TobP, a = P, ((Tob)a) = beya = baey = To(ba).
As well, P, bP, a = P, (ba), so the same argument works when 6, = P} o 6 o (5.
A symmetric argument shows that 6, is also a right A-module map. The operator
biflatness version of part (a) is proved in exactly the same way.

Under the hypotheses of the non-bracketed part of statement (b), the maps 6, can
be chosen to be uniformly bounded in B((ARA)*, A*), so biflatness follows from
Proposition 2.1} If A is a quantized Banach algebra, then the bracketed hypotheses
of statement (b) yield completely bounded maps 6, in C‘?B((A@)OPA)*,A*) such that
sup,, |0alles < 00. Operator biflatness of A follows from Remark[22] [ |

If{V; : i € I} isa family of operator spaces, we let @7, V; (1 < p < 00) have the
operator space structure it attains as the predual of the direct product of dual spaces
in the case p = 1, and through interpolation in the case p > 1. See [24].

Proposition 2.8 Let {A; :i € I} be a family of (quantized) Banach algebras.

(i)  If each A; is (operator) approximately biflat, then for 1 < p < oo, PP
(operator) approximately biflat.

(ii) If Ay, A, are operator approximately biflat quantized Banach algebras and A =
Ay @ A; has an operator space structure such that the projection maps A — A; are
completely bounded, then A is also operator approximately biflat.

(iii) If each A; is (operator) biflat and sup, BFs, < oo (respectively sup, BF, p < 00),
then @161A is (operator) biflat.

Proof We first prove (ii). Let & = (F, ®,¢€), wheree > 0,and F C A, ® C A* are
finite. Let 6;: (A;®,pA;)* — A} be a completely bounded A;-bimodule map such
that

IEIAi 15

|<ai79i Oﬂ-z,ﬂ(d)i) - ¢1>| < 6/2' (1 = 1723 a= (a1;a2) S Fa ¢ S q))v

https://doi.org/10.4153/CJM-2010-044-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-044-4

Biflatness and Pseudo-Amenability of Segal Algebras 855

where ¢; = ¢| 4~ LetEir Aj — Aand p;: A — A, be the embedding and projection

maps and let 9~, = pf oo (E ®E)* (i = 1,2). Thus, we have the following
commuting diagram:

6;
(ARpA)* — = A*

(Ei®E;)* l P!
0;
(A'®opAi)* AT

Standard arguments show that 0= évl +§2 : (A@UPA)* — A* is a completely bounded
A-bimodule map such that

(a,00mi(¢)— )| <e (acF ¢cd)

This proves (ii). Obviously, the (non-quantized) Banach algebra version of (ii) holds
for arbitrary direct sums A; ® A,. Suppose further that A = A; ®! A, is the (operator
space) £!-direct sum of A; and A,. If each A; is (operator) biflat and 6; o 3 = ida-,
then observe that § o s = ida~ and 16]] < max{||61]], |62} (respectively, ||6]|c <
max{ 101, 62 }).

Suppose now that for each i € I, A; is (operator) approximately biflat. Let

= {v : v C I isfinite} be ordered by inclusion. By induction, the first case
shows that A, = @F ¢ Ai 1s (operator) approximately biflat. Viewing A, as an ideal
inA = EB: crAi, the natural homomorphic projection maps P, of A onto A, are
(completely) contractive and satisfy ||Pya — a|| — 0 (a € A). By Proposmon[ﬂl Alis
(operator) approximately biflat. This is statement (i).

Finally, suppose that each A; is operator biflat with sup;; BF < 00. As noted
above, y = EBI -Ai is operator biflat with BFOf < max;e, BFY A so the biflatness of
EB; <1 A; follows from Proposition2.71 This proves the operator space version of (iii).
The other case is similar. [ ]

3 Approximate Biflatness and Pseudo-Amenability of S'(G)

Throughout this section, S!(G) will denote an arbitrary Segal algebra in L!(G), where
G is a locally compact group. Observe that because S!(G) embeds contractively onto
a dense subspace of L' (G), L°°(G) in turn embeds contractively into S!(G)* via

() = [ F000 &5 (€560 € 1¥(6)),
Theorem 3.1 If S'(G) is pseudo-amenable, then G is amenable.

