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Abstract

Let X be a locally compact space, and £7°(X, ¢) be the space of all essentially bounded ¢-measurable
functions f on X vanishing at infinity. We introduce and study a locally convex topology 8'(X, ¢)
on the Lebesgue space £'(X, ) such that the strong dual of (2!(X, ¢), 8'(X, ¢)) can be identified with
5 X, 0,1l llo). Next, by showing that BL(X, 1) can be considered as a natural mixed topology, we
deduce some of its basic properties. Finally, as an application, we prove that L'(G), the group algebra
of a locally compact Hausdorff topological group G, equipped with the convolution multiplication is a
complete semitopological algebra under the 8'(G) topology.

2010 Mathematics subject classification: primary 46A03, 46A70; secondary 46HO0S, 43A20.

Keywords and phrases: group algebras, Lebesgue spaces, locally compact group, locally convex topology,
mixed topology, Radon measure, strict topology.

1. Introduction

Let X be a locally compact space and ¢ be a positive Radon measure on X; that is,
L B(X) — [0, oo] is a regular Borel measure such that it is finite on compacta.

Let 2!'(X, ¢) be the Lebesgue space as defined in [7]; that is, the Banach space of all
t-measurable functions ¢ on X such that

lleolly == f lo(x)| di(x) < 0.
X

We denote by n(X, ¢) the topology generated by the norm || - ||;.

A subset B of X is said to be locally ¢-null if ¢«(B N C) = 0 for all compact subsets C
of X. A property that holds except for a locally ¢-null set is said to hold locally ¢-almost
everywhere. Let also £%°(X, ¢) denote the Lebesgue space as defined in [7]; that is, the
Banach space of all (-measurable functions f on X such that

lfllo := inf{c > 0 : | f| < c locally t-almost everywhere on X} < co.
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Then £°(X, 1) is the dual of £'(X, 1) equipped with the norm topology n(X, ¢). In fact,
the mapping @ : £*(X, 1) — 2'(X, ¢)* defined by

(@(f), ) = fx FOOR) dil)

for f € €°(X,1) and ¢ € £(X, ) is an isometric isomorphism. We follow [7] in our
definitions and notation for Lebesgue spaces.

We denote by £7°(X, ¢) the subspace of £%(X, ¢) consisting of all functions f on
X such that for each & > 0 there is a compact subset C of X for which ||féx\cllo < &,
where &x\¢ denotes the characteristic function of X \ C on X.

In this paper, we introduce and study a locally convex topology B! (X, ¢) on £'(X, )
such that £7°(X, ¢) can be identified with the strong dual of 21X, ). We then show
that, except for the trivial case where X is finite, there are infinitely many such locally
convex topologies ¥ on £!(X, 1), and hence LP(X, )" can be considered as the second
dual of (2'(X, ), T). We show that B'(X, 1) can be viewed as a mixed topology.
By this observation, we prove some general properties of the locally convex space
(21(X, 1), B1(X, 1)). This generalizes and places our recent work [9] in a correct frame.
In particular, we show that (£'(X, ¢), B1(X, 1)) is bornological, barreled or metrizable
space if and only if X is compact. Finally, as an application we completely answer
a question raised in [13] about continuity of the convolution in the group algebras of
locally compact groups.

2. The space £1(X, ¢) with a locally convex topology

Throughout this paper, let X be a locally compact space and ¢ be a positive Radon
measure on X with supp(t) = X. We denote by C the set of increasing sequences of
compact subsets of X and by R the set of increasing sequences (7,,) of real numbers in
(0, 00) with r,, = oo. For any (C,) € C and (r,,) € R, set

U((Cy), () = € 81 (X, 1) : llgéc, |y < 7, for all n > 1},

and note that U((C,), (r,)) is a convex balanced absorbing set in the space £!(X, 1).
It is easy to see that the family U of all sets U((C,), (r,)) for (C,) € C and (r,) e R
is a base of neighborhoods of zero for a locally convex topology on £!(X, ¢); see for
example [14, Theorem 1.18]. We denote this topology by B'(X, ) and call it strict
topology. This topology was introduced in [13] for group algebras. For a recent study
of this topology in the semigroup algebra setting see [10, 11]; see also [9].

