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Abstract

This paper deals with the existence, uniqueness and qualitative properties of nonnegative
and nontrivial solutions of a spatially heterogeneous Lotka- Volterra competition model with
nonlinear diffusion. We give conditions in terms of the coefficients involved in the setting of
the problem which assure the existence of nonnegative solutions as well as the uniqueness
of a positive solution. In order to obtain these results we employ monotonicity methods,
singular spectral theory and a fixed point index.

1. Introduction

In this work we are mainly concerned with the existence and uniqueness of nonnegative
solutions for the problem

Li(w™) =wl —akx)w — bx)z) inL,
L@ =z(u —d(x)z — c(x)w) inQ, 1.n
w=z=0 on d§2,

where 2 is a bounded domain of R¥ with regular boundary 3S2, Ly, k = 1, 2, are two
second-order uniformly elliptic operators of the form

N N
Ly:=—) at(x)D;D; + ) _bHx)D;  k=1,2, (1.2)
ij=1 i=1
with a{‘j, bt € C'(Q); m,n > 1; A, u € Rand a, b, c,d € C'(Q) nonnegative and
nontrivial.
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Problem (1.1) provides us with the steady-state solutions to a related evolutionary
problem, which models the behaviour of two competing species, with population
densities w(x) and z(x), inhabiting 2. We refer to [13] for the meaning of each
coefficient and details about the model.

When m = n = 1 (linear diffusion), (1.1) has been extensively studied in recent
years. In the case when a, b, ¢ and d are strictly positive functions, see for example
[6-9, 11,12, 18-20,24,27, 32] and the references therein. When b and/or ¢ vanish in
a domain of  (this means that, for instance, z does not interact with w in the set
By = {x € Q : b(x) = 0}), problem (1.1) was studied in [21,25] and [27]). And
finally, recently the case when a vanishes in a part of Q but all other coefficients
and functions are strictly positive over Q has been analysed in [17] and [26], where
essential qualitative changes occur. Observe that in this case positive constants are
not supersolutions of (1.1) and, in fact, itis shown that the a priori bounds are lost for
some values of A and p and a new kind of positive solutions appear (which are infinite
over a region of €2 and finite on the rest of £2) that govern the behaviour of a related
evolutionary problem.

However, model (1.1) is less known when m, n > 1, and it has only been analysed
under more restrictive hypotheses, with constant coefficients (the homogeneous envi-
ronmental case) in [13] and when a and d are strictly positive in [28] and [30], all of
them with L; = L, = —A. These new parameters (m, n) were introduced in [22, 29]
by describing the dynamics of a biological population whose mobility depends upon
its density. In this context, it means that the diffusion, the rate of movement of the
species from high density regions to low ones, is slower than in the linear case, giving
‘more realistic results. Mathematically, this mainly has three consequences which
distinguish this system from the one with m = n = 1: the strong maximum principle
does not apply (and so, unlike the linear case, there can exist nonnegative and non-
trivial solutions which are not positive in all ), a priori bounds for all the solutions
of (1.1) and for all the values of A and u, even when a or d vanishes, exist and that
the linearised method cannot be applied directly.

In order to study (1.1) we make the appropriate change of variables w™ = u and
z" = v, which transforms (1.1) into

Liu = u/"(A — a(x)u/™ — b(x)v'/") inQ,
Lov = v"/"(u — d(x)vV/" — c(x)u'™) in L, (1.3)
u=v=20 on 952.
Since only nonnegative solutions have physical interest, there are four types of so-
lutions: the trivial solution, the semitrivial solutions (u, 0) and (0, v), those with

both components strictly positive, the coexistence states, and those where at least one
component could vanish in a part of €2, the semicoexistence states. Observe that a
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semicoexistence state could also be a coexistence state (see Proposition 3.3). Some-
times, we are able to prove that a semicoexistence state vanishes in a region of €2 (see
Theorem 3.4), and so it is not a coexistence state.

The paper is structured as follows. Observe that the semitrivial solutions satisfy
the following equation, the reason for our study in Section 2,

_ 1/r _ 2/r
{Lw =f@x)w" - gx)w¥" inQ, (1.4)

w=0 on 9%2,

where L is an operator of the form (1.2), f, g € C'(Q) withg > 0, g # 0, f can
change sign and » = m or n. Although the semitrivial solutions give f = A (or &) and
so constant, it will be very useful to study (1.4) when f changes sign. This equation
has been previously studied in [3, 13, 14,23] and [31]}, assuming more restrictions on
the data of (1.4). We collect the main results of these works, and as a consequence we
obtain that the semitrivial solution (u, 0) = (respectively (0, v)) exists and is unique
if, and only if, A > 0 (respectively u > 0).

We then study the existence of dead cores (see [16]) of the solutions of (1.4). Given
a solution w of (1.4); if the set Q5 := {x € Q : w(x) = 0} is nonempty, it is called a
dead core of w. We demonstrate a result which assures the existence of a dead core
for any nonnegative solution of (1.4) under suitable hypotheses (see Theorem 2.4). A
direct consequence of our result is that any nonnegative solution of (1.4) has a dead
core if the maximum of f is small. To our knowledge, the above results pertaining
to the existence of a dead core have been obtained when L = —A, see [3], [13], [16]
and [31], with their proofs being based on the radial properties of the Laplacian. In
this way our result generalises previous work.

In Section 3 we carry out an analysis of the existence of semicoexistence, co-
existence states and dead cores of the system (1.3). Using the results of Section 2
and monotonicity methods, we obtain results which can be summarised as follows.
Suppose A € R.

e Assume A < O0: if 4 € (—00, 0] only the trivial solution exists, if u € (0, 00)
only the trivial and the semitrivial solutions (0, v) exist.

e Assume A > 0: there exist positive values p,(X), n*(A), 1 (A), u,(A) with
p1(2) < min{u,(d), p* (1)} and p2(2) > max{u,(2), u*(1)} such that

— if u € (—o0, 0] only the trivial and semitrivial solution (u, 0) exist;

— if € (0, (1)) there exists at least a semicoexistence state (u, v) and the
component v has a dead core;

— if u € (u;(A), n2(A)) there exists at least a semicoexistence state;

— if u € (uy(2), 00) there exists at least a semicoexistence state (u, v) and the
component u has a dead core;

— if, moreover wu,(A) < n*(A), then if u € (u,(A), w*(1)) there exists at least a
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coexistence state.