Proof Let (m,),er C S'(G)®S'(G) be an approximate diagonal for S'(G). Let
t: SY(G) — LY(G) be the embedding map, let 1 be the augmentation character
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of L'(G), and put
T=1816: S(G)BS(G) — LY(G): f@ g — (/Gg(s)ds) f.
By checking with elementary tensors, one can see that T satisfies
Tk-m)=kxTm and T(m- k)= (/Gk(s)ds) Tm

where k € §'(G), m € §'(G)®S'(G). Hence, for any k € S'(G) with Jok(s)ds = 1,
we have

3.1) [k Tmy — Tmy || = [ T(k - my — my - K)|[0q)
) < ||k-my—m, k|| — 0.

Fix h € §'(G) with [h = 1, and for each , let f, = h * Tm,,. For each x € G we
then obtain

10x * £, — filleve) < [[(0x % h) % Tmy — Tm, ||

+[|Tmy — h* Tmy |G — 0.
When m = f ® g, note that
(lg,m(m)) = (g, f = g) = (lg, f)(l6,8) = (1c: (16, 8) f) = (1, Tm),
and so
1= (lg,h) = li{’rl(lg, hx m(my))
= 1i£n<1c,h><1c77f(m~,)> = li§n<1c, Tms)

=lim(lg, h * Tm,) = lim(1g, f,).
v B!

As || ]l > |(1g, fy)|, we may therefore assume that || f; ||y > 1/2 (v € ).

Defining
1

& =T
T Al

we obtain a net of positive norm-one functions in L' (G) which by (B.1)) satisfies

1Al (vel),

0x * & — gyl < 200x % [ f] = 1 £l < 2016x % £, = Al — 0

for x € G. This implies that G is amenable [22]—any w*-limit point of (g,), in
L*>(G)* is a left-invariant mean on L*>°(G). |
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Corollary 3.2 Let G be a [SIN]-group. Then the following statements are equivalent:

(1) Gisamenable
(ii) SY(G) is approximately biflat;
(iii) S'(G) is pseudo-amenable.

Proof If statement (i) holds, then L'(G) is amenable and therefore biflat [4, Theo-
rem 2.9.65], and S'(G) has a central approximate identity (e, ), which is bounded in
LY(G) [21]. Hence, (eﬁ)A is also an approximate identity for S!'(G), so (ii) is a conse-
quence of Proposition 2.5l That (ii) implies (iii) and (iii) implies (i) are special cases
of Theorems[2.4land Bl respectively. [ |

Proposition 4.4 of [15] states that the converse to Theorem 3.1 holds when S!(G)
has an approximate identity which “approximately commutes with orbits”. When G
is a [SIN]-group, S'(G) always has such an approximate identity so, (i) = (iii) of
Corollary[3.2]is also a consequence [15, Proposition 4.4].

We do not know whether, in general, the amenability of G implies either approx-
imate biflatness or pseudo-amenability of S'(G) (see also [15, Question 3, p. 123]).
However, as we show below, it is possible to construct a well-behaved approximate
diagonal for S'(G) in L'(G)®S'(G) when G is amenable.

We say that S'(G) has an approximate diagonal in LY(G)RS'(G) if there is a net
{m,},er in LY(G)®S'(G) such that, for every f € S'(G),

f-my—m, - f—0asy — o0

and 7(m,) is an approximate identity for S'(G). If, in addition, the associated left
and right multiplication operators L,: f — f - m, and R,: f — m, - f from §'(G)
into L'(G)®S"'(G) are uniformly bounded, then we say that S'(G) has a multiplier-
bounded approximate diagonal in L! (G)RSY(G). Finally, in either of the above cases,
we say that the (multiplier-bounded) approximate diagonal is central if f-m., = m,-f
forally € T'and f € S'(G).

Theorem 3.3 Let G be a locally compact group, and let S'(G) be a symmetric Segal
algebra. Then the following statements are equivalent:

(i) Gisamenable;

(i) SY(G) is a flat L' (G)-bimodule;

(iii) S'(G) has an approximate diagonal in L' (G)RS'(G);

(iv) S'(G) has a multiplier-bounded approximate diagonal in L'(G)&S"(G).

Proof (i) = (ii) Since G is amenable, L' (G) is amenable. Also §!(G) is an essential
Banach L!(G)-bimodule. Hence if 7, is the convolution multiplication map from
LY(G)®S'(G) onto S'(G), then the short exact sequence of L!(G)-bimodules

*
T

01— SG)* 5 (LNG)BSH(G) - (kerm)* — 0,
is admissible, and therefore splits, [3, Theorem 2.5].