It is clear that 8'(X, ) C n(X, t). Our first result shows under which conditions these
topologies coincide.

ProrosiTioN 2.1. Let X be a locally compact space and ¢ be a positive Radon measure
on X with supp(t) = X. The norm topology n(X, t) on £ (X, 1) coincides with the strict
topology B' (X, v) if and only if X is compact.
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Proor. Suppose the norm topology and strict topology coincide. Consider the set
U:={pe'X,0:llglh <1},

and note that U is n(X, ¢)-open, and thus B'(X, t)-open. It follows that there is a
sequence ((Cy), (r,)) in C X R such that U((C,,), (r,)) C U.

We show that X = C,, for some m > 1. To this end, suppose on the contrary that
X\Cp #0 for all m>1. Fix m>1 and apply the assumption to choose a compact
subset A of X \ C,, such that t(A) > 0. Set

p:i= (L(r—z))fA-

We have
llpéc,lli =0 foralln <m
llpéc |l <rm<r, foralln>m.

Thus ¢ € U((C,,), (r,)) whence ¢ € U; that is, ||¢||; < 1. On the other hand,

rm

L(A)

Eall = llelli,

T'm

1
which contradicts the fact that r,, — co. The converse is clear. m]

We denote by oo(X, t) the weak topology (2! (X, 1), O(LF (X, v))). Let us remark
that oo(X, t) C 8" (X, 1) S n(X, t). It is clear that oo(X, 1) = B1(X, 1) if X is finite. The
next result shows that this is an ‘if and only if” statement.

ProrosiTion 2.2. Let X be a locally compact space and ¢ be a positive Radon measure
on X with supp(t) = X. The weak topology oo(X, 1) on L'(X, t) coincides with the strict
topology B'(X, 1) if and only if X is finite.

Proor. By Proposition 2.1, without loss of generality, we may assume that X is
noncompact. In fact, if X is compact, then 8' (X, ¢) = n(X, ¢) and LrX, 0 =L2(X, 0.
Hence €'(X, 1) is finite dimensional and, since ¢ is Radon with full support, X must be
finite.

So, suppose that X is not compact. Then there exists a sequence (C,) € C such that
«(C, \ Cp_1) >0, where Cy = 0. If r, = n® for all n > 1, then (r,) € R and U((C,,), ()
is a B! (X, t)-neighborhood of zero. Let

©On = L(Cn \ Cn—l)_lan\C,,,l-
Then ¢, € (X, v).
The set {¢, : n > 1} is a linearly independent set in 21X, 1) and llpnéc,lli = 1. Let E
be the subspace of £!(X, ¢) consisting of all ¢ € £!(X, 1) with

llpéc,lli =0 foralln>1,
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and note that ¢, ¢ E for all n> 1. Then E has an infinite codimension. It follows
that any subspace F of £!(X, ¢) contained in U((C,), (r,,)) has an infinite codimension;
this is because F C E. Since any o(X, t)-neighborhood of zero contains a subspace
of £!(X, 1) with a finite codimension, U((C,), (r,)) is not a o(X, ¢)-neighborhood of
zero, whereas it is a 8! (X, t)-neighborhood. O

We now investigate some properties of the strict topology B'(X, ¢) on £!(X, 1). We
prove that the strict topology is a natural mixed topology. This enables us to establish
general properties of 8! (X, ¢) topology. Let us, for the convenience of the reader, recall
some basic definitions and results concerning mixed topology. For more details see [2];
see also [1, 8] for more recent studies.

Let E be a vector space with two locally convex topologies T and 7* satisfying the
following conditions.

i TtcrT

(i) (E, 7)is a DF-space with a base (B,,) of absolutely convex bounded sets such that
B, + B,, C B,,,; for each n.

