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Weights of the Mod p Kernels of
Theta Operators

Siegfried Bocherer, Toshiyuki Kikuta, and Sho Takemori

Abstract. Let ®U/] be an analogue of the Ramanujan theta operator for Siegel modular forms. For
a given prime p, we give the weights of elements of mod p kernel of ®(/], where the mod p kernel
of ®L7] is the set of all Siegel modular forms F such that ®l/1(F) is congruent to zero modulo p. In
order to construct examples of the mod p kernel of ®Li] from any Siegel modular form, we introduce
new operators A(/) (M) and show the modularity of F|A() (M) when F is a Siegel modular form.
Finally, we give some examples of the mod p kernel of ®[/] and the filtrations of some of them.

1 Introduction

Serre [23] developed the theory of p-adic and congruences for the elliptic modular
forms and produced several interesting results. For g-expansions f = 3,0 as(n)q"
of the elliptic modular forms, the Ramanujan theta operator is defined as

0= fr— 6(f) = 3 nay(n)q".
q n>1
This operator plays an important role in Serre’s paper. In particular, he showed that
the filtrations of all elements of the mod p kernel of 6 are divisible by p for the case of
level 1, where the mod p kernel of 8 is the set of all elliptic modular forms f such that
0(f) = 0 mod p. Moreover, Katz [15] showed that this property holds for the general
level case.

Bocherer and Nagaoka [6] extended the notion of the 8-operator to the case of
Siegel modular forms of degree n. For this operator ® (defined in [6]), several people
found examples of elements of the mod p kernel of ®, i.e., Siegel modular forms F
satisfying ®(F) = 0 mod p. The Klingen-Eisenstein series of weight 12 arising from
Ramanujan’s A function is such an example for p = 23 [2]. Mizumoto [18] found
another example of weight 16 and p = 31, which comes from the Klingen—Eisenstein
series arising from a cusp form of weight 16. Recently, Kodama and Nagaoka, as well
as the authors, constructed families of such examples of weight 2= (resp. “£=1)
and degree n if the weight is even (resp. odd) [5,16,21,22,25].

A new feature in the case of Siegel modular forms that are not elliptic modular
forms is that one should also study vector-valued generalizations ©[/] of ®-operator
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for 0 < j < n; their p-adic properties were given in [8], e.g., ®!] maps a Siegel modular
form Y1 ap(T)q" to a formal series ¥ Tar(T)gq” with coefficients in symmetric
matrices of size n.

In this paper, we discuss the necessity (as in the one variable cases) of the relation
between the weight and the prime p for an element of the mod p kernel of the gen-
eralized theta operators ®1/ in the case where the weight is small compared with p.
We remark that Yamauchi [28] and Weissauer [26] also studied the necessity in the
special cases @] or ®. Moreover we construct elements of the mod p kernel of @L/]
from arbitrary Siegel modular forms. In order to do this, we introduce an operator
AU (M) and study its properties (Section 4). Finally, we give some examples of the
mod p kernel of ©®U! and introduce the filtrations of some of them (Sections 5, 6).

2 Preliminaries

2.1 Siegel Modular Forms

We denote by H,, the Siegel upper half-space of degree n. We define an action of the
symplectic group Sp, (R) onH, by gZ = (AZ+B)(CZ+D) forZe H,,g= (4 B) ¢
Sp,,(R). For a holomorphic function F:H, — C and a matrix g = (2 5) € Sp, (R),
we define a slash operator by F| g = j(g, Z) *F(gZ), where j(g, Z) := det(CZ + D).

Let N be a natural number. In this paper, we deal with three types of congruence
subgroups of Siegel modular group I', = Sp, (Z) as follows:

48)el,|B=C=0,mod N, A= D=1, mod N},
I (N):={(48) el,|]C=0,mod N, A=D=1, mod N},
48)el,|C=0, mod N}.

Let T be one of the above modular groups of degree n with level N. For a natural
number k and a Dirichlet character y: (Z/NZ)* — C*, the space M (T, y) of Siegel
modular forms of weight k with character y consists of all holomorphic functions
F:H, — C satisfying F|x g = x(detD)F(Z),forg = (4 5) € T. If n = 1, the usual
condition for the cusps should be added.

If k = 1/2is half-integral, then we assume that the level N of T satisfies4 | N. For g €
Fé") (4), weput ji(g,Z) = 6 (gZ)/G(”) (Z), where g (Z) =Y xepn 2miXZX

Then it is known that j, (g, Z)? = ( de_t4D) det(CZ+D)forg=(45) e Fé")(4),
where (=) is the Kronecker character for the discriminant —4.

We define a slash operator for a holomorphic function F: H,, - C by

Flxg:=ji2(g:2)'F(gZ) forg=(45)eT.

We denote by My (T, x) the space of all holomorphic functions F:H,, - C such that
Flxg = x(detD)F(Z) for g = ( 4 ) € T. For more details on Siegel modular forms
of half-integral weight, we refer to [1].
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When y is a trivial character, we simply write My(T) for My(T,y). Any
F € M (T, x) has a Fourier expansion of the form

F(Z) - Z aF(T)qT, qT - eZﬂitr(TZ)’ZeHn’
0<Tex Ay

where A, = {T = (t;;) € Sym,(Q) | ti;, 2t;; € Z} (the lattice in Sym, (R) of
half-integral, symmetric matrices). In particular, if I satisfies I’ o Fl(") (N), then the
Fourier expansion of F is given by the form F(Z) = Yo rca, ar(T)q".