Analogous results can be obtained when we fix the parameter w. It’s worth mentioning
that the existence of 1;(A) > 0 was shown in [13] when all the coefficients were
positive constants. To our knowledge, the existence of x,(1) > 0is new. In Remark 4
we give a biological interpretation of this result.

In Sections 4 and 5 we study the uniqueness of coexistence states of (1.3). For
that we use the fixed point index. Observe that because m, n > 1 the linearisation
of (1.3) around the trivial or semitrivial solutions do not exist, so we cannot apply
the results in [10] (see also [24] and [27]) to compute their indices. So we will build
appropriate homotopies for that. To compute the index of a coexistence state we can
use a linearisation. In this case the linearisation of (1.3) around a coexistence state
leads us to a eigenvalue problem of the form

U=0 on 3L, (-
where . = diag(L,, L) and M = (my), 1 <i,j <2 withm; > Ofori # j and
m;; blowing up near 9S2 in a controlled way. Following [15] and [27] we define a
specific order and establish the existence of the principal eigenvalue of (1.5) as well as
a characterisation of its positivity by means of the existence of a supersolution. Now,
we prove that, again with fixed A > 0, there exists a unique coexistence state when
1 belongs to a subset of (w,(1), u*(A)). Furthermore, if m = n and a, d are strictly
positive functions we have uniqueness of the coexistence state if by or ¢y is small.
The results about the uniqueness of the coexistence state of (1.3) are also, we believe,
new.

[ZU+MU=0U inQ,

2. Preliminaries. The degenerate logistic equation

We consider the Banach space X := C}(2) ordered by its cone of nonnegative
functions P, whose interior is

int(P) :={ue€X :u(x)>0 forall x € Q and du/dn <0 on 92},

where n denotes the outward unit normal on 3S2. We say that 4 € X is nonnegative,
u>0,if u € P, and u is positive, u > 0, if u € int(P).

Given g € L*(£2) and L an operator of the form (1.2), we denote by o, (L + ¢) the
principal eigenvalue of L + g subject to homogeneous Dirichlet boundary conditions.
Moreover, if we denote by ¢ € int P the unique positive eigenfunction associated
with g1(L + g) normalised such that ||¢|l, = 1, then it is well known that

8_<p <0 onaQ,
av
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for v any direction out of 2. Recall that as positive constants are supersolutions of L,
then

o1(L) > 0. 2.H
Finally, for f € Y := C%(Q) we write
fu =maxf(x) and f; :=minf (x).
xelt 1€
2.1. Existence of solutions In this section we study the semitrivial solutions of

(1.3). Observe that if the solutions of (1.3) are of the form (u, 0) and (0, v), then they
satisfy equations of the following type:

22)

Lw=fxw —gkx)w? in Q,
w=0 on 992,

where L is an operator of the form (1.2), f, g € C'(Q) with g > 0, g £ 0, f can
change sign and g and p satisfy

0<g<l, p>q. (H)

Our first result gives us the existence of a nonnegative solution of (2.2) and lists some
useful properties. For a proof of this result see [14] for instance.

THEOREM 2.1. Assume (H). The following assertions are true.

(1) There exists a maximal nonnegative and nontrivial solution of (2.2) if, and only
if, fu > 0. We denote it by Oy 4.p f.¢)-
(2) The following estimates hold:

1/(1-9) q/(1-q)
O1L.q.0.7.51(X) <fi0 el Pe(x) xeQ,

- 23)
Oie.apsedm < Fue)070,
where e € C*(Q) is the unique solution of
Le=1 in Q, 2
e=0 on 3Q. .

3) IfweC'Q)isa nonnegative subsolution of (2.2), then w < Oz 4 7.41-

(4) Letfie C'(Q),i=1,2 besuchthat fi < f1, then 81 41181 < OiL.gp frs)
(5) Iff. > O, then any nonnegative solution of (2.2) is positive. Moreover, in this
case there exists a unique positive solution and it satisfies '

E(P(X) 5 0[L.q,p,f,g](x)a X € Q»

where ¢ is the unique positive root of o,(L)e' ™9 + gueP ™ = f.
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REMARK 1. If we consider f; as a real parameter, then it is easy to prove that as
fr— 00,e(fr) = O(f /" P) whenp < lande(f.) = O(,}"® ™) whenp > 1.

2.2. Existence of dead cores In order to state and prove the main result, we need
some preliminary results.

LEMMA 2.2. Let R > Oand y > 0. Consider the problem

{Lw = —Ruwi-gx)w? in, 2.5)

w=y on 32
Then there exists a unique nonnegative solution of (2.5).

PROOF. For the existence we use the sub-supersolution method. Indeed, it is easy
to prove that (w, w) = (0, y) is a sub-supersolution of (2.5). For the uniqueness we
can apply [1, Theorem 2].

The following technical result is fundamental in our study. Moreover, it generalises
[31, Lemma 7] and [3, Lemma 2.5}, where a similar result was proved when L = —A
and g(x) = 0.

LEMMA 2.3. Wefixy > 0and B > 2/(1—q). Let 8 be such that for all x, xo € RY
such that 0 < |x — xo| < &y,

Ix — xol? + Blx — xol*~' L(Ix — xol)
N
+ 81— B)lx —xol* 2 Y _ ay(x)Di(lx — xol) D; (Ix ~ xol) 2 0. (2.6)
i,j=1

Then, for all 0 < § < dist(xg, 352), the unique nonnegative solution, w, of (2.5) in
B(xg, 8) is such that w(xo) = O provided that

y -
* (wap) o7

REMARK 2. Observe that since 8 > 2/(1 — g),then 8g < B —2 < 8 — 1, and so
the existence of & satisfying (2.6) is guaranteed. Moreover, since 8 > 2, (2.6) can be
considered in a classical sense.