(iii) Each B, is 7*-closed.

The mixed topology y = y[t*, y] on E is that locally convex topology whose base at
zero consists of all sets of the form

JwinBi+---+ U n By,
n=1
where (U)) is a sequence of absolutely convex 7*-neighborhoods of zero.

By «(X,t) we denote the locally convex topology on £!(X, () generated by the
seminorms P¢(p) = fc || dit, where C runs through compact subsets of X.

Prorosition 2.3. Let X be a locally compact space and ¢ be a positive Radon
measure on X with supp(t) = X. The strict topology B'(X, 1) is the mixed topology
YIk(X, o), n(X, 0)].

Proor. Let (C,) be an increasing sequence of compact subsets of X and let ¢ € £!(X, 1).
Since ¢ = a|g| for some function a € L*(X, ¢) with |a(x)| = 1 for x € X, without loss of
generality we can assume that ¢ > 0. Take e >0and keN. Forn=1,...,k, by the
regularity of ¢, we can find open subsets U,, such that C,, C U, and

flcpldLSfIgoldL+s.
U, C

n

By Urysohn’s lemma, one can choose continuous functions ¢,, such that

en(C) ={1},  @uX\Up)=1{0}, O0<p,<1,

forn=1,..., k. Now define the functions ¢; and ¢, on X by setting
¢1 = max((1 —ga)p), d2=¢—¢1.
1<n<k
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Then Pc,(¢1)=0forn=1, ...,k and

Il = fx o (minen) a
<max{Py,(p):n=1,...,k}

<max{Pc,(p):n=1,...,k} +e&.
To complete the proof, we only need to invoke [15, Theorem 3.1.1]. m|

This result, together with Cooper [2, Section I.1], gives the following theorem.

THeEOREM 2.4. Let X be a locally compact space and t be a positive Radon measure on
X with supp(t) = X. Then the following properties hold.

(i) A subset of 81(X, 1) is n(X, 1)-bounded if and only if it is 8" (X, t)-bounded.

() BYX, 1) = k(X, 1) on n(X, 1)-bounded subsets of L' (X, 1).

(iii) A sequence in '(X, ) is B (X, 1)-convergent to zero if and only if it is n(X, t)-
bounded and k(X, t)-convergent to zero.

(iv) A linear map from ' (X, 1) into a locally convex space is B (X, 1)-continuous if
and only if its restriction to n(X, v)-bounded sets is k(X, t)-continuous.

(v)  BY(X, ) is the finest locally convex topology on £ (X, v) which agrees with k(X t)
(or B (X, 1)) on n(X, t)-bounded subsets of L' (X, v).

(vi) A subset of 1(X, 1) is B (X, 1)-compact if and only if it is n(X, 1)-bounded and
k(X, v)-compact.

(vii) 21X, ) is B'(X, 1)-complete if and only if each n(X,1)-bounded set is (X, t)-
complete.

We recall that a locally convex space (E, 7) is called a barreled space if each barrel
set (that is, a closed convex balanced absorbing set) in E is a neighborhood of zero; it is
called a bornological space when every convex balanced subset that absorbs bounded
subsets in E is a neighborhood of zero.

ProrosiTion 2.5. Let X be a locally compact space and t be a positive Radon measure
on X with supp(t) = X. The following assertions are equivalent.

@ (24X, 0, B (X, ) is barreled.

) (24X, 1), B(X, 1)) is bornological.

©) (8Y(X, 1), B (X, 1)) is metrizable.

(d) X is compact.

Proor. Let us recall from [2] that a mixed topology y[7*, 7] is a bornological or
barreled space if T =y[7*, 7]. This, together with the fact that any metrizable space
is bornological and Proposition 2.1, gives the result. m|

We end the section by the following important result.