We denote by A} the set of all positive definite elements of A,,. For a subring R of
C,let My (T, x)r € Mi(T, x) denote the R-module of all Siegel modular forms whose
Fourier coefficients are in R.

2.2 Vector-valued Siegel Modular Forms

For later use, we briefly introduce the notion of vector-valued Siegel modular forms.
Let T c I, be one of the subgroups of level N introduced in Subsection 2.1, and let
p:GL,(C) - GL¢(V,) be a polynomial representation of GL,(C). A holomorphic
function F:Hl, — V, is said to be a (holomorphic) vector-valued Siegel modular form
of automorphy factor p and of level I' if and only if F satisfies the following property:
F(gZ)=p(CZ+D)F(Z)forallg=(45) eT.If n =1, weadd the cusp condition.

Asin the scalar-valued case, a vector-valued Siegel modular form F has the follow-
ing Fourier expansion:

F(z)= Y ap(T)q", ZeH,, ap(T)eV,.

0<Tex Ay
2.3 Congruences for Modular Forms

Let Fy, F, be two formal power series of the forms F; = Yocrc1, aF, (T)q" with
ar,(T) € Zyy. We write F; = F, mod p, if and only if ag, (T) = ar,(T) mod p for all
Te LA, withT >0.

Let p be a prime and M (T') »' the space of modular forms modulo p! for T defined
as My(T) i := {F | F € My(T)z,,, }, where F := ¥ pap(T)q" and ap(T) = az(T)
mod p'. We put M(F)pz = Y keZos ]VIk(l“)Pz.

We also explain a notion of vector-valued modular forms modulo p’. A naive no-
tion of vector-valued modular forms modulo p' is sufficient for our purpose. We
suppose that the representation p is matrix-valued and V = C?. We call a formal se-
ries Y a(T)q" with a(T) € (Z/p'Z)? a modular form modulo p', if it arises from
a C“-valued modular form with Fourier coefficients in Z?p) by reduction modulo p'
(coefficientwise). Congruences between C¢-valued modular forms can be explained
in the same way. Note that this notion depends on choosing a basis for the represen-
tation space V' = V. All the vector-valued modular forms considered in our paper
arise from scalar-valued ones by differential operators and the choice of coordinates
will be obvious.

Let wy be the filtration of modular forms modulo p introduced by Serre and Swin-
nerton-Dyer: for a formal power series of the form F = Y75 ap( T)q™ (not constant
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modulo p) with ap(T) € Z,), we define
wy(F) = inf{k € Zs, | F e Mp(T{ (N)),}.

If F = ¢ mod p for some ¢ € Z,), then we regard it as wy(F) = 0.
The following proposition immediately follows from [7,14].

Proposition 2.1 Let p be an odd prime, N a positive integer with p + N, and
F ¢ Mk(l"l(")(N))Z(p). Then wy(F) = kmod p-1. In particular, if k < p and
F # ¢ mod p for any c € Zp), then k = wy(F).

Let M, N be positive integers with N | M and F € Mk(Fl(")(N))Z(P). Then F can
be regarded as an element of M ( Fl(”)(M ))z,, and hence w(F) is defined. It is
plausible that wy (F) = wp(F) if p + M. We remark that we can prove the equality
in some cases.

Proposition 2.2 Let p be a prime, M, N positive integers such that M > 3, N | M

and p+ M, and F € Mk(Fl(")(N))Z(P).

(i)  Define a positive integer M" by M" := N T1gum,q4n 9 Where q runs over the prime
factors of M such that q + N. Then we have wp(F) = wp(F). Moreover, if
M'|N = T1i_, q: is a prime factorization of M' /N and p + [T_,(q?* - 1) for all
i with1< i < t, then we have wyn(F) = wp (F).

(i) Ifn =1, then we have wn(F) = wp (F).

Proof For F € My (Fl(") (M)) (N | M), we define the trace and the norm as follows:

Trrl(")(M)\rl(")(N)F = Z F‘k)/ € Mk(rl(n)(N))’
yery (ML (N)

N Fley € My (T (N)).

" " F:=
rl( >(M)\r1( J(N) yerl(”)(MI}\Fl(”)(N)
Here i is the index [Fl(") (N): Fl(”) (M)]. It is known that the g-expansion principal
holds for Siegel modular forms [14]. Therefore, if F has p-integral rational Fourier
coeflicients, then Trr1<n>(M)\rl<n>(N) F and er(n)(M)\rl(n)(N) F also do.

(i) We first prove that if i := [Fl(”)(N) : Fl(n)(M)] is coprime to p, then wy(F) =
wy(F). Let ] = wy(F), G € M;(Fl(")(M))Z(P), and F = G mod p. By taking
the trace of both sides of F = G mod p, we have iF = H mod p for some H ¢
MI(I“I(")(N))Z(I,). This implies I = wp(F) > wy(F). The opposite inequality fol-
lows from the definition. Therefore we obtain wy(F) = wp(F).