(i) = (iv) Let 0: (LY(G)RS(G))* — S'(G)* be a continuous L!(G)-bimodule
morphism such that § o 7* = idgi ()~ Let {e, } be an approximate identity for $'(G)
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with L'-norm equal to 1. Set n, = 0*(¢2) € (L'(G)®S'(G))**. Then, for every
f € SY(G) and every a,

1 - nall = 107(F = el < 1O111f * edllsiar < 1O11fllsic-
Similar to the above, we have ||n, - f]| < |10]/]| fllsi () Also

7-‘->'0k(7/la) = (77** o 9*)(6i) = 63“
which is an approximate identity for S'(G). Finally, for f € SY(G) and ¢ €
(LYG)®S'(G))*, we have

<f'”a_”a'f790>:<9*(ei)a‘p'f_f'@>
=(0(p)- f—f-0(p), €)
= (0(p), f x e, — e, * f).

Hence || f - 1o — 1o - || < ||0)|]|f * €& — €% * fl|s1()- Therefore f - ny —ny - f — 0
as a — oo. The final result follows from a similar argument to the one made in
[15, Proposition 2.3]. (iv) = (iii) is obvious and (iii) = (i) follows the argument
found in the proof of Theorem[3.11 ]

The following is [12, Theorem 3.1]. Here we present an alternative proof using
the multiplier-bounded approximate diagonals.

Theorem 3.4 Let G be a locally compact amenable group, let S'(G) be a symmet-
ric Segal algebra, and let X be a Banach L'(G)-bimodule. Then for every continuous
derivation D: S'(G) — X*, there is a continuous double centralizer (S, T) such that
D=S-T.

Proof Suppose that D: S'(G) — X* is a continuous derivation. By applying
the argument presented in the first two paragraphs of the proof of [12, Theorem
3.1(ii)], we can assume that X is an essential L!(G)-bimodule. By the proof of The-
orem [3.3(iv), we can choose a multiplier-bounded approximate diagonal {m, } for
SY(G) in LY(G)®S'(G) such that 7 (m,) is bounded in L'-norm.

Letmy, = Y oo [ @ g" and define x} = >°°, f* - D(g"). Then, for f € S'(G),

(3.2) foxy— x5 f —m(ma) - D(f) = 0.
On the other hand, the operators S,: f — f-x*and T,: f — x - f from S'(G) into
X* are uniformly bounded. Let S be a cluster point of {S,}, and let T be a cluster
point of {T,,} in the weak*-operator topology. Then (S, T) is a double centralizer
and for every f € S$'(G) and ¢ € X,

(& S(f) = T(f) = D) = lm(E, Sa(f) = Ta(f) = w(ma) - D(f)) = 0,

where we have used equation (3.2)) and the fact that X is essential. [ |
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It is shown in [15, Theorem 4.5] that S'(G) is pseudo-contractible if G is com-
pact. In the following theorem, we prove the converse of that result and present
other equivalent conditions on pseudo-contractiblity of S'(G) (see also [15, Proposi-
tion 3.8]).

Theorem 3.5 Let G be a locally compact group, and let S'(G) be a Segal algebra. Then
the following statements are equivalent:

(i) Gis compact;

(ii) S'(G) has a central approximate diagonal in L'(G)®S'(G);

(iii) SY(G) is pseudo-contractible.

If, in addition, S'(G) is symmetric, then the above statements are equivalent to either of
the following statements:

(iv) SY(G) is a projective L'(G)-bimodule;

(v)  SY(G) has a central, multiplier-bounded, approximate diagonal in L'(G)®S"(G).

Proof (i) = (iii) This is [15, Theorem 4.5].

(iii) = (ii) We note that from [33], S}(G) is (boundedly) approximately comple-
mented in L' (G). Hence the map (®idsi(g): S'(G)®@S'(G) — L'(G)&S'(G) is injec-
tive [32]. Therefore ¢ ® idg: () maps a central approximate diagonal in SHG)RSH(G)
into a central approximate diagonal in L'(G)®S'(G).

(ii) = (i) If S'(G) has a central approximate diagonal in L'(G)®S'(G), then a
similar argument to the proof of Theorem Bl gives a non-zero function f € L(G)
such that d, * f = f (x € G). This implies that f is equal to a non-zero constant
almost everywhere, and it follows that G is compact.

(i) <= (iv) If G is compact, then L' (G)®L'(G?) = L'(G x G°?) is biprojective
[16, IV, Theorem 5.13]. Hence S'(G) is a projective L!(G)-bimodule since it can be
regarded as a Banach left L' (G)®L! (G°?)-module [16, IV, Theorem 5.3].