ProrosiTion 2.6. Let X be a locally compact space and t be a positive Radon measure
on X with supp(t) = X. Then £'(X, 1) is B (X, 1)-complete.
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ProoF. If (¢,) is a n(X, t)-bounded net in £'(X, ¢) which is (X, t)-Cauchy, then (@aic)
is an n(X, 1)-Cauchy net in £!(X, ¢) for each compact subset C C X. Let ¢¢ be the limit
of (pa)c) in the norm topology of £(C, yc). It is obvious that for each two compact
subsets Cy and C, with C; C C,

(®c)ic, = ¢c

t-almost everywhere on C;. By [4, Lemma B, page 25], there exists an (-measurable
function ¢ such that ¢ic = ¢¢ for all compact subsets C. However, |locl|li < M for
all compact sets C, where M >0 is a constant with ||p,||; < M for all @. Now, the
regularity of ¢ implies that ¢ € £!(X, ¢) and @, — ¢ in the k(X, ¢)-topology. In view of
Theorem 2.4(vii), the proof is now complete. O

3. The dual of (X, ¢) with the strict topology

We start by recalling some definitions and notation. We denote by 7,(X, t)
the strong topology on (2'(X,t),B'(X,))*; that is, the topology of uniform
convergence on bounded subsets of £!(X,:) with respect to the weak topology
a(LN(X, v), (81X, v), B (X, 1))*). We also denote by 7,(X, ¢) the topology induced by
the norm topology of the dual Banach space (£'(X, ¢), n(X, t))* on (£!(X, 1), 8' (X, v))",
that is the topology given by the norm defined by

111 = sup{lf (@)l : ¢ € €' (X, 0), llglh = 11,

for all fe(2'(X,0),8'(X,1))*. As an immediate consequence of part (i) of
Theorem 2.4, we obtain the following result.

ProrosiTion 3.1. Let X be a locally compact space and ¢ be a positive Radon measure
on X with supp(t) =X. The topologies 1,(X,t) and 7,(X,t) are equivalent on
(21X, 0, B (X, )",

We now present the key result of this section which is an improvement of [13,
Theorem 2] and [9, Theorem 3.1].

Tueorem 3.2. Let X be a locally compact space and v be a positive Radon measure
on X with supp(t) = X. The dual of (2'(X, 1), B (X, 1)) endowed with 1,(X, 1) can be
identified with &3 (X, 1) endowed with || - ||-topology.

Proor. We first show that (L7 (X, 1)) C (2'(X, 0), B (X, 1))*. Let g be in Lr(X, v) and
& > 0 be given. Choose an element ((C,,), (r,,)) of C X R with r; > 2 such that

gl <er,? (n=1)
for locally ¢-almost all x € X \ C,,. We show that

KD(g), p)l <& forall p € U(Cy), (1))
from which it follows that ®(g) € (2!(X, v), B'(X, v))*.
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To this end, let ¢ € U((C,), (r,)), and set Cyp =0 and ry =2. Since g(x) =0 for
locally ¢-almost all x € X \ ;2 Cy, it follows from (J;, C, = U,~((Cy+1 \ C,) that

KD(2), )| = fX 8(x)p(x) di(x)

- f 12(Ole(x) de(x)

oo
n=2 Cn

f 1g(Olp(x) duCx)
Cn+l \Cn

&ry’ f ()| ().
Cn+l \Cn

<)
n=0
<)
n=0
On the other hand,

r;2f (ol dix) = Y (7 = 1) f () di(x)
C,H]\Cn n=0 Cn+l\Cl
+ oy f lp(x)| di(x)
Cm+l\Cl
<) 20 =yl >r,:1f ()| du(x)
Z ! Cn+]

Fr2 f (O de(x)
Cm+l

n=0

m

-1 -1 -1

< Zz(rn _rn+l)+rm+l
n=0

-1 -1
<2ry =71, <L

Consequently, [{D(g), ¢)| < € as required.
Now, let F be a 8! (X, t)-continuous functional on £'(X, ¢). Then there is an element
((C,), (ry)) in C X R such that

KF, @) <1 forall o€ U(C,), (ry)).