The strong approximation theorem for the symplectic group indicates that

Iy T ()]= T [C (M) e ()],

I: prime

Here, for a positive integer M, Cl(’r;) (M) is the closure of 1“1(") (M) in GLy,(Z;) by the
I-adic topology. Thus [Fl(")(M') : Fl(")(M)] is coprime to p. Therefore wyy (F) =
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wp (F) follows. Note that for a prime g, we have |Sp(n,Fy)| = q”2 e, (g* - 1),
where Fy is the prime field of order g. If p + [T)_;(q*" — 1), then for a prime g with
q + pN, [Fl(")(Nq) : Fl(")(N)] is coprime to p. Hence we have wy(F) = wyy (F) if
p+TI_(q? -1) foralll<i<t.

(ii) Let n = 1 and suppose that F € Mk(l"l(l)(N))Z(P), Ge M,(l"l(l) (M))z,y» | =
wp(F),and F = G mod p. Taking the norm of both sides of F = G mod p, we have
F' = H mod p, where i = [Fl(l)(N) : I‘l(l) (M)] and H is a modular form such that
He M,,-(l"l(l)(N))Z(p). Therefore we have wy(F') < li = iwp(F). Applying Katzs
result [15], we have wy (F?) = iwy(F) forany i € Z,. This implies iwy (F) < iwp (F)
and hence wy(F) < wpy(F). The opposite inequality follows from the definition.
Therefore we obtain wy (F) = wp(F). [ |

Definition 2.3 A formal power series of the form F = Y1, ap(T)q" with
ap(T) € Qp is called a p-adic modular form (of degree n) if there exists a sequence
{G; € My,(Tn)q} of Siegel modular forms such that lim;_,., G; = F(p-adically). In
other words, inf{v,(ap(T) - ag,(T)) |0< T € A,} - oo as | > oo, where v,, is the
usual additive p-valuation of Q, normalized by v,(p) = 1.

Theorem 2.4 ([8]) Let p be a prime with p > n+3. Thenany F € Mk(ré")(pm))Z(P)

(m > 0) is a p-adic modular form. In particular, we have M(Fé")(pm))Pz c M(T, )p!
foranyl>0and m>1

2.4 Theta Operators and Their Properties

To define the operators ®l/] we need some notation. For a square matrix T of size 7,
we denote by TU! the matrix of size (;‘) x (;’) whose entries are given by the deter-

minants of all submatrices of size j. For the reader’s convenience, we give an example
for n = 3.

Example 2.5 Let T = (t;;) be a square matrix of size 3. Then we have T =T,
T[*) = det T and

th te th ths t  ts
tr tr a3 thy 123
(2] _ th te tn b3 ty i3
f31 I3 t31 133 f3 133
tra tn try a3 thy 123
t31 I3 f31 133 t3p 133

Here we fixed an order to determine the entries of these matrices. The definition of
T071 depends on the choice of the order.

Using this notation, we can explain @] by

F= Y ar(T)q" — OU(E) = 3 701 ap(1)q"
T T
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for any formal power series F of the type above (cf. [5]).

These operators were introduced in [8], and it was shown that they define (vector-
valued) modular forms modulo p, when applied to modular forms. Note that ©["] is
the ®@-operator defined in [6], i.e., for a formal Fourier series F = 1.5 ar(T)q”,
we have ®[")(F) = Y1y (det T)ar(T)q". Hence, we simply write © for ©["].

For 0 < j < n, we observe the following (obvious) properties of these operators
with respect to congruences.

Proposition 2.6 (i) OUI(F) # 0 mod p is equivalent to the existence of T € A,
and a j x j submatrix R of T such that ap(T) # 0 mod p and p + detR.

(i) OUI(F) =0 mod p implies ®U*1(F) = 0 mod p.

(iii) ®UI(F) is mod p singular if and only if TUlap(T) = 0 mod p forall T € A},

(iv) Let j > 0 be an integer. Assume that ®U)(F) is mod p singular with p-rank r,,
where the p-rank is the maximum of r for 0 < r < n such that there exists T € A,
with rank(T) = r satisfying TUap(T) # 0 mod p. Then we have ®U»*11(F) = 0
mod p.

The following theorem is due to Katz [15], Serre [23], and Swinnerton-Dyer [24].

Theorem 2.7  Let p be an arbitrary prime and N a positive integer with p + N. For
f e M(tO(N)) (k € Zsy), suppose that O (f) = 0 mod p. Then we have
plon(f)-

Zpy>

Remark 2.8 In this case (the degree is 1), the operator ®[! is the usual Ramanujan
operator 0.

Swinnerton-Dyer and Serre proved the case N = 1and Katz proved the case N > 3.
The case N = 2 is obtained by the case N > 3 and Proposition 2.2.

Theorem 2.9 ([6]) Let p be a prime with p > n + 3 and N a positive integer. If
Fe Mk(F(")(N))Z(P), then ®(F) € My p41(F™ (N)),. Therefore we can regard ®
as amap @: M(T"(N)), - M(T™(N)),.

We introduce a relation between mod p singular modular forms (see §3.1) and the
mod p kernel of @1,

Proposition 2.10  Let p be a prime with p > 3 and N a positive integer with p + N.
For a positive integer k, assume that F € M (T") (N))z,,, is mod p singular of p-rank
rp with k # r,/2 mod 2. Then we have ®»](®("="1) (F)) = 0 mod p. Here ® is the
Siegel ®-operator and hence ®"~"?) (F) € M (T("»)(N)).

Remark 2.11 The p-rank is defined as the maximum of 7 (0 < r < n) such that there
exists T € A, with rank(T) = r satisfying ap(T) # 0 mod p.

