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Abstract

Let R,S be a partition of 2 ,3 , . . . so that rational powers fall in the same class. Let (An)
be any real sequence; we show that there exists a set N, of dimension 1, so that (x + Xn)
(n = 1,2,...) are normal to every base from R and to no base from S, for every i 6 N.

1980 Mathematics subject classification (Amer. Math. Soc): 11 K 16, 11 K 55.

Keywords and phrases: normal numbers, Hausdorff dimension, sum sets.

Introduction

We call two natural numbers r, s equivalent, r ~ s, when each is a rational power
of the other. Schmidt [4] showed that given any partition of the numbers 2 , 3 , . . .
into two disjoint classes R, S, so that equivalent numbers fall in the same class,
then there is an uncountable set, JV, of numbers which are normal to every base
from R and to no base from S. In [3] we showed that the set of numbers with
this property has Hausdorff dimension 1.

Pearce and Keane [2] gave a new proof of Schmidt's result. Given r,s,r^ s,
there are uncountably many numbers which are normal to base r but not even
simply normal to base s. Brown, Moran and Pearce [1], have recently shown,
using the theory of Riesz product measures, that every real number can be
expressed as the sum of four numbers none of which is normal to base s but all
of which are normal to every base r + s.
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In this paper we return to the method used by Schmidt [4] and the author [3]
and prove

THEOREM 1. Given any partition of the numbers 2 , 3 , . . . into two disjoint
classes R, S so that equivalent numbers fall into the same class, and any real
sequence {Xi)isN, then the set of numbers £ for which Aj + £ (i = 1,2,...) is
normal to every base from R and to no base from S has Hausdorff dimension 1.

This extends the results of [3] to simultaneous translates. It follows immedi-
ately from Theorem 1 that every real number can be expressed as a sum of two
numbers from N.

Preliminaries

The proof of this result proceeds along the same lines as that given in [3]. The
only changes that need to be made are in that part of the argument concerned
with the non-normality with respect to the bases from S, the construction of the
sets J\ D J? 3 • • • • As before we apply our construction to bases > A, which
gives us a Hausdorff dimension of \og{A — 3)/log A, taking unions over A gives
dimension 1. We assume that our sequences R = ( r i , r 2 , . . . ) , S — {si, 82, •••}
satisfy the conditions of Section 3 of [3].

We write h(m) for the least number h, for which

(1) m ^ O (mod2ft), that is, m = 2h • k + 2h~\

and let

(2) g(m) = h(k).

Put

(3) s(™) = 8ff(m), A(m) = A/,(m).

Then as m runs through the natural numbers, with the non-negative integer
powers of 2 deleted, each Xj appears infinitely often in A(m), and as m runs
through those numbers for which A(m) = Xj each Si appears infinitely often in
the sequence s(m).

Construction of a set of nonnormal numbers

We construct sets Jo = [0,1] D J\ D Ji D • • • , each the union of closed
intervals. Let / ( m ) = e^m + 2sim3. Put

(m) = r/(m)l, (m;x)\(m)/\ogx]

https://doi.org/10.1017/S1446788700029840 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029840


[3] The Hausdorff dimension 261

where [x]

(4)

and

Then

(6)

and

= -[-x].

{m + 1)
log s(m +1)

\bm log s(m)]
+ 2.[logs(m +

<m + *> + loglogm + 3
logs(m + l)

s(l)*1 < s(2)°2 < s(2)6a < s(3)a3 <

Let Ji be the union of the intervals, each of length a(l)~ftl, whose left end
points are of the form

where the £j range over 0 ,1 , . . . , s(l) — 8(1) and

2 if «(«) is odd,

3 if s(t) is even.

There are (s(l) - 6(l))bl such intervals / of J i .
Suppose that Jk has been constructed and that Ik is an interval of Jk of length

s{k)-b". By (5)

= <

Thus in each interval Ik there are at least

intervals I'k of length s(fc+l)~a*+1 with left end point, pk, for which pk+X(k+l)
is a finite decimal of length ajt+i in base s(k 4-1). We construct subintervals of
I'k of length s(k + l)~*i*+i whose left end points are of the form

where tk = bk — ak and the e* can range over 0 ,1 , . . . , s(fc + 1) — 5(A; + 1).
In each interval I'k there are (s(fc + 1) — 6(k + 1) + 1)**+1 such intervals. Let

Jk+i be the union of all such intervals taken over all I'k. Then Jk+i is the union
of at least

- 2 )

intervals of length s(fc+l)~6fc+1. This completes the construction of the sequence
of sets JQ D Ji D • • •.
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LEMMA 1. / / f € D S i "^ ^ e n £ + ^ i z s non-normal to each base Si, S2, • • •,
/ o r ei/erj/ j G N.