It is clear that F is also norm continuous on £'(X, ¢). It follows F = ®(g) for some
g €L”(X,1). We show that g € LP(X, ). It suffices to prove that |g(x)| < r;l for all
n > 1 and locally t-almost all x € X \ C,,.

To this end, suppose on the contrary that there exist m > 1 such that «(B) > 0, where

B={xeX\C,:lgx)|>r,'}

Thus, there is a compact subset K of B such that 0 <«(K) and also a function
f € 22(X, ¢) such that fg = |g| and |||l < 1. Let ¢ be a function in £'(X, 1) with

UK)p =rpfék.
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Then

1K)

f g(X)p(x) du(x) f rmfgé du
X X

= Tm f [8(x)| de(x)
K
> UK, = u(K);
that is, |(F, ¢)| > 1, which contradicts the fact that ¢ € U((C,), (r,,)). Therefore
DL (X, 0) = (L'(X, 1), B (X, v)".

Moreover, ||gllo = [[@(g)I| for all g€ LF(X, ), and so @ is an identification from
£3(X, 1) endowed with || - [lo-topology onto (£'(X, 1), 8'(X, 1))* endowed with norm
topology. Now, invoke Corollary 3.1 to complete the proof. O

The next corollary shows that, except in some trivial cases, there exists uncountably
many locally convex topologies compatible with the duality between £'(X, () and
(X, 0).

0 b

CoroLLARY 3.3. Let X be an infinite locally compact space and t be a positive Radon
measure on X with supp(t) = X. Then there exist uncountably many locally convex
topologies T on L (X, ) such that oo(X, 1) C T C B (X, 0).

Proor. Since X is infinite it follows from Proposition 2.2 that o(X, ) € B (X, 1). We
now only need to recall from [12] that the only case in which the dual pair generates
a finite number of polar topologies is when all polar topologies are equal to the weak
topology; also, if there is more than one topology for the dual pair then there are
uncountably many such topologies. O

As an immediate consequence of Theorem 3.2, we have the following result.

CoroLLARY 3.4. Let X be an infinite locally compact space and t be a positive Radon
measure on X with supp(t) = X. Then there exist uncountably many locally convex
topologies T on LY(X, 1) for which the dual of (8'(X, ), ) endowed with the strong
topology is L7 (X, 1) endowed with || - || -topology.

Let us recall that a locally convex space (E, 7) is said to be a dual space if there
exists a locally convex space (Ey, 7¢) such that (E, 7) coincides with the strong dual of
(Eo, 70)-

CoroLLARY 3.5. Let X be a locally compact space and t be a positive Radon measure
on X with supp(t) = X. Then (2'(X, 1), B(X, 1)) is a dual space if and only if X is
compact.

Proor. If X is compact, then (2!(X, ¢), B(X, 1)) is a barreled space by Proposition 2.5.
This implies that (2!(X, 1), B(X, 1)) is a dual space; see [5, Lemma 3.1].
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Conversely, suppose that (2'(X, ¢), B(X, 1)) is a dual space. Since the dual space of
(21X, 1), BX, 1)) is the normed space £ (X, v), it follows that (2'(X, 1), B(X, 1)) is also
a normed space; this is because of the fact that if the dual of a dual space (E, 7) is
normed space then (E, 7) is a normed space; see [5, Lemma 3.2]. By Proposition 2.5,
this can only happen when X is compact. O

THeOREM 3.6. Let X be a locally compact noncompact space and 1 be a positive Radon
measure on X with supp(t) = X. Then L (X, 1) is not complemented in £=(X, v).