If F € My (T (N)) is mod p singular of p-rank r,, then we have 2k - r, = 0 mod
p — 1by the result of [4]. Therefore in this case r,, should automatically be even.
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Proof By applying the ®-operator several times, we may suppose that the p-rank r,,
is n — 1. Then it suffices to prove that ®[""1(d(F)) = 0 mod p. Moreover, by taking

F(NZ) e M (T (N?))

when F is of T(") (N), it suffices to prove it for F € Mk(l"l(")(N)).

Let Ty € A, be of rank(Ty) = n — 1 satisfying ar(Tp) # 0 mod p. If necessary,
replacing F by Flg( 4" %) e My (T (N)) for a suitable (") €T, we can
assume that T, = (8 1\20 ) for some M, € A} _; (since

Fe (')
is mod p singular such that ap/(Ty) = det(u)*ap(uTy'u)). We shall prove p | det M,
for any such M.
We recall the well-known fact [12,13,29] that F has a Fourier-Jacobi expansion of
the form
F(Z) — Z ¢T(T)5)e2m'tr(M-T )
MeA,
Here we decomposed H,, 5 Z = ( ;?,) for T € Hy, 7 € H,,_;. Pick up the My-th
Fourier-Jacobi coeflicient and consider its theta expansion

oMo (7:3) = D0 hu(7) O, [1](75),
u
where y runs over all elements of Z("~ . (2M()\Z®"~V) and

- ! #/2) il M7 [ u]) T
h,(7) = E a e MM LT
u(7) Pt F(ty/Z M,

From the mod p singularity of F, the above hj satisfies that hy = ¢ # 0 mod p. More-

over, hg is a modular form of weight k — %! € Z, for l"él)(NL) by [4, Lemma 5.1].

Here L is the level of My. If p + L, then we have k — %2 = 0 mod p - 1 by Katz

[15]. However this is impossible because of k # %" mod 2. Hence p | L follows. In
particular we have p | det M. This completes the proof of Proposition 2.10. ]

3 Main Results and Their Proofs

3.1 Main Results

Forany T € A,, we denote by ¢(T') the content of T defined as
e(T) =max{d € Zs, | d'T e A,}.

Let F be a scalar-valued modular form. If F # 0 mod p and ®(F) = 0 mod p, then
there are three possibilities.

(a) Forany T € A} we have ap(T) = 0 mod p.

(b) For any T € A}, with ap(T) # 0 mod p, we have p | ¢(T).

(c) There exists T € A}, such that ap(T) # 0 mod p and p + ¢(T).

A modular form F of the type (a) is called mod p singular. In this case, the authors
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discussed the possible weight in [4]. Therefore, the main purpose of this paper is to
consider types (b) and (c).

The first main result concerns F of type (b), but under a condition on k. Note
that condition (b) is equivalent to that ®(F) is mod p singular, namely the vector-
valued modular form ®(F) (mod p) satisfies the same condition for vector-valued
modular forms as (a) above, because of Proposition 2.6 (iii).

Theorem 3.1 Let p be a prime with p > 3 and N a positive integer with p + N. For a
positive integer k, let F € Mk(Fl(")(N))Z(P). Assume that F # ¢ mod p for any ¢ € Z,).

(i) Ifel(F)=0mod pand

0<k<2p-1 (kodd), then k= 17 (k odd),
enk =
0<k<3p-1 (keven) 2p  (k even).

(i) IfOM(F)=0mod p,0<k<p*—p+1landp|k, thenk = wy(F).
(iii) If ®U(F) is non-trivial mod p singular of p-rank tp (Proposition 2.6 (iv)), then
2k-r,=0mod p-1

Remark 3.2 A modular form F satisfying ®['(F) = 0 mod p is called totally p-
singular by Weissauer [26] who also obtained similar statements (at least for the case
oflevel 1) under a certain condition on the largeness of p in geometrical terminology.
Our statement is phrased in classical (elementary) language.

There exists a mod p singular modular form F (# 0 mod p) such that ®(F) = 0
mod p. In fact, we can construct such an example in the following way. For any mod
p singular modular form F € My(T,)z,,, we consider

G:= Y ar(pT)g?T e Me(T{" (p?)).

TeA,

Applying Theorem 2.4, we can take H € My/(T;,)z,,, such that H = G mod p. Then

H is a mod p singular modular form such that ®['J(H) = 0 mod p. For the existence
of mod p singular modular forms and for their possible weights, see [4].

Statement (iii) in this theorem follows immediately from a property on mod p
singular vector-valued Siegel modular forms, which is a generalization of the result in

[4].

Theorem 3.3  Let p be a prime with p > 3 and k a positive integer. Let N be a positive
integer with p + N and F € Mk(l"l(”) (N))z,, Suppose that OUI(F) is mod p singular
of p-rank r,,, where the p-rank is defined in Proposition 2.6 (iv). Then2k = r, mod p -1
holds.

Remark 3.4 We may allow the modular group to be of type Tl(")(N) N Fé")(pl)
with N coprime to p. We may also allow quadratic nebentypus modulo p.