PROOF. Consider the function

&,(x) 1= RVD|x —xolf if x € B(xo, &),

d(x) =
() [Cbz(x) := RV4-9g8 if x € B(xo, 8) \ B(xo, &),
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with & = &, if § < §,. By the choice of 8, we have that ¢, € H*(B(xyp, 8)).
Moreover, 9®,/3n; > 0, on d B(xq, &), where n; stands for the conormal associated
with L, that is, (n,); 1= Y_)_, ayn;. Indeed, for x € B (xo, 8) we have

N
2—(:l(x) = Rn/(n-q)mx ~—xo|ﬂ"3 (Zaij (x)(xi —x(';)(xj —x{;)) > 0.
L

ij=1
Moreover,

L(®) + RO + g(x)®f
= RV (Blx — xolP ' L(Ix — xol)

N
+B(1 = B)lx —xol’ Y @y Di(lx — xo)) D; (Ix — xo]))

ij=1
+ RRY-Dix — xo|P1 + g(x)Rp/(l—q)lx — xol??
> RV (lx — xo/" + Blx — 20/’ L(Ix — xol)

N
+B(1—= B)lx — x0lP Y ay Di(lx — xol) D (Ix — xol)) > O,
ij=1

by (2.6). In B(xo, 8) \ B(xo, &), we have that L(®;) + R®] + g(x)P; > 0. Finally,
in B (xy, 8), ® is bigger than y provided that (2.7) holds.

Hence we can apply [4, Lemma 1.1} and conclude that ® is a supersolution of (2.5)
in B(xo, 8). This completes the proof.

For R > 0, we define the set
NR)={xeQ:fT7x)>R}={xeQ:f(x) <—R}

where f *(x) := max{%xf (x),0}. Assume that f* # 0. The main result of this
section is the following theorem.

THEOREM 2.4. Assume that there exists R > 0 such that

(1) 8z = (fueu/R)VEN-D < 5,
(2) M(R) :={x € N(R) : dist(x, IN(R) \ 92) > 8z} # 0.

Then there exists a dead core for any nonnegative solution w of (2.2). Moreover, we
have M(R) C Q= {x € Q : w(x) = 0}.

PROOF. Let xo € M(R), then

RB(xg,8z) :={x € Q:|x — x| <8z} C N(R). 2.8)
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We call z the unique nonnegative solution of (2.5) in B (xg, 8g) with y=(fpen)'/~9.
Then by (2.8) we have that

LelL-‘l-P-f-xl = _Rglql-.q.p'f.gl - g(x)gl‘;--qvp-f.gl in B(xo, ),
which implies that
L(z - 9[L.q.p,f.gl) = R(O[q[,_q,p_f_gl -9+ g(x)(9ﬁ,q_,,_f_g] —2") in B(xo, 8r),

and by (2.3) and the choice of y we getz > iy 4.5, On 3% (x0, 8z). Hence, if we
denote by 2, := {x € B(xo, 6r) : 2(x) < O gp.r.0(X)},

Lz =0 gpsre) =0 in
Z =6 Lqpre =0 on 32 NIB(xo,8r),
Z— O[L,q,p,f,g] =0 on 39] N .%(XO, (SR)

The maximum principle implies that z > 6, 4,75 in @ (xo, 8z). Finally, we can
apply Lemma 2.3 because & satisfies (2.7). This finishes the proof.

As consequence of the above result, we have the following corollary.

COROLLARY 2.5. Any nonnegative solution of (2.2) has a dead core provided
that f y is sufficiently small.

PROOF. It is sufficient to repeat the proof of [13, Remark 2.13] and to take account
of the fact thatég — O as fy — 0.

3. Existence of nonnegative solutions

Hereafter we write 9[L|,f.g] = 9[[,"]/,,,_2/,,,']“'3] and 0[L2-f~8] = O[Lz,l/n.Z/n,f,g]- The
following result gives us a necessary and sufficient condition to obtain semicoexistence
states.

THEOREM 3.1. Problem (1.3) has a semicoexistence state if, and only if, » > 0 and
w>0.

PROOF. By Theorem 2.1 (3) it follows that
u=<6L,a and v=6y,,4 @G.1D

So, if A < 0, again by Theorem 2.1 (1) we obtain that ¥ = 0. Analogously, if
u <0,v=0. Assume now that A > 0 and & > 0. In this case, we have that
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Alx) := X — b(x)OllL/:#'d](x) and B(x) ;= u — c(x)GI'L/l'f'l_al(x) satisfy Ay = A >0
and By = u > 0. We consider the pair

(e, u) = OLraa) Oir,0.) and (U, V) = (B\1,.8.4)> O p.dD)-

By the definitions of A and B and Theorem 2.1 it follows that ¥ < %, v < 7 and that
u and v are nonnegative and nontrivial functions. Finally, it is not hard to prove that
the pair (1, u) — (v, D) is a sub-supersolution of (1.3). This completes the proof.

The following result provides us with conditions which assure the existence of
coexistence states as well as their bounds.

THEOREM 3.2. If A and u satisfy
A> (b)Y n and p > ()8 iu, (32)

then (1.3) possesses a coexistence state. Moreover, for any coexistence state (u, v)
of (1.3) we have the following estimates: if A > (b(x)BIIL/Z"_ u.d))m then

_ 1/(m—1
£101 < O < U < Brna < A0 ()" Ve, (33)
and if u > (c(x)O[lL/l't'M])M, then
_ 1/n—1)
8202 < O, 8.4) <V < Oy < YV ()" Ve, 34)

where ¢; and e;, i = 1, 2, are the principal positive eigenfunctions of L; and solutions
of (2.4) with L, respectively, and €, and &, are the positive solutions of

&1 "or(Ly) + awe" = &~ byt ey,

—i/n n me— (35)
gy "o1(Ly) + dye)" = — ey AV V()"0

PROOF. Consider the same sub-supersolution as that in the proof of Theorem 3.1.
Observe that if (3.2) is satisfied, then A; > 0 and B; > 0. Hence Theorem 2.1 (5)
completes the existence of a coexistence state.