Proor. Since X is a locally compact space, there exists a sequence (U,) of disjoint
compact neighborhoods in X; see [3, Appendix 1.3].
Now, let I: [* — £%(X, 1) and R : £7(X, t) — ¢ be the linear maps defined by

I(@n) = ) anty,
n=1

for all (a@,) € I*°, and

1
R(g) = (L( 0 fU &) dL(x))nzl

for all g € £L7(X, ). Clearly both maps are continuous; indeed, [[/(@,)lle = [I(@n)lle
for all (a,) € £, whence [||| = 1; moreover, [|R(g)l|w < [lgll for all g € £F(X, ¢) and
[IR(€y e =1 whence ||R||=1. Next, suppose on the contrary that there exists a
continuous linear projection

P:2%(X, 1) - £7(X, 0.
If O : [ — ¢ is the composition R o P o [, then I((a,)) € £ (X, ¢) for all (@) € ¢y, and

we have
0 = R(Y anéu, |
m=1
(s (oo
= anéy, (x) | dux
W(Uy) Jy \ "
= (ay).
Hence Q:[I” — ¢y is a projection which contradicts the fact that ¢y is not
complemented in [*; see for example [ 14, Theorem 27.5]. |

4. An application to group algebras

Let G denote a locally compact group with a fixed left Haar measure A. The group
algebra L'(G) := £!(G, 1) is defined as in [6] equipped with the convolution product *
defined by

(@ y)(s) = j; AG (st () dA®), ¢, ¢ € LY(G),

where A denotes the modular function on G.
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Now making use of Proposition 2.6 and Theorem 2.4, we are in a position to answer
a question raised in Singh [13] about the continuity of the convolution product in L!(G)
under the strict topology 8'(G) := 8'(G, A).

Tueorem 4.1. Let G be a locally compact Hausdorff group. Then (L'(G), B'(G)) with
the convolution as multiplication is a complete semitopological algebra.

Proor. The completeness follows from Proposition 2.6. Now, in view of Theorem 2.4
parts (ii) and (vii), we only need to show that convolution product is 8' (G)-continuous
on norm-bounded subsets of L'(G). Let (¢,) € L'(G) be a norm-bounded net which
is 8!(G)-convergent to zero. Let ¢ € L' (G) and let U((C,), (r,,)) be an arbitrary 8'(G)-
neighborhood of zero. Choose a compact set C C G such that

r
N dA) < —,
fG\Cw(n ()< 53

where M is a bound for the net (¢,). Then C,,C is compact. Hence, if we put

’
K,:=C,C™' and b,:= —2—,
2l

then ((K,), (b,))€C xR, and so there is «y such that ¢, € U((K,), (b,)) for

all @ > ay.
Now, on the one hand,

fcfcl%(st_l)l It//(t)IA(t_l)d/l(t)dzl(S)=fcll//(I)IA(fl)fC | ADlee()] dA(s) dA(1)

< f Wl [ lea(s)l dats) dac)
C Cc,C1

= fc WOl llpaéc,clli dA)

< Wlhllea,lli-
On the other hand,

f f a5t WOIAG) dA() dACs)
C, JG\C
_ f WOIAC f ADIpa(s)] dA(s) dAD)
G\C C,t!
< f W) f (6als)] dA(s) dAQ)
G\C G

< ligell f (O] dAD.
G\C
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Combining the above estimates, we obtain
0 Wil < fc el W) Ao
< fc h fG (a5t WOIAG) dA) dACs)
- fc n fc (pa(st D WOIAG™) A dACs)

" f f a5t WDIAG) dAGH) dACs)
C, JG\C
< W ligatr I
£ ligall f W] D)
G\C

r
< Wb+ ()
Il M
< 'm  Tn
non_,
22

for all @ > ay. Hence, ¢, * ¢ —> 0 in the ' (G)-topology.

We conclude this work with the following remark.

[11]

RemaRrk 4.2. It is shown in [13, Theorem 5] that convolution considered as a bilinear
map from (L'(G), 8'(G)) x (L'(G), B'(G)) into (L'(G), 8'(G)) is hypocontinuous if

and only if G is compact.
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