The second main result concerns F of type (c). We remark that p + &(T) for
T € A, is equivalent to the existence of j with 1 < j < n — 1 such that p + TUJ,
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where we write p | TUD if p divides all entries of TUl, otherwise we write p + Tl
Moreover the existence of jand T € A} with p + TUl such that az(T) # 0 mod p,
implies ®/1(F) # 0 mod p. Namely we have

3T € A} such that ap(T) #0 mod p, p + &(T)
< 3j(1<j<n-1),3T € A} such that ap(T) # 0 mod p, p + TU]
— 3j(1<j<n-1)suchthat ®UI(F) # 0 mod p.
Note also that the converse of the last right arrow is not assured in general.
For any F of the type (c), we can find j such that
®UI(F)#0 modp and OU(F)=0 mod p.

Then we have the following statement.

Theorem 3.5 Let p be a prime with p > 3 and N a positive integer with p + N. Let n,
j» and k be positive integers such that j < n. Assume that F € Mk(Fl(")(N))Z(P) satisfies
OUI(F) # 0 mod p and ®U+(F) = 0 mod p.
W If

k<p+(j-1)/2  (jodd),

k<2p+(j-2)/2 (jeven, k- j/20dd),

k<3p+(j-2)/2 (jeven, k- jj2even)

then
2k-j=p (j odd),
k-jl2=p (jeven, k—j/2 odd),
k-j/2=0modp-1 or k-j/2=2p (jeven, k— j/2even).
(i) If

s 2_ .
{zk j<p*—-p+1 (jodd), and pl|(2k- ),

k-ij2<p*-p (j even)
then k= wy(F).

In a more general situation, we predict the following property.

Conjecture 3.6 Let p be a prime and #, j, and k be positive integers with j < n.
Let k be “sufficiently small” compared with p. Assume that F ¢ M k(l"l(")(N )z,
(k € Zs,) satisfies ®U1(F) # 0 mod p and ®U*1(F) = 0 mod p. Then we have

p | Qwn(F) - j).
Therefore, we can regard Theorem 3.5 as an example that supports this conjecture.

Remark 3.7  If the weight is large compared with p, the statement of this conjecture
is not true. We will show this, by numerical examples (§5.3, §5.4), for the case of
degree 2 and level 1,
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Yamauchi [28] concluded similar statements as in the two theorems above for the
case of degree 2, without condition on the smallness of k compared with p, but under a
certain geometrical non-vanishing condition. The proof is also algebraic geometrical.

3.2 Proof of Theorem 3.3

Since Theorem 3.1 (iii) follows from Theorem 3.3, we start by proving Theorem 3.3.

We observe that the Fourier expansion of ®/](F) runs only over elements of A,
with rank(T) > j. Therefore only the case j < r, is of interest to us. Also it may be
convenient to reduce the claim to the case r, = n—1by applying the Siegel ®-operator
several times; for details on the Siegel ®-operator in the vector-valued case we refer
to [13,27]. We just mention that for j < n we may identify

(D( > TUl. aF(T)qT)
TeA,
with Sser, S ar($) "

We introduce some useful notation following [13]. For an n-rowed matrix M and
two subsets P, Q of {1,..., n} with t elements we denote by M E;’] o) the determinant
of the t-rowed matrix M g which we obtain from M by deleting all rows that do not
belong to P and all columns that do not belong to Q.

Now starting from the Fourier expansion F = ¥ ar(T)q7, there exists Ty € A,,
with rank(Ty) = n — 1 such that To[j .a r(To) is not congruent to zero modulo p. If
necessary, taking

Flo( & %) e M1 (N))

for a suitable
( tu_l 0,,) € rn;

0, u
we can assume that Ty is of the form Ty = (§ »f ) with M, € A}_, (since

F' = Fli( e 0")

0, u

satisfies the assumption of Theorem 3.3 and ap (Tp) = det(u)kap(uTo fu)).

The property of T, from above implies that there is at least one entry of the matrix
TO[J ! that is not congruent zero modulo p, i.e., there exist subsets a®, b° of {1,...,n}
with det( Ty, ) # 0 mod p. From the special shape of T it follows that both a° and b°
aresubsetsof {2, ...,n},i.e., the (a’, b°)-entry of ng] isa determinant of a submatrix
of My, which we call dj.

We decompose Z € H, as Z = ( ;: f, ) with 7 € H,_; and study the Fourier-
Jacobi coefficient @, (7, 3) 2mitr(Mo7') yiewed as a subseries of the Fourier expansion
of F. We apply the operator ®l/] to this subseries of F; then its (a°, b°) entry is just
do - ou, (T,g)ez’ritr(M‘”/). Now proceeding as in [4], for all R € A, the R-th Fourier
coefficients of this series should be congruent to zero modulo p unless R is of rank
n — 1. 'This implies that in the theta expansion of ¢, a modular form ki, of weight
k- "T_l appears, which should be congruent to a (nonzero) constant modulo p. The
requested congruence follows from this as in [4]. ]
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3.3 Proof of Theorem 3.1

(i) From Proposition 2.6, the assumption ®'(F) = 0 mod p implies that, for any
T € A, satisfying ap(T) # 0 mod p, we have p | &(T). In particular, all diagonal
components of such T are divisible by p. Moreover, since F is not congruent to a
constant modulo p, there exists T # 0, (T € A,) such that ap(T) # 0 mod p and
p | €(T). We fix one of them and denote it by Ty. Let diag(Ty) = (d1, da,...,dy)
(with p | d; for any i), where d; is the (i, i) entry of Tp. Since Ty # 0, we can assume
that d; > 0 by changing F to