The estimates (3.1) and (2.3) yield the upper bounds of (3.3) and (3.4). On the
other hand, thanks to (3.1), u is a supersolution of (2.2) with L = L,, f = A and
g = a. So, since A > (b(x)GllL/z"_u'd])M then A; > 0 and by Theorem 2.1 (5) the lower
bounds of (3.3) follow. Estimates (3.4) can be proved similarly.

REMARK 3. (1) Using (3.3) and (3.4) we can obtain a sufficient condition for the
existence of coexistence states involving the coefficients of the problem. Indeed, if A
and p satisfy

A > by(e)n" PuM" Y and  p > cy(e) " OAV =D, (3.6)

then A and u satisfy (3.2), so that (1.3) has a coexistence state.
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w=f0 b= g u.“ a=f() r=g@

Case 2 A ] Case 3 A

p=f

Case 4 A l Case 5 X

FIGURE 1. R stands for the semicoexistence region in the following cases: Case 1: 1 < m,n < 2;
Case2: 1l <m<2=nCased: l<m<2<nn—-1<1i/(m-1);Cased: 1 <m<2<n,
n—1=1/(m—1), cyby () ey <1;Case5: l<m<2<nn—1>1/(m—1).

(2) Observe that when all coefficients are positive constants (see [28] and [13]) the
conditions which assure the existence of coexistence states are independent of m and
n. This is due to the fact that positive constants are supersolutions of (1.3).

In Figure 1 we have shown the different forms of the region defined in the (&, u)-
plane by (3.6) when m and n vary. We have denoted by f (A) = ¢y (e;) 3™ VAV m=D
and g(u) = bu(ex) ™ V.

3.1. Existence of dead cores We will use the results of Section 2 to show the
existence of dead cores for (1.3). The first result provides us with conditions which
assure the non-existence of dead cores, and it is a direct consequence of (3.3) and
(3.4).

PROPOSITION 3.3. Assume that A and p satisfy (3.2). Then any nonnegative solution
of (1.3) does not have a dead core.

To state the main result of this section we need some notation. We fix A > 0.
It is not hard to prove that the map u > 61, .4 is strictly increasing, and so
also is p — (b(x)o['[;j ..a)m- Hence there exists a unique value u*(2) such that
A= (b)) y.a)m- For such A fixed, we write s, (A) = (c(x)8" o) m-

Analogously, for fixed 4 > 0, there exists a unique A*(x) > 0 such that 4 =
(¢ M p.a)m and we define A, (1) = (B}, -
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THEOREM 3.4. (1) Assume . > 0. Then there exist 0 < pu (A) < pa2(d)
with py(A) < min{p.(d), p*(})) and max{p.(A), u*A)} < pa(X) such that if
0 < < uy(A) or i > w3 (X) any nonnegative solution of (1.3) has a dead core.

(2) Assume p > 0. Then there exist 0 < A(1t) < A(w) with A (1) < min{A,(u),
A*(u)} and max{i,(u), A*(n)} < Ax(u) such that if 0 < A < A () or A > A (w)
any nonnegative solution of (1.3) has a dead core.

PROOF. We prove (1). The second part follows analogously. Observe that if
u < pu*(2) by (3.3) we get

u> 0L, Ax).al- 3.7

Now we define F(x, ) i=u —alx, i) ;= u — c(x)9[lL/|'f'A(x)'a]. Using (3.7) it is not

hard to prove that v is a subsolution of (2.2) with L = L,, f(x) = F(x,u) and
g(x) = d(x), and so by Theorem 2.1 (3), it follows that

V < 0L, Fix .1 (3.8)

Now we are going to use Theorem 2.4 to prove that 6., r(, .).q) has a dead core, so
that by (3.8) the result follows.

Observe that in this case (F(x, ))y = i and 50 8z = (i(ex)p/R)P-1, On
the other hand, since (a(x, 0)), > 0 and (a(x, @))y is decreasing in u, there exists
a unique po(A) > O such that uy = (a(x, uo))m. Observe that, by the definition of
(1), we have that uo(A) < u,(A). Taking p < po/2, we have 0 < p < po/2 <
o = (alx, o))y < (alx, ). Hence there exists Ry > 0 such that the following
set is nonempty:

{x € 2:uo(1)/2 - alx, no(A)/2) < —Ro} # 0.

We define N(u) := N(Ryp) = {x € Q: F(x, u) < —Ry}. Again by Theorem 2.1 we
getthat if o, < w, then F(x, u,) < F(x, u2). Hence if u; < @y < pp/2 then

B # N(1o/2) C N(u2) C N(w).

Let xo € 2 be the point where F(x, 1/2) attains its negative minimum. For that
xo € R, there exists ry > 0 such that B(xg, o) C N (1£0/2).

Finally, since 8z, — 0 as & — 0 there exists u'(A) > 0 such that for u < u'(2),
8r, < min{ry, &}. Define uy(X) := min{u,(X), u*(A), to/2(A), w'(A)} and therefore
for . < py (1) we get

dist(xo, AN (1) \ 3S2) > dist(xo, IN (1o/2) \ K2) > dist(xo, 3B(xo, 1)) > Sry-

Therefore M (1) # 9 and Theorem 2.4 completes the first part of (1).

https://doi.org/10.1017/51446181100013845 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013845

284 Antonio Sudrez [12]

For the second part, take u > max{w,(A), u*(X)}, so u > (c(x)@IIL/"f'A_,,])M and
by (3.4) we get that v > 6, pw).q)- Now we define

G(x, ) := A —bx, ) := A — bO)O 500,01

With a similar reasoning to that used in (3.8) we get that u < {1, (. u).a1- In this case,
we take R = p” with r > 0 to be chosen later. So

NR)Y=NW):={xeQ:A<blx,u)—n}
and

(G, Wy = A, Sr = (Ae)y/p")™E™=D

Using (3.4), we have that b(x, n) > b(x)eé/ ”(,u)goz'/ " where g, is defined in (3.5).

Let 5 > O be sufficiently small such that
B} :={x e B*: dist(x, dB*) > 8} # 0,
where Bt := {x € Q : b(x) > 0}. Define the set
T(w) = {x € Bf : 2 <&/ (Wb(x)e,"(x) — u'}.

Clearly, T(u) C N(u).

On the other hand, by Remark 1, &,/ (1) = O(u"/®Y) if n > 2 and &™) =
O(w) if n < 2 when p is large. Take r < 1/(n— 1).ifn >2andr < lifn < 2. So
there exists u%(1) > 0 such that for u > u°(1),

T(u’() #0 and Tu°(A) C T(w). (3.9
Moreover, there exist xo € B; and ry > 0 such that
B(xo, 1) C T(uo(X)). (3.10)

Furthermore, since 8z — 0 as u — 00, there exists u”(A) such that for u >
uw’(A) we get §g < min{ry, &}. Hence, using (3.9) and (3.10), for u > u,(A) :=
max{u. (L), u*(2), u’(A), u”(2)}, we obtain

“dist(xg, 3N (1) \ 3K2) > dist(xo, 3T (1)) > dist(xo, dT (%))
> dist(xo, dB(xo, o)) = ro > 8&.

Theorem 2.4 completes the proof.

REMARK 4. (1) By the proof of Theorem 3.4, we can see that if & < p;(A) (or
A > X(u)) for any semicoexistence state (u, v) then v has a dead core. Similarly, if
uw > ua(A) (or A < Ay(w)) then u has a dead core.
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(2) We can give a biological interpretation of Theorem 3.4. If we fix the growth

rates of u and A, then the other species does not live in all its habitat if its growth rate
is small. But, if the growth rate of v is large, then u cannot survive in all of .
On the other hand, when m = n = 1 it was shown in [21] (see also [27]) that if the
interaction rate (for example) b is large, then v drives u to extinction. This is in strong
contrast with the case when m, n > 1, because by Theorem 3.1 neither species drives
the other to extinction when b or c is large.

4. Maximum principle for a singular system

We define in X? the following order: given (u;, vy), (i3, v2) € X2,
(u,v1) < (ua, vy) ifandonlyif u; < u; and v, > v,.

Analogously, we write (u;, v;) < (ua, v2) if u; < u; and vy > v, or u; < u, and
Vi > V.

Let M (x) = (m; (x)) be a2 x 2 matrix whose elements belong to the Fréchet space
C'(R2) and such that there exist K > 0 and o € (0, 2] satisfying:

(I_IM) my ZO,mzj 7‘é0,l;ﬁj,
|mg (x)|dist(x, 3Q)** < K i,j =1,2. 4.1)

The object of this section is to analyse the following singular eigenvalue problem:

LU+Mx)U=0cU inQ,

42
U=0 on 982, “.2)

where . = diag(L,, L;), U = (4, v)",and L;, i = 1, 2, are operators as in (1.2).

The next result characterises the existence of a positive eigenvalue of (4.2) by
means of the existence of a strict positive supersolution in the following sense. The
proof of the result follows from [27, Theorem 6.3] and [15, Section 2].

DEFINITION 4.1. We say that & € (CX(2) N C¥(R))%, 6 € (0,1), d > Oisa
supersolution of Z + M if (Z + M)P > 0in Q and & > 0 on Q2. If in addition,
(Z+M)P>0inQor ® > 0on aL, then it is said that ® is a strict supersolution.

THEOREM 4.2. Under the assumption (HM), the following conditions are equiva-
lent:

(1) £ + M admits a positive strict supersolution;
(2) The operator [ + M]™' : X? — X? is well defined, compact and strongly
positive;
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(3) The problem

LU+MX))U=F inQ,

4.3
U=0 on 382, “3)

where F € Y?, satisfies the strong maximum principle, that is, if F > 0 and F # 0,
then U > 0O;

(4) The operator [ + M) : X? — Y? possesses a strictly positive eigenvalue,
denoted by 0\(& + M). This eigenvalue is simple and it is the only eigenvalue
of (4.2) possessing a positive eigenfunction &, > 0.

In the present work, we need to apply this result assuming less regularity for the
strict supersolution.

PROPOSITION 4.3. Assume that M satisfies (HM). Then 0,(% + M) > 0O ifand only
if there exists ® € (C3 ()N Cg(ﬁ))2 suchthat ® > 0in Qand (L +M)® > 0in Q.

REMARK 5. Since ® = (P, ¥;) ¢ X?, when we write & > 0 we mean that
®,(x) > 0and &,(x) < Oforall x € 2.

The following boundary point result will be used in the proof.
LEMMA 4.4. Let u € C*(2) N C' () be such that u > 0in 2, u # 0 and
(L+qu=0inQ u>0 onodQ,

where q € C'(2) satisfies (4.1). Then u(x) > 0 for all x € Q and for all x, € dQ
such that u(xg) =0, (Qu/dn)(xy) < 0.

PROOF. It is an easy consequence of [5, Lemma 3.6] with p(r) = r*~2.

PROOF OF PROPOSITION 4.3. Itis clear thatif oy (£ +M) > 0, wecantake ® = &,
the eigenfunction associated with o (Z + M).

Now assume that there exists ® € (C*Q) N C{,’(ﬁ))2 such that & > 0 in Q and
(Z+MP:=G>0inQ. Let F > 0and F # 0 and U be the solution of (4.3).
We have to prove that U > 0 and then, by Theorem 4.2, the proof is concluded.

For each £ > 0 and K > 0, we define

W:= U+ (s, —&)' + eK® € (C*(Q) N C°(R))%

Since ¢ € (Cg(ﬁ))z, for any ¢ > O, there exists y(¢) > 0 such that W > O in
- Q= {x € 2 :dist(x, 3N) < y(g)}. Moreover

(ZL+MYW > e((my —mpz,my—mp) + KG) >0 in Q\ﬁm
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for K sufficiently large. Now in 2\, the coefficients m; are bounded. So, since ¢
is a strict supersolution in Q\Q,, we can apply [27, Theorem 6.3] to get that W > 0
in Q\Q,. Thus W > 0in  for all ¢ > 0, and we obtain that U > 0 in Q. Let
U = (u1, uy)'. Since U # (0,0) we can assume that ¥; > 0 and u; # 0. Then,
denoting F = (f, f,)' and taking into account that m,, > 0, we obtain

Ly +mpuy=fy —mpu; >01in 2, u; =0 onde,
and so applying Lemma 4.4, we get u; > 0. For the second equation,
Loy(—up) + mup(—u)=—f2+myu; >0inQ2, u; =0 onadQ
and so —u; > 0. So U > 0. This completes the proof.

Again, the next result is a consequence of [27, Theorem 6.5} and {15, Theorem 4].

THEOREM 4.5. Assume (HM) holds. There exists one real eigenvalue of (4.2),
denoted 01(£ + M), associated with a positive eigenfunction ®, > 0. The eigenvalue
is simple and there is no other eigenvalue associated with a positive eigenfunction.

The following result will be used to compare principal eigenvalues of different
matrices.

LEMMA 4.6. Let A(x) = (a;;(x)) and B(x) = (b;; (x)) be two matrices with a;;, b;
satisfying (HM), b;; > a;; and a; > bj; for i # j with some inequality strict. Then
oi1(Z + A) < 0,(Z + B).

PROOF. Let ®* > 0 be the eigenfunction associated with . + A. Then it is easy
to show that (&£ + B — 01(& + A)I)®* > 0, and so ®4 is a strict supersolution of
%+ B — 0(Z + A)l. Hence, by Theorem 4.2, we deduce that

o(Z + B -o0(Z+ A >0,

whence the conclusion follows.

5. Uniqueness result

Throughout this section we assume that A and u satisfy (3.2), and so the validity
of the strong maximum principle is guaranteed. Indeed, by (3.4) we get

u™(h = bx)v'/") — a(x)u¥™ > u'm (L — b(x)8L", 4) — alx)ut™,
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and so, by (3.2), there exists a positive constant M such that
W™ — b(x)v'"y — a(x)u¥™ + Mu > 0, 5.1)

whence it follows that if («, v) is a nonnegative solution of (1.3) with u # 0, then
u(x) > 0O for all x € Q2. Similarly we can reason with the second equation in (1.3).
In this section we obtain a uniqueness result for a coexistence state of (1.3). In
order to get the result we use the fixed point index in cones.
For the fixed M > 0 obtained in (5.1), consider the operator ¥ : X% > X?
defined by

(L, + M) '@/™ (A — a(x)uV/™ — b(x)vV/™) + Mu))

.)E’(u, U) = ((Lz + M)_l(vl/"(lt _ d(x)v‘/" — c(x)u'/"') + M'U)

where (L; + M)™!, i = 1, 2, stands for the inverse on the operator L; + M in  under
homogeneous Dirichlet boundary conditions. Observe that by (2.1), oy (L; + M) > 0
and so (L; + M)~! is well defined and is a compact operator. Thanks to the choice
of M, see (5.1), ) is a positive operator whose fixed points are componentwise
nonnegative solutions of (1.3).

On the other hand, by (3.3) and (3.4), there exist R; > 0, i = 1, 2, such that for
every (u, v) coexistence states of (1.3),

lullo < Ry := (Me)s)™™ " and  |lvlleo < Ry := (u(e2))” V.

So the fixed point index of ¥ over & with respect to the cone P x P is well defined,
where B := {(u, v) € P?: |lulloo < Ry + 1, ||V]lo < R, + 1}. We are now going to
compute this index in some cases.

PROPOSITION 5.1. Assume that A and u satisfy (3.2). The following assertions are
true:

(1) ipxp(X,B) =1,
) ipxp(HX,(0,0)) =0;
(3) ipxp (K, (O, na) 0)) = ipxp (K, (0,61, ua) =0.

PROOF. (1) First, we define %, : X —» X by
G () ;= (L + M) 'W/™ (A — ax)u'™) + Mu).

By (2.3), taking B, := {u € P : ||u]loo < R + 1} the fixed point index of 4, over B,
is well defined. Applying [2, Lemma 12.1] it can be proved that

ir(%,B,) =1 (5.2
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Indeed, if there exist ¢ > 1 and u € P such that {|uljoc = R, + 1 and ¥, («) = ru, then

Lyu < u'/™ (_7;‘_ _ #_)_ul/m)

and 50 [[ull < A /D)™™ D (e))7/ "V < R, < R, + 1. Analogously,
ir(%, B,) =1, (5.3)

with % (v) := (L, + M)7' (/" (u —dx)v/") + Mv)and B, ;= {v € P : ||v]lec <
R, +1).
Consider the operator J4 : [0, 1] x X? > X? defined by

G L+ M)W — a(x)ut™ — th(x)v'") + Mu)
w0 = L M) V(- d )" — te()u™) + M) )

Observe that by (3.3) and (3.4) any fixed point of 5% belongs to . So, it follows by
homotopy invariance, (5.2) and (5.3) that
ipxp (KX, B) = ipp(FG(, "), B) = ipp(F40, ), B)
=ip(%, B.) - ip(%, B,) = L.