PROOF. F ix g, h and let A = Ah, 5 = sg. Let q be so large t h a t

(9)

For a number M wi th h(M) = h, g{M) = g there are a t least,

(10)
m<M

/»(m)=h

g-blocks £j+i • • • £i+q consisting of the digits 0 , 1 , . . . , s — 2 in the expansion of
f + A, for which i + q < bM. Now h(m) = h if m = 2h • k + 2h~l and g(m) = g
if k = 2<> • I + 29-1 so m = 2h+H + 2h+°-1 + 2h~\ that is,

m = 2 h + 9 - 1 + 2h~1 (mod 29+h).

If g(m) = g, h(m) = h and m > 2h+s~1 + 2h~1, then, by (6)

tm ~ 1 - q > 2-9~h J2 [(0"+l;«>-{?•;»»-loglogm-5-g]

since tm = bm — am and (m + 1; s) — (m; s) is a non-decreasing function of m.
Thus (10) is at least

m

(((? + 1 ; « > - ( ? ; « » - l o g l o g m - 5 - 9 )

9(m)=g
h(m)=h

> 2~9-h{{M + 1; s) - (1; s) - M(loglog M + 5 - q))

If ^ + A were normal to base s, the number of ^-blocks with digits 0 , 1 , . . . , sq — 2
and indices smaller than 6M would be asymptotic to ((s — 1)/S)&M- By (9) this
is clearly not the case and Lemma 1 is proved.

Goosbroctton of a %«t of norcraA

We also have to ensure t h a t the t rans la te of the numbers we have constructed

are also all normal to every base from R . We do this , as in [3], by discarding

certain of the intervals Ji a t each stage, to obta in a new sequence, K\ D K? D

• • • , wi th Ki D Ji.
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Consider the intervals I'm_1. In each such interval there are

(s(m) — 6(m) + \)tm

intervals of Jm whose left end points we denote by £m. Let
, . . . 2

m m

•(*> = E E
t=-m t=l

E
LEMMA 2. Letj € iV, Men ifm> 6j there are at least (s(m) —3)lm numbers

im&Im-i f°r which

Am(U + A?) < cm((m + 1) - (m))2"'3'"/2,

/or i = 1, • • • ,j. Here c is an absolute constant and 6j is constant depending on

j . Here 0m is as in [3], j3m >

PROOF. Let s = s(m). As in the proof of Lemma 3 of [3] we have:
The number of £m € I'm-\ for which

Am(U + A,) > cm2((m + 1> - (m)) 2 "^ / 2

is at most
((m + 1) - (m))-^"*/2(s - 6 + 1)*».

But /3m > Pirn-1/4 and ((m + 1) - (m» > e^m/(2y/m + 1), and so

((m + 1) - (m))-""/2 < ^ r for m > «,,

Hence there are least (s — 6 + l)<m/2 numbers ^m € /^,_i for which

^m(em + Ai)<Cm2((m + l ) - ( m ) ) 2 - ^ / 2 , * = 1,2 j .

For m > 6j (s — 3)tm < (s — 6 + l) t m/2, this proves the lemma.
We construct the sequence of sets K\ D Ki D • • • in the same way as

J\ D Ji D • • • was constructed. But at each stage in our construction of {Km}
we use only the (s(m) — 3)tm points £m satisfying Lemma 2. The remainder of
the proof of Theorem 1 now proceeds exactly as in [3].

By a straightforward application of Weyl's criterion we have

COROLLARY 1. Given (OJ) a sequence of non-zero rational numbers, (6j) a
sequence of real numbers and a partition R, S of the numbers 2 ,3, . . . so that
equivalent numbers fall into the same class, then the set of numbers £ for which
a»f + h is normal to every base from R and to no base from S has Hausdorff
dimension 1.

COROLLARY 2. Given any partition of 2,3,... into two classes R, S, so
that equivalent numbers fall into the same class, then every real number can be
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•written as a sum of two numbers both normal to every base from R and to no
base /romS.
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