Fle( "4 ) e My(T™ ()

for a suitable ( '371 O ) € T,, (Note that F' = F|j ( ‘gfl O ) satisfies the assumption of

Theorem 3.1 and ap(Tp) = det(u)*ap(uTy'u)).
Consider the integral extract for Ty defined by Bércherer and Nagaoka [7]:

()= a(l)q', a(l) ::;am),

1

where T runs over all positive semi-definite elements of A, satisfying
T=Tomod M, diag(T)=(l,dz,....dn)

and M € N is large enough such that (pdet To, M) = 1and a(d;) = ap(Tp). The
reason why we can find M such that a(d;) = ar(Ty) is due to the same argument as
in [7, p. 229, lines 4-5]. Then we have f € Mk(Fl(l)(NMZ)) and a(d;) = ap(Ty) #
0 mod p. Moreover, p | [ when a(l) # 0 mod p and f # c mod p for any ¢ € Z).
Therefore we have ®(f) = 0 mod p and wypp2(f) > 0. Applying Theorem 2.7,
we obtain p | wyaez(f). By Proposition 2.1, wyae(f) = k mod p — 1 and therefore
wnae (f) and k have the same parity.

If k is odd, then 0 < wnp2(f) < k <2p—1and p | wnae(f)- In this case we have
wnumz(f) = p. Therefore, k = p or k = 2p — 1. By the assumption k < 2p — 1, we obtain
k=p.

If k is even, then wyp;2(f) is even such that 0 < wyp(f) < k < 3p —1and
P | wnpe(f). In this case we have wypp2 (f) = 2p. Therefore k = 2p or k = 3p - L.
Since the assumption k < 3p — 1, we obtain k = 2p. This completes the proof of
Theorem 3.1 (i).

(ii) As in the proof of (i), we can take f € Mk(rl(l)(NMz)) (p + M) such that
Ol(f) = 0mod p, f # c mod p for any c € Zpy and 0 < wnp2(f) < wn(F) < k.
To prove k = wy(F), we may prove k = wy(f). Now we obtain p | w2 (f)
by Theorem 2.7. By the assumption, we have wyp2(f) = k mod p(p — 1), because
wny2(f) = k =0mod p and wyp2(f) = k mod p — 1. Then there exists ¢ > 0 such
that k = wyae (f) + tp(p —1). However, from 0 < k < p? — p + 1, we have ¢ = 0 and
hence k = wyp2 (f). This completes the proof of Theorem 3.1 (ii).

(iii) The statement follows immediately from Theorem 3.3. [ |
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3.4 Proof of Theorem 3.5

(i) By Proposition 2.6 and the assumption ®/J(F) # 0 mod p, there exist T € A, and

a j x j submatrix M of T such that ar(T) # 0 mod p and p + det M.
Replacing F by F|i( '6’;1 ) e Mk(l"l(") (N)) for a suitable ( rg;l %) €T, we can
assume that there is a principal submatrix M of size jin T such that p + det M, where

a principal matrix is defined as a matrix obtained by omitting the same columns and
rows (since F' = F |k( 'gfl Ou" ) satisfies the assumption of Theorem 3.5 and ap (Tp) =

det(u)*ar(uTy'u)). In particular, we may suppose that T is of the form T = ( o 2 )
with My € Aj, p + det My, and ap(Ty) # 0 mod p.
The Fourier-Jacobi expansion of F can be written in the form
F(Z) _ Z (PM(T,z)eZHitr(Mw').
MeA;
Here we decomposed H,, > Z = ( ; ;3, ) for 7 € H,_; and 7" € H;.
We consider the M,-th Fourier-Jacobi coefficient

9o (1:3) = 2 (1) O, [4](7.3)
u
where y runs over all elements of Z("~/) . (2M,)\Z("~/*)) and

@
0= 3 el §)emeiseton

2
Lk, \2 Mo

Then h,, is a modular form of weight k — % for T("~1) (4N Q), where Q is the level of
M, and we have p + Q. Hence we have

H, = h,(4NQr) € MH(rf”*f>(42N2Q2))z(P).
Now we prove the following lemma.

Lemma 3.8  If the Fourier coefficient of H, at L — +My"'[*u] is nonzero modulo p,
then all entries of L — + My"[* u] are divisible by p. In particular, by Proposition 2.6, we
have ®U1(H,) = 0 mod p.

Proof We have by a direct calculation

_ (lnj ’Z‘Mol) (L ~IM' ] 0 ) ( Ln-j 0)
o 0 Mo J\My' £ 1;)
(Multi-) linear algebra shows that for J:= {n — j+1,...,n}and i,i" € {1,...,n - j},
we have
S[j] I(L—lM_l[t ])[1] .detM
ROUALLT) g o LH) G o

(1]

Here the notation S 7,Q)

is the same as in the proof of Theorem 3.3.
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We observe that the left-hand side is divisible by p and det M, is coprime to p,
therefore all entries of L — + Mg'[* ] are divisible by p. |

We return to the proof of Theorem 3.5. Let j be odd. By ©[! (H,) = 0 mod p, we
can easily prove ®J(H7) = 0 mod p. Then H? is of weight 2k — j < 2p —1and 2k - j
is odd. Therefore 2k — j # 0 mod p - 1. This implies H;, # ¢ mod p for any ¢ € Z,)
(see [7]). Hence we can apply Theorem 3.1 (i) to Hﬁ. We conclude that 2k — j = pin
the case where j is odd.