We now prove (2). Let ¢, € Y, i = 1, 2, be such that y; > 0 in Q. We define

S )= (L + M) '™ (A — a(x)u™ — b(x)vV/™) + Mu + ty)
ot 1, v) := (Ly + M)~ @M (u — d(x)vV/" — c()u/™) + Mv + 1) )

We claim that there exists § > 0 such that
(u,v) # 3t u,v), Yrel0,1], Y(u,v) € A, 54)

where A; = {(u,v) € P?: JJullo <3, l[vlleo < &)\ {(0,0)}. Assume there exist
sequences (u,, v,) of functions and ¢, € (0, 1] such that («,,v,) = (0,0) as r — o0
and (u,, v,) = 94, u,, v,). Since A > 0 and ||v,|lo = O, there exists ry € N such
that (A — b(x)v!/"), > 0 for r > ry. So, the strong maximum principle is satisfied
in the first equation, and so u, > 0. Let K > 0 be such that K > o,(L;). Since

lu,llo = O, there exists r; € N such that for r > r, we have
Liu, = u}/" (A — b(x)v/'™) — a(x)u¥™ + t,¢, > Ku,,

and hence o,(L, — K) > 0, a contradiction.
Thus by (5.4) the homotopy is admissible and we get

ipxp (K, (0,0)) = ipy p(H, ) = ipxp(I5(0, ), S5)
= iPxP(‘%(l’ '), '/%) = Ov
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this last equality following by (5.4).
It remains to prove (3). Let Y € Y be such that ¥ > 0 in Q. We define another
operator

..9%(!, u, v) - ( (Ll + M)-l(ul/m(k — a(x)ul/m _ b(x)v‘/") + Mu) ) .

(Ly+ M) @ (u = dx)v'/™ — c(x)u'/™) + Mv + 1)
We claim that there exists § > 0 such that
(u,v) # 4L, u,v), Veel0,1], Y(u,v) € A, (5.5)

where #; := {(u, v) € P2: lu—61, nallo < 8, [Vlloo < 8}\{(Bpey 101, 0)). Assume

there exist sequences (u,, v,) = (61, 1.4 0) as r — o0 and ¢, € [0, 1] such that
(ur, v,) = H(t,, uy, v,).

Since u, < 6j1,1.q) and 1 > (c(x)OIIL/l'f'M,)M, it follows that

p— c()ul/™(x) = u — c(x)8{" o > O. (5.6)

Let K > O be such that K > o,(L;). Then by (5.6) there exists ry € N such that for
r > ryp we have

Lyv, = v} (u — c(x)ul/™) —d@x)w’" + t,¢ > Kv,, inQ,

and hence 0,(L, — K) > 0, a contradiction.
Thus by (5.5) the homotopy is admissible and we get

ipep (O, (Bi1, 2,01 0)) = ipup (X, M) = ipxp(FE(0, -), ;)
= ipxp(FG(, ), M) = 0.

Analogously, it can be treated as the solution (0, 6., ,..4)-

Let (1o, vo) be a coexistence state of (1.3). We consider the matrix My, ) := (m;),
i,j = 1,2, which is related to the linearisation of (1.3) about (ug, vy), where

1 - m n 1 m_1/n-
my = ——ugd " A = 2a(x)uy™ — bx)vy'"), my = —b(x)uy "v """,
1 " 57
my = = =" (1 = 2400w — W™, ma = =c(oyu/"u/"

Observe that since (1, vp) is a coexistence state, by (3.3) and (3.4) there exists kg > 0
such that ko dist(x, 3Q2) < ug and ko dist(x, 92) < vy, then M, ., satisfies (HM), so
that 01(% + M,.,)) makes sense.

The general uniqueness result reads as follows.
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THEOREM 5.2. Assume that X and p satisfy (3.2) and 01(& + M ,,..,y) > O for any
(ug, vg) coexistence state of (1.3). Then (1.3) possesses a unique coexistence state.

PROOF. Recall that by Proposition 3.3, if A and w satisfy (3.2) then any nonnegative
solution of (1.3) is a coexistence state. We claim that if (u, vg) is a coexistence state
of (1.3), then

ipxp (K, (U, 1)) = 1. (5.8)

Assume that we have proved (5.8), then since J¢ is a compact operator, it possesses
a finite number of coexistence states, say (u;, v;),i = 1,...,r. Then

iPxP(Xv '@) = iPxP(Xv (O’ 0)) + iPxP('Xv (elLl.A.a]v 0))

+ipup (K, (0, QL)) + Y ipup(H, (i, 1))

i=}

and so, by Proposition 5.1 and (5.8), 1 = 0 4+ 0 + 0 4 r, whence the conclusion now
easily follows.

It remains to prove (5.8). Let h € C'(S2) be such that h verifies that, for some
o € (0,2]and K > 0, |h(x)|dist(x, 32)?>™ < K and

h > max({0, m;;, my}, 5.9

where m, and m,; are defined in (5.7). We define the operator

.'7(u, v) o ((Ll + h)“(ul/m(). - a(x)ullm _ b(x)vl/n) + hu)) .

(Ly+ B)'wV/™(u — d(x)v"/" — c(x)u'/™) + hv)

Observe that (L; + k)~! exists because & > 0 and so oy(L; + h) > 0.

By the Leray-Schauder formula, ip,p (7, (4o, vo)) = (—1)%, where £ is the sum
of the multiplicities of the eigenvalues of D, ,,Z (uo, vo) larger than one, being
D,y (ug, vo), the linearisation of 7 about (ug, vo). It is clear that

Dy T (uo, vo) = diag((Ly + h)™", (L2 + B) ™' )(= My + diag(h, b)),

where M, , is defined by (5.7). It is not hard to prove that if r > 1 is an eigenvalue
of D(,,_u)y(uo, Uo), then

o (L + My, + B) =0, (5.10)
where
B = ((mn -mha/r-1) my(1/r—1) ) -
mu(l/r—1) (myn —h)(1/r—1)
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Since r > 1, by (5.9) and Lemma 4.6 we get
(]| (g + M(uo.uo) + B) >0 (g + M(uo,uo)) > 0,

contradicting (5.10).

The following result provides us with a sufficient condition for o1 (£ +M,,.)) > 0
to hold.

PROPOSITION 5.3. Assume that m = n, a(x),d(x) > O forall x € Q \and u
satisfy (3.2) and that for any (ug, vo) coexistence state of (1.3),

b 2-m)/m 2-m)/m
(—) (5) (59) (ﬂ) <1 (5.11)
a/u d/m Yo/ y U/ m

Then (1.3) possesses a unique coexistence state.

PROOF. Let ® = (auy/™, —Bvy’™) € (C3(Q) N C(R))?, with a, B > 0 to be
chosen. We will show that @ is a supersolution in the sense of Definition 4.1 of
&L + My, if (5.11) holds. Proposition 4.3 and Theorem 5.2 will complete the
proof.

First, observe that ® > 0. In order to show that ® is a supersolution of £ + M, .,
we have to prove that (for the first equation)

Liauy™) + my (x)auy™ + mp(x)(—Bry ™) > 0, (5.12)

where m;, and m,; are defined in (5.7). Taking into account the fact that

1 ime 1 al
Ll(u(',/'") = .';u:)/m 1 l:(] — —) ual Z ailj D,-uoD,- up + L,uo] ,

m =
ij=1
to prove (5.12) it suffices that
a@)ud™" > bx)vy™! é, forall x € .
a
Analogously, for the second equation it is sufficient that

d(x)vgl”'" > c(,\c)u(z,/'"'l %, for all x € Q.

Now, by (5.11) it is easy to show that there exist a and B satisfying the above
inequalities.
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The following result provides us with another sufficient condition to obtain a
uniqueness result.

PROPOSITION 5.4. Assume that ) and 1 satisfy (3.2) and that for any coexistence
state (ug, vo) of (1.3) the following inequalities hold for all x € Q:

A (1 - i) + a(x)ul/™(x) (3 - 1) > b(x) (1 Fo- i) 0/ (),
m m n m

w (1 - 1) +d(x)vy" (x) (3 - 1) > c(x) (1 Fo- 1) ug" (x).
n n m n

Then (1.3) possesses a unique coexistence state.

(5.13)

PROOF. Taking ® := (uy, —vy), it suffices to prove that ® > 0 is a supersolution
of &£ + M, provided that (5.13) holds and we again apply Proposition 4.3 and
Theorem 5.2. For the second equation, & is a supersolution if

La(—vo) + m2; (x)(uo) + ma(x)(—vp) <O,
where m,; and m,, are defined in (5.7). For observe that

La(—vo) + m21(x)(up) + mxn(x)(—vp)

1 2 1 1
n n m n

provided that (5.13) holds. Similarly we can reason with the first equation.

We will now use the upper estimates of (3.3) and (3.4) giving sufficient conditions
for the uniqueness of a coexistence state in terms of several coefficients involved in
the model setting.

COROLLARY 5.5. Assume that m = n, a(x),d(x) > O for x € Q, A and p satisfy

(3.2) and
- m— 2-m)/m —m)/m —m)/m
(e ™" (e " (ﬂ)(z / (2)(2 g (o) @=mrm=) apd, ’
& & P2/ m D) bucu
(5.14)

where €| and ¢, are defined in (3.5). Then (1.3) possesses a unique coexistence state.

PROOF. By (3.3) and (3.4) we have that

(ﬂ) - Aml(m_l)(el)[lé(m_l) (_e_l)
Vo/ m - &2 P2/ M
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- 1 -1
(vo) - IJ«M/(’" l)(ez)nj(m ) (-e_z-)
uo )y £ o)y

and so (5.11) is satisfied if (5.14) holds. It suffices to apply Proposition 5.3.

and

COROLLARY 5.6. Assume that some of the following sets of inequalities, (1) to (4),
hold:
) Ifl <mn<?,

11 1
bu (1 + - - —) pe D) D < (1 - —) ,
n m

1 1 . 1
» (1 + = _) Al/(m—l)(el)Z( 1) <pu (1 _ _) .
m n n

2 Ifl<n<2andm > 2,

1 2 _ 1
bM 1+‘;— —') I/(n_l)(ez);é(n—l)'i'(l—;) aMkl/("'_l)(el)M(m n <A. (1——) s

( m
1 1
cu (1+____) l/(m 1)(e )1/(’" b <u (1__) .
m n n

3) Ifl<m<2andn > 2,

' 1
cm (1+ —— —) A0 () ™0 + (1 - —) D (e) " < (1 - —) :
n

11 1
by (1+ -— —) pe V(e <a (1 - —> .
n m m

@) Ifm>2andn > 2,

1 1 2 1
by (1 +—-— —) LT O A (1 - —) ay XD (e) D < A (1 - —) ,
n m m m

1 1 - 2 - - 1
() Pt + (122 ) el < (1),

Then (1.3) possesses a unique coexistence state.

PROOF. Reasoning as in the proof of Corollary 5.5, it is sufficient to apply (3.3),
(3.4) and Proposition 5.4.

REMARK 6. (1) Observe that when m = 1, (5.11) is the condition obtained in
[27, Theorem 4.2] and [21, Theorem 4.8). Moreover, when m = n, and a and d are
positive, we obtain uniqueness provided that by, or ¢) is small.
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(2) The (A, w)-regions defined in Corollary 5.6 are subsets of the coexistence region
obtained in Theorem 3.2. Similar conditions to those imposed in Figure 1 assure the
existence of these subregions.

6. Conclusions

We have studied the set of nonnegative solutions of a spatially heterogeneous Lotka-
Volterra competition model with degenerate diffusion. Basically, we have found three
differences with respect to the non-degenerate (linear) case:

(1) Inthedegenerate case all the nonnegative solutions are bounded, unlike the linear
case in which a priori bounds are lost for some values of the data of the problem.

(2) Inthe degenerate case a new kind of nonnegative solution appears: nonnegative
and nontrivial solutions that vanish in a region of the habitat of the species. We obtain
sufficient conditions in terms of some parameters involved in the setting of the model
ensuring the existence or non-existence of such solutions.

(3) Unlike the non-degenerate case, in our model when the competition between the
species is “strong” neither species drives the other to extinction.

Finally, we have obtained the uniqueness of the positive solution of the problem under
some conditions on the data of the problem.
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