Conversely, suppose that S'(G) is a projective L'(G)-bimodule. Hence there is a
continuous L' (G)-bimodule morphism p: §'(G) — L'(G)®S'(G) such that rop =
idgi(G). Let 1 be the augmentation character of L!(G), and put

T =19 16: {G)BS'(G) — L'(G): f@grs (/g(s)ds) f.
G

Now define the operator p;: S'(G) — L'(G) by p; = T o p. It is easy to check
that p; is a continuous L'(G)-bimodule morphism. Moreover, for f € S'(G) and
g € Iy = ker 15N S'(G), we have

pi(f*g)=p(f) g=pi(f)lcg) =0.
Hence p; = 0 on I since S'(G)I, is dense in I,. Therefore, p, induces a left
L'(G)-module morphism p: S'(G)/Iy — L'(G). However, S'(G)/I is isomorphic
with C as a Banach L!(G)-module for the product defined by

fA=Xf=1a(HA (feL(G), €.
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Moreover, with the above identification, 15 o p = id¢. Thus C is a projective left
L'(G)-bimodule. This implies that G is compact (see, for example, [4, Theorem
3.3.32(ii)].

(i) <= (v) If G is compact, then S'(G) has a central approximate identity {e, }
which has L'-norm equal to 1. On the other hand, from (iv), there is a continuous
$'(G)-bimodule morphism #: §'(G) — L'(G)®S'(G) which is the right inverse to
the convolution multiplication 7, : L'(G)®S'(G) — S'(G). Thus if we put m, =
(e, ), then it is straightforward to show that {m, } is a central, multiplier-bounded,
approximate diagonal in L' (G)®S'(G) for S'(G). The converse follows easily because
(v) implies (iii). [ |

It is shown in [12] that if G is an amenable group or a SIN group, then every
continuous derivation from a symmetric Segal algebra S!(G) into S'(G)* is approx-
imately inner, i.e., S'(G) is approximately weakly amenable. In an attempt to an-
swer whether or not in general S'(G) is approximately weakly amenable, we have
come up with the result of the following theorem. Here 7 is the product map from
S(G)®S(G) into S(G).

Theorem 3.6 Let G be a locally compact group, and let S'(G) be a symmetric Se-
gal algebra. Then for every continuous derivation D: S'(G) — SYG)*, n* o D is
w*-approximately inner.

Proof Let D: S'(G) — S'(G)* be a continuous derivation. Define the operator
D: I}G) — (SH(G)®SH(G))* by

(D(f),g®@h) = (D(f*g) — fD(g),h) (f € L'(G),g,h € S'(G)).

Since D is a derivation, it is straightforward to verify that D is a continuous derivation.
Let {e, }acs be an approximate identity in S'(G) having L'-norm equal to 1. Define
the operator A, : (S1(G)®S'(G))* — L>®°(G x G) by

Au(T)(f @8 =T(f % ea @ eq xg),

for every T € (S'(G)®S'(G))* and f,g € L'(G). Clearly each A, is a continuous
L'(G)-bimodule morphism. Hence A, 0D is a continuous derivation from L!(G) into
L>®(Gx G), and so, it is inner ([4, Theorem 5.6.41], in the case where E = L' (Gx G)).
This means that there is ¢, € L*°(G x G) such that A, o D = ad,, (o € I). Let
t: SY(G) — LY(G) be the inclusion map and put 1, = (t ® 1)*(¢4). Then

(3.3) (t®u)* oA oD =ady, (a€l).

However, since ||e, ||, = 1, it follows that for every T € (S'(G)®S'(G))* and g, h €
SH(G)

[{((t®@ )" 0o Ao (T),g @ h)| = [(Aa(T) , g@ h)| = (T, g * eq ® eq * h)|

< ITllg * eallsicllea * Blisic) < [ Tllgllslhlls -
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Thus [[(t ® ¢)* o Ay|] < 1, and so, ||(t ® ¢)* o A, o D|| < 2||D||. Hence there is
A € B(LY(G), (S'(G) @ S'(G))*) such that (t&¢)* o A, 0 D — A in the W*OT of
B(L'(G), (S"(G)®S'(G))*). Now take f,g,h € S'(G). Then

(A(f),g@h) =lim((L® )" 0 Aa o D(f),g @ h)
= ll(l;n<[)(f);g * €y & €y * h>

= (D(f),.g®h) = (D(f) , g *h)
= (m" o D(f),g@h).