Let j be even and k — j/2 odd. The weight of H,, is k — j/2 < 2p — 1 and therefore
Hy # ¢ mod p for any ¢ € Z,), because of 2k — j # 0 mod p — 1. In this case, we can
directly apply Theorem 3.1 (i) to H,. Hence we obtain k — j/2 = p.

Let j be even and k — j/2 even. Note that k — j/2 < 3p — 1 by the assumption. If
H, = c¢mod p for some ¢ € Z,), then we have k - j/2 = 0 mod p - 1, otherwise
we can apply Theorem 3.1 (i) to H,. Therefore, we obtain k — j/2 = 0 mod p — 1 or
k - j/2 = 2p. This completes the proof of (i) in Theorem 3.5.

(ii) Let H, € My, (Fl("fj) (4°N?Q?))z,,, be the function appearing in the proof
of (i). Note that ws2n2q2(Hy) + j/2 < wn(F) < k. By the assumption, we have

2 _ 2 _ j
{WNZQz(Hﬂ)gzk jep=prl Godd) 4 ol ak- ).

weneq:(Hy) <k—-jl2<p*-p  (jeven)

To apply Theorem 3.1 (ii) to Hf, (j odd) and H, (j even), we need to confirm that
they are not congruent to constants modulo p.

If j is odd, then 2k - j # 0 mod p — 1. This implies H}, # ¢ for any ¢ € Z,). Hence
we can apply Theorem 3.1 (ii) to H ﬁ It follows that

2k —j= w42N2Q2(H’i) < 2w42N2Q2(H[4) < ZwN(F) —j <2k —j.

This indicates k = wy(F).

Let j be even. Assume that H, = ¢ mod p for some ¢ € Z(,). Then we have both
conditions k — j/2 = 0mod p —1and p | (k — j/2) because of the assumption of
the theorem. Then there exists # > 1 such that 2k — j = tp(p — 1). However this is
impossible because of 2k — j < p* - p. This means that H, # ¢ mod p for any ¢ € Z,).

Hence we can apply Theorem 3.1 (ii) to H,, and then

k= w42N2Q2(H[4) +j/2 < wyen2q2(F) < k.

Therefore we obtain k = wy(F).
This completes the proof of (ii) in Theorem 3.5. ]

4 On Operators AU)(p)

Following Choi, Choie, and Richter [10], for a Siegel modular form F € M k(Fn)Z(p)

with a Fourier expansion F = Y1 ar(T)qT, we define an operator A(p) (their nota-
tionis U(p)) as

FlA(p) = 3 ax(T)q".
TeA,
pldetT
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We remark that this operator A(p) is different from the usual U(p)-type Hecke op-
erator investigated in [3] and elsewhere. If p > n + 3, it is easy to see that F|A(p) =
Fngi -0 Y(F) e ]\A/fsz,l(l",, )p» because O(F) € Mk+p+1(Fn)p (see Theorem 2.9).
Here E,_; € Mp_l(l“,,)zm is such that E,_; = 1 mod p obtained in [6]. Essentially,
this formula appeared in Dewar-Richter [11]. It was not explicitly proved that F|A(p)

is a true modular form; we prove it here for more general operators AY) (M).
Let M be a positive integer. For a formal Fourier series of the form

F= 3 ap(T)q",

TeA,

we set F|JAD) (M) = ¥ 10120 moa s 4¢(T)q". Then we can prove its modularity as
follows.

Theorem 4.1 Letk, j, n(j<n), M, and N be positive integers. If F € Mk(l"l(")(N)),
then FJAU)(N) ¢ Mk(Fl(")(NMz)). In particular, if F € Mk(I‘é")(N),X) for a
Dirichlet character y modulo N, then F|AD (M) e Mk(ré”)(NMz), X)-

Remark 4.2 As a special case in the above, we have

FIA™ (M) = FJA(M) = Y ap(T)q",
A4T\§£t"T

FIA® (M) = FUM)V(M) = Y ap(MT)q"".
TeA,

Here U(M) and V(M) are the usual operator described as

FUM)= Y ap(MT)q", FV(M)= Y ap(T)q"".

TeA, TeAn
For more details, see [3].
Proof Weput]:={Tmod M| T € A, }. Note that ] is a finite set. Then, as in [7],

we can find that g, moa s a5(T)q" € Me(I") (NM?)) for any T € J. Now we
consider J&) := {T mod M | T € A,,, TU) =0 mod M} c J. Then we have

F|A(J’)(M) - Z Z aF(T)eZm'tr(TZ)‘
Toeléj) T=Ty mod M

Hence F|A(D) (M) e M (T (NM2)).

Assume that F € M k(l"é") (N), x). Using the standard procedure of twisting, we
show that FJA(D (M) € My (T{" (NM?2), x). If g = (A B) e I{"") (NM?), using [7],
we get,

) 1 N B
(4.1) F|A(])(M)|k g= Z ZF|k (On fi) e thr(Toﬂsd)|kg)
Tyes(P S n
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where S runs over all symmetric integral matrices of size n modulo M. Then we easily

get B
L)ooz (b %
(on ln) §-¢8 (on L,

with g e T, é") (N) and some integral symmetric S satisfying S = ‘DSD mod M. Note
here that g satisfies g = (' ;) mod N. Keeping in mind that A'D = 1, mod M, we
may rewrite (4.1) as

S A " T
N ICR N FEA B
To 3 0, 1n

We observe that F|;g = y(det D)F and Ty — T, := —'AT,A just permutes the set
To () this proves the assertion. ]

Remark 4.3 The proof actually shows that F|JA) (M) is a modular form of level
lem(M?, N).

We have the same statement as in Theorem 4.1 for F of half integral weight in the
following way. We consider G(Z) := F - (") (MZ), where (") (Z) is the theta func-
tion introduced in Subsection 2.1. This is of integral weight and (obviously) we have
FIAD (M) = (F|JAD (M)) - 80 (MZ). Therefore, the statement for F follows from
that for G.

For any F € My(T,), we have F|A(1)(p ) € My (F(")(pz’")) by Theorem 4.1. By
Theorem 2.4, we can regard as AU (p™): M(T, )p! - M(T, )pt-

Proposition 4.4 Foranyl>1, m>1and j (1< j < n), we can decompose M (T, )p!
as ]A\/I(l"n)l,l = Ker AW (™) e ImA(f)(p’").

Proof LetF e M(Fn)pz. We set
Fe Y @M. Re Y alhd
TLi1#0 mod p™ Tlil=0 mod p™

Namely Fy == F - FIAOW(p™) and F, = F|AU) (p™). Then F can be written as F =
F, + 5. Then F, € Ker AO) (p™), F, € Im AW (p™). This shows

M(T,), c Ker A9 (p™) + Im AD (p™).

The converse inclusion is trivial. Therefore M(T,) 1 = Ker AW (p™) + Im AU (p™).
We shall prove that the summation of the right-hand side is direct. Let

FeKerAY (p™)nIm AD (p™).
Then F = G|AY) (p™) for some G € M(F,,)pz. This implies
> ac(T)q".
Tlil=0 mod pm

On the other hand, it follows from F € Ker A() (p™) that 13'|A(J') (p™) = F = 0. Hence
we have KerA(j)(p'”) N ImA(f)(pm) - 0. -

™
I
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Remark 4.5 Similarly we have also ]\7I(F,,)Pz = Ker®™ @ Im ®™, for any [ and m
with1< I <m.

We consider the action of AX) (p™) on the space of p-adic modular forms.

Proposition 4.6 If F is a p-adic modular form of degree n, then F|AD) (p™) is a
p-adic modular form of degree n for any1< j<nand m > L

Proof Since Fisa p-adic modular form, there exists a sequence {G; € My, (Tn)z,, }1
such that F = G; mod p'. Then we have F|AD) (p™) = G;|AY) (p™) mod p'. By The-
orem 4.1, G|AD (p™) € My, (Fé") (pzm))Z(P) holds. By Theorem 2.4, G;|AY) (p™) is
also a p-adic modular form. Therefore F|A() (p™) is a limit of a sequence of p-adic
modular forms. This implies the assertion. ]

5 Examples

In this section, we introduce some examples of elements of the modp kernel of @L/]
and analyze the filtrations of some of them.

5.1 Siegel-Eisenstein Series

Let E,(C") be the Siegel-Eisenstein series of weight k of degree n, where k > n +1is an
even integer. Let p be a prime and 7 a positive even integer such that p = (-1)  mod 4
and p > n +3. We set k¢, ) = "+§_1. By Nagaokass result [21], E,E:'n)w is an element
of the mod p kernel of ®. Note that this is mod p non-singular by the result of [4]. It

follows from k, ,y < p that wl(E,((':)p)) = k(n,p)-

As an easy application of Theorem 3.5 (i), we can prove "1 (E,EZ')”) #0mod p
as follows. We can find an integer 1 < j, < n — 1 such that j, is the maximum of
positive integers j satisfying L] (El((:')p)) # 0 mod p. Applying Theorem 3.5 (i), we

have n + p —1— jo = p. This implies jo = n — 1.
5.2 Theta Series

In [5], we use certain theta series attached to quadratic forms to construct several
types of Siegel modular forms in the mod p kernel of ®U/]. We compute wy for some
cases: here N can be an arbitrary number coprime to p. In this way we confirm that
the constructions in [5] are the best possible ones in the sense that the level one forms
obtained are of smallest possible weight.

First case:  Here S is an even positive definite quadratic form of (even) rank n, exact
level p and det(S) = p*.

We showed that the normalized theta series

1 Z enitr('xsxz)

0" (z)y = ——
s (2) f Autz(S)
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is congruent modulo p to a level one form F of weight k = n/2 + (p — 1), where
Autz(S) = {A e Z("") | 'ASA = S}. Then ap(S) =1, in particular, F # 0 mod p and

e (F) = 0 mod p, ®"2(F) # 0 mod p.

Here the second statement follows from S$["~21 . a(S) # 0 mod p. Since j = n -2
(even) and k — % = k-2 = p < p* - p, we can apply Theorem 3.1 (ii) to F. This
implies k = w;(F).

Second case:  Here S is an even positive quadratic form of (even) rank 7, exact level
p with det(S) = p. In this case, ng) is congruent modulo p to a level one form of
weight k = 7 + %_1 Then ®["](F) = 0 mod p, but ®"I(F) # 0 mod p. Since
j=n-1(odd)and 2k — j =2k —n+1= p < p* - