
AN EXTENSION OF F E R M A T ' S THEOREM 

Chi nth ay a m m a and J . M. Gandhi 

( r ece ived D e c e m b e r 12, 1966) 

In [1] T r y p a n i s has p roved the following ex tens ion of 
F e r m a t ' s t h e o r e m : If a i s any i n t e g e r , p a p r i m e , p | a , 
then 

(1) a ( P " l ) / p n E l ( m 0 d p 1 / P n ) . 

( " I ) / n 

This r e s u l t i s to be unde r s tood in the s e n s e tha t a - 1 = 
i / P

n 

p a. w h e r e a. i s an a l g e b r a i c i n t e g e r . In [2] L . Ca r l i t z has 
p roved the fol lowing: Le t cj)(p ) | w w h e r e p is a p r i m e and 

w _ \ 
X > e be the g r e a t e s t i n t e g e r such tha t a = l (mod p ) . Then 

k k ^ r v 
(2) A r a11 = S ( - l ) r ' S (*) a ( n + S w ) 5 ° ( m ° d P >» 

s = 0 

r + k - 1 
w h e r e r = [ r ] . Combining (1) and (2) we p r o v e the 

K. K. 

following ex tens ion of F e r m â t 1 s t h e o r e m . 

T H E O R E M . Le t \ be the g r e a t e s t i n t e g e r , g r e a t e r 
n . n 

than or equa l to 1 such tha t a ^ ^ = 1 (mod p ) w h e r e 
a i s an i n t e g e r , p a p r i m e and p J a . Then 

(3) A r a t k = S ( - l ) r ' S n J t + ( p - l ) s / p n ) k
E 0 ( m o d p X / p n \ 

s = 0 S 

r +k - 1 
w h e r e r = [ r ] and t i s an i n t e g e r . 

K. K. 
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At the end of the paper we have given some more general iza
tions of the p resen t theorem. 

F i r s t we prove a lemma from which the theorem can be 
easily proved. 

LEMMA. Let 
2 k 

r a s+a s + . . . + a s 
(4) f(x) = 2 ( - l ) r _ S (*)x * 2 k 

s=0 

where the a a re a rb i t ra ry non-negative algebraic integers and 
J 

k > 1 . Then 
r

k 

(5) f(x) = (x - 1) K g(x) , 

where g(x) is a polynomial with algebraic integer co-efficients. 
Moreover, if r = km then 

(6) *M=Û\-
r 

Proof. For r > 1 , f(l) = S ( - l ) r ~ S / r \ = 0 . 
s=0 

th 
Let 1 <_ J < r . Then for the J derivative, we have 

r J -1 
(7) d J f ( l ) = 2 ( - l ) r " s / r ) n (a s + a s 2 + . . . +a. s k - i ) . 

s = 0 ' ' i=0 

Setting 

J - l k 
(8) 2 (a s + a o s 2 + . . . +af - i) = A ( J ) + A ^ s + A^ J ) s ( s - l ) 

. -. 1 2 k o 1 2 
1=0 

+ . . . + AJ J )s(s- l ) . . . (s-i+1) , 

V1 

where £ = J K < — < r and the A.(J) are algebraic in tegers , 
K i 

(6) becomes 
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d
J „ ^ _ * , ^ r - s / r \ I A(J) f(l) = 2 ( - l ) r " S ( r ) S A ! ' s ( s - l ) . . . (s-i+1) 

i r 
(9) = S Af J ) r ( r - l ) . . . (r-i+1) 2 (- l) r~S ( r"M 

i=0 s=i 

= 0 since i < r . 

Hence the resul t (5). 

Next, when r = km, r, = m, from (9). 
k 

d m f ( l ) = S A ( m ) r ( r - 1 ) . . . (r-i+1) 2 ( - l )*" 8 M) 
i=0 X s=i U " x i 

(10) , . 
= r'Afm) . 

1 

Since (8) is an identity in s , A. = a and therefore (10) 
1 K. 

becomes d f(l) = r ! a . But by (5) d f(l) = ml g(l) and 

therefore g(l) = r l /ml a . Now we prove the theorem. 

A ^ ^ ^ a ^ 2 ( • i ) r - B f r ) a [ ( p - 1 , / p l l ] [ ( 8 ( p - 1 ) / p n + t ) k - t k ] / t ( P - 1 ) / P n l 
s=0 

( 1 1 > = a t k 2 ( . i r 3 m a [ ( p - l ) / p n ] F ( S ) | 

s=0 

where F(s) = 2 . I t s ( (p-l) /p ) 
J = 1 U / 

Now applying the lemma to (11) we get 

J* . k , .. . n r , .. , n 
A r a 4 = a' ( a ^ 1 ^ - 1) k g ( a ( P " 1 ) / p ) 
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r t k X r k / p n 

By (1) A a = 0 (mod p ) whereby our theorem has 
been proved. 

Now following the method of Garlitz [2], the following 
theorems can be easily proved. 

THEOREM 2. If the hypotheses of theorem 1 are satisfied 
r t k (Wp n ) r k 

then A a = 0 mod p + min( \ /p )|JL where \x is the 
n (k- 1 )t 

highest power of p dividing r i / t l ( (p- l ) /p ) 

It may be noted that in many cases JJL may be ze ro . 

THEOREM 3. Let k > 1 and r > 1 . Then the congruence 

r tk ^/PX 
A a = 0 (mod p ) 

is best possible if and only if —- £ 0 mod p 1 / P
n 

r k 
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