Hence A ot = 7* o D. Therefore, from (3.3), it follows that 7* o D = W*OT —
lim, ady, . u

4 Approximate Biflatness and Pseudo-Amenability of S'A(G)

In the preceding section we saw that the pseudo-amenablity of a Segal algebra S'(G)
in L'(G), implies that G, and hence L!(G), is amenable. In this section we prove that
(operator) approximate biflatness, and therefore pseudo-amenability, of the (oper-
ator) Segal algebra S'A(G) is much weaker than the (operator) amenability of A(G)
(Theorems and[£.7). On the other hand, the next theorem shows that the dual
version of Theorem[3,5lis true.

If F(G) is any collection of continuous functions on G, we let F.(G) denote the set
of compactly supported functions in F(G).

Lemma 4.1 Let SA(G) be a Segal algebra in A(G).
(1)  If SA(G) has an approximate identity, then SA.(G) is dense in SA(G).
(i) If G is discrete, then 0q the indicator function at g € G belongs to SA(G).

Proof Letu € SA(G), € > 0. Take e € SA(G) such that ||ue — u||sa < €/2. Choosing
eo € A(G) such that |le — eg||a < €/(2||u4]|sa), we have uey € SA(G) and

lueo — ullsa < |lueo — uel[sa + [|ue — ullsa < ||ullsalleo —ella +€/2 <.

This proves (i). If G is discrete, then for ¢ € G, §, € A(G), and we can choose
u € SA(G) such that |[u — d4|[a < 1/2. Then |u(g) — 1| < 1/2, so u(g) # 0. Now
0, = ﬁg)uég € SA(G), proving statement (ii). [ |

Theorem 4.2 Let SA(G) be an (operator) Segal algebra of A(G). Then the following
statements are equivalent:

(i)  SA(G) has an approximate identity and G is discrete;
(ii) SA(G) has an approximate identity and is (operator) approximately biprojective;
(iii) SA(G) is (operator) pseudo-contractible.

Proof We prove the operator space version of the theorem. Suppose that G is discrete
and that SA(G) has an approximate identity (e))rea. By LemmaldI] we may assume
that each ey has compact support E), and we can define m, € SA(G)®,,SA(G) by

my= > ex)(:®d) (A€A).

x€E)
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Itis clear thata- my = m, -a (a € SA(G)) and w(m,) = ey (A € A), an approximate
identity. Hence, SA(G) is operator pseudo-contractible.

Assuming that SA(G) is operator pseudo-contractible, let (1,), be an operator
approximate diagonal for SA(G) such thata - m, = m, - a (a € SA(G)). Let T =
idsa) ®A(e): SA(G)@OPSA(G) — SA(G), where A(e) is the (completely) bounded
functional on SA(G) defined by A(e)u = u(e). By checking with elementary tensors
m = u ® v, one sees that T(a - m) = aTm, T(m - a) = a(e)Tm (a € SA(G)), and
Tm(e) = w(m)(e). Hence, we can choose ¢ = Tm,, such that

¥ =1a (a€ SA(G), ale) =1) and Y(e) #0.

The remainder of the proof is similar to the proof of [25, Proposition 5]. Letg € G
and choose v € A(G) such that v(g) = 0, v(e) = 1, and take a € SA(G) such
that a(e) = 1. Then av € SA(G) satisfies av(e) = 1, s0 0 = avip(g) = ¥(g).
Hence, §, = ﬁl/)) which is a continuous function on G. Hence, G is discrete. The
equivalence of statements (ii) and (iii) is a special case of (the operator space version
of) [15, Proposition 3.8]. [ |

Lemma 4.3 LetF: S'A(H) — S'A(G) be a linear map with a completely bounded ex-
tension FA: A(H) — A(G) and (completely) bounded extension F*: L'(H) — L'(G).
Then F is itself completely bounded.

Proof By definition, S!A(G) inherits its operator space structure via the embedding
SYU(G) — A(G) ®; LY(G): u — (u,u)
(10, p. 4]. As F* and F! are completely bounded, so is
F* @ F': A(H) @, L'(H) — A(G) &, L'(G)

with ||[FA & Ft|| o < ||[F||op + ||F*||cp- Hence F = (FA @ FL)’S%(H) is also completely
bounded. ]

The “completely bounded” part of the next lemma will not be needed but may be
of independent interest.

Lemma 4.4 If A(G) has an approximate identity which is bounded in the (completely
bounded) multiplier norm, then so does S'A(G).

Proof Let (e))\ca be an approximate identity for A(G) with bound R in the multi-
plier norm of A(G); we may further suppose that (ey) is contained in S'A(G). Given
x € G, choose v € A(G) such that ||v|]la) = 1 and v(x) = 1. Then for any A,
lex(@)| < [leavlloo < [leavlla) < Rl[vllae) = R. Hence,

(4.1) llellce <R (A €A,

and therefore, for any v € S'A(G),

lexvlisa = llexvllac) + llexvll < Rlvlja) + Rl[vll = R[v]|su-
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Thus, (ey) is also bounded in the multiplier norm of S!A(G). As (ey) is an approxi-
mate identity for A(G), ey — 1 in the topology of uniform convergence on compact
subsets of G. This, together with equation (d.1]), yields

llexv —v||pr — 0 (v € S'A(G)).

Consequently, (ey) is an approximate identity for S'A(G).

Suppose now that (ey) is bounded, again by R, in the completely bounded mul-
tiplier norm in A(G). Again, we can suppose without loss of generality that (ey) is
contained in S'A(G). From equation we know that the maps

LYG) — LY (G): ar era

are bounded by R. It follows from Lemmal[4.3]that (e ) is bounded in the completely
bounded multiplier norm taken with respect to S'A(G). ]

If u is a function defined on a subgroup H of G, we let

4 (x) = {u(x) ifxe H

0 otherwise.

Theorem 4.5 Let G be a locally compact group such that S'A(G) has an approximate
identity. If H is an open subgroup of G, and S'A(H) is (operator) approximately biflat,
then so is S'A(G).

Proof Let C be a transversal for left cosets of H in G, and assume that e € C. Order
the collection I' of finite subsets of C by inclusion, and for each v € I, let E, =
UxeyxH. Let S'A, = {u € S'A(G) : u = ulg }, S'Ax = S'Agy.

Assuming that Haar measure on H is the restriction to H of the Haar measure
on G, the map u +— u° defines a (completely) isometric isomorphism of A(H) onto
A, = {v € A(G) : v = vly} [31, Proposition 4.2] and of L'(H) into L}(G). On
A(H), the inverse of this map is the restriction of r: A(G) — A(H): u — u|g to A,,
which by [31, Proposition 4.3] is a complete contraction. It follows that u +— u° is
an isometric isomorphism of S!A(H) onto S'A, which, by Lemmal[£3] is a complete
isomorphism. Similarly, for each x € G left translation by x~! is a complete isomor-
phism of S'A, onto S'A, [8, Lemma 4.4]. Hence, the (operator) approximate biflat-
ness of S'A(H) implies that of S'A,. Lemma[.3]also implies that the projection maps
S'A(G) — S'A, : u — ul,y are completely bounded, so S'A, = D.c, S'A, (v €T)
is (operator) approximately biflat by Proposition 2.8(b). Let (e))) be an approxi-
mate identity for S'A(G). As noted on [10, p. 10], A.(G) is dense in S'A(G), so we
may assume that each e, has compact support so that (e)), C U,S'A,. If we de-
fine projections P, of S'A(G) onto S'A, by P,u = ulg,, the (operator) approximate
biflatness of S'A(G) follows from Proposition 2.7 [ |

Theorem 4.6 Let G be a locally compact group such that S'A(G) has an approximate
identity. If G contains an abelian open subgroup, then S'A(G) is approximately biflat
and therefore pseudo-amenable.
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Proof Let H be an open abelian subgroup of G. Then A(H) is amenable and there-
fore biflat by [4, Theorem 2.9.65]. By Lemma£.4] S'A(H) has an approximate iden-
tity (ex), which is bounded in the multiplier norm of S'A(H); hence, (ef\) ) is also
an approximate identity for S'A(H). By first applying Proposition then Theo-
rem [4.5] we can conclude that S'A(G) is approximately biflat. Pseudo-amenability of
S'A(G) follows from Theorem 2.4 [ ]

Theorem 4.7 Let G be a locally compact group such that S'A(G) has an approxi-
mate identity, and suppose that G contains an open subgroup H such that A(H) has
an approximate identity which is multiplier-norm bounded. If Ay has a bounded ap-
proximate indicator, then S'A(G) is operator approximately biflat and operator pseudo-
amenable.

Proof By [1, Proposition 2.3], A(H) is operator biflat. As with the proof of Theo-
rem Lemma [£4] Proposition 2.5} and Theorem [4.5] yield the operator approxi-
mate biflatness of S'A(G). [ ]

It is shown in [1] that Ay has a bounded approximate indicator whenever H
can be continuously embedded in a [QSIN]-group. Every amenable group and ev-
ery [SIN]-group is a [QSIN]-group. When G,, the principle component of G, is
amenable, the proof of [14, Proposition 5.2] shows that G contains an amenable open
subgroup. Hence we have the following corollary to Theorem 4.7

Corollary 4.8 Let G be a locally compact group such that S'A(G) has an approximate
identity. If G, is amenable, then S'A(G) is operator approximately biflat and operator
pseudo-amenable.

Remark 4.9 The same arguments show that under the hypotheses of Theorems[4.6]
and[.7} A(G) is, respectively, approximately biflat and operator approximately biflat.
By choosing G to be any amenable group which contains an open abelian subgroup
but which is not a finite extension of an abelian group (such as the integer Heisenberg
group), A(G) provides an example of a Banach algebra which is approximately biflat,
but not biflat. Indeed, in this case A(G) has a bounded approximate identity, so if
A(G) were biflat, it would be amenable (see [4, Theorem 2.9.65]) in contradiction to
the main result of [9].

5 Feichtinger’s Segal algebra

Let us recall the definition of So(G). Let K be a compact subset of G with nonempty
interior and Ag(G) = {u € A(G): suppu C K}. We let

ax: (G)RopAk(G) — A(G)  qx (8, ® v) = s%v,

where sw(t) = v(s~'t) and @,,p denotes the operator projective tensor norm, which in
this case is the same as the projective tensor norm ®. Then we set So(G) = ran gk and
assign So(G) the operator space structure (hence Banach space structure) it inherits as
a quotient of ¢! (G)®Ak (G). We recall that this operator space structure is completely
isomorphically, though not completely isometrically, independent of the choice of
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the set K. We do not know a tractable formula for the norm of a matrix [v;;] in
M, (So(G)). However, if we consider a dual formulation, and consider matrices with
a “trace-class” norm, T,(So(G)) = T,®S,(G), we obtain for any n X n matrix [v;;]
with entries in So(G)

[ [vi;]

5] J 0 (k) h h

i k [vij] = > [sexv;: |, where eac

Ty(ranqx) = lnf{ZH [Vl(])]’ LM k=1 ] '
k=1

LW s € Gand [vY] € T, (Ak(G))

We recall that, for any operator space V, a linear map S: V — 7V is completely
bounded if and only if the sequence of maps

Tu(8): Tu(V) = Tu(V),  Tu(S)[vij] = [Svij)

are uniformly bounded, and we have ||S||, = sup,,cy || T4(S)]]-
We let the multiplier algebra of Sy(G) be given by

MSy(G) = {u: G — C: uSy(G) C So(G)}.

The usual closed graph theorem argument tells us that for each u in MSy(G), the
operator v +— uv is bounded. We further define the completely bounded multiplier
algebra of Sy(G) by

MySo(G) = {u € MSy(G): v— uv: So(G) — So(G) is c.b}.

We thus obtain the following modest description of the multipliers and the com-
pletely bounded multipliers.

Proposition 5.1 Letu: G— C.

(1)  u € MSy(G) if and only if for any compact subset K of G with nonempy interior
we have uAg(G) C Ax(G) and

||| Mrange = sup{|lus*v|a:s € G,v e Ax(G),|v[|a < 1} < o0.

(i1) u € MySo(G) if and only if for any compact subset K of G with nonempy interior
we have uAg(G) C Ax(G) and

[Jul

se G, [vjl € Tn(AK(G))} <

Mg rangg = SUp {”[us*vij”Tn(A) : H[Vij] o <1

We note that by regularity of A(G), the condition uAx(G) C Ax(G), for any K as
above, is equivalent to saying that u is locally an element of A(G).

Proof We will show only (ii), the proof of (i) being similar.

If u € MypSo(G), let my,: So(G) — So(G) be given by m,v = uv. Note that for
any s in G, compact K C G with nonempty interior and [v;;] in T, (Ax(G)), we have
[s*vij] € Tu(So(G)) with

[+ vii )l 1, can ) = 1[5 vij]l7,a)-
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Since Ax(G) C So(G), it is clear that uAx(G) C Ax(G). Moreover, since So(G) is
closed under translations, it follows that u(sx Ax(G)) C sxAx(G) too. Hence, for
s, [vijl, as above with [|[v;;]||r,a) < 1, we have

([[ws%vi1|[ 1,40 = ([ 5%vij]]|7,0a)

= || T\(m,)|| < Hmu”(ﬁﬁ(ranqx)‘

Conversely, if the latter conditions hold, we let [v;;] € T,(S(G)), € > 0, and find
elements s; in G and matrices [vxf)] in T,,(Ax(G)) such that

[vij] = Y [sexvi?Tand 3 ||[vf?]
k= k=1

1,4 < [[vij]lI 7, (can o) + €-

—

Then we have

H Tn(mu)[vij] ||T,,(ranq1<) = ” [uVij] ||T,,(ranq;<)

18

<

T2t iR |7, a)

»
Il
—

118

<

[[14]] 5 ran gk *VE?) Iz,

T
)

< [Ju

M, ran gx ( || [Vij] T,(ran qk) + 5) .

Hence for each n, || T, (m,) || < ||u|

My range < 00, and thus u € MyS(G). [ |

We let MA(G) and MA(G) denote the algebras of multipliers and completely
bounded multipliers of A(G). The following is immediate from the proposition
above.

Corollary 5.2 (i) MA(G) C MSy(G) with ||u||mrange < |[t|lma for any u €
MA(G) and K as above.

(il) MpA(G) C MpSo(G) with ||| v, range < ||1]|mya for any u € My A(G) and K
as above. In particular, So(G) is a completely contractive B(G)-module.

Proof The only thing which does not follow directly from the proposition above is
that So(G) is a completely contractive B(G)-module. This can be seen by a straight-
forward modification of the proof of the fact that Sy(G) is a completely contractive
A(G)-module in [29]. [ ]

We are now ready to state the main result of this section.

Theorem 5.3 Let G be a locally compact group, and let H be an open subgroup of
G such that H is weakly amenable and Ay has a bounded approximate indicator in
B(H x H). Then Sy(G) is operator biflat. In particular, So(G) is operator pseudo-
amenable.
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Proof We first prove that Sy(H) is operator biflat. Let {f,}oc; be a bounded ap-
proximate indicator for Ay. For each o € I, define the operator p,: So(H x H) —
So(H x H) by po(u) = uf, (a € I). By the preceding corollary, each p, is a com-
pletely bounded B(H x H)-bimodule morphism. Moreover, ||pa|lev < || fallBaxm) <
M, where M = sup{|| follpxm | @ € I}. Let p: So(H x H) — So(H x H)** be
a cluster-point of p, in the W*OT of CB(So(H x H),So(H x H)**). Clearly p is a
B(H x H)-bimodule morphism. Let

I(Ag) ={u € So(Hx H) |u=00nAy};
and
I(Ag) = {u € So(H x H) | u has a compact support disjoint from Ag}.

It is easy to see that, for each u € Iy(Ap), uf, — 0as a — oco. On the other hand,
from Proposition[5.dland [29, Theorem 3.1], So(H x H) has an approximate identity
bounded in its completely bounded multiplier norm. Hence, from the fact that Ay
is a set of synthesis for A(H x H) [30, Theorem 3], it follows that Iy(Ap) is dense in
I(Apg). Thus, for u € I(Ag) and € > 0, there is u. € Iy(Ap) such that ||u — u || < e.
Hence,

llufoll < 11 — ) full + llue fo
< [l = ue[[M A+ [[uc fal
< M+ uc fo|
— €M,

as a — 00. Thus uf, — 0 as o — oco. This implies that p = 0 on I(Ag). Hence

So(H x H)
I(Ap)

is well defined. Using the identification So(H X H)/I(Ag) = So(H) (see [29, Theo-
rem 3.3]), we can assume that p is defined on Sy(H). It is clear that p is a continuous
B(H)-bimodule morphism, and so, it is a So(H)-bimodule morphism. Moreover, if
m: So(H X H) — So(H) is the multiplication map, then 7** o p is the canonical
embedding of So(H) into So(H)**. Hence So(H) is operator biflat.

Now by [29, Corollary 2.6], there is a natural, completely-bounded, algebra ho-
momorphism from Sy(G) onto LY(T)®Sy(H), where T is a transversal for left cosets
of H and ¢!(T) has pointwise multiplication. Hence, by Proposition 2.8(iii), So(G) is
operator biflat. Moreover, from Proposition B} So(H) has an approximate identity
bounded in its completely bounded multiplier norm. Since the same is true for £!(T),
it follows that Sy(G) has an approximate identity bounded in its completely bounded
multiplier norm. Hence, from Theorem[.4] Sy(G) is operator pseudo-amenable. W

— So(H x H)**

It is shown in [1] that A(G) is operator biflat whenever G is either an amenable
or a [SIN]-group. Since every [IN]-group contains an open amenable subgroup,
Theorem[5.3]shows that Sy(G) is operator biflat whenever G is either an amenable or
an [IN]-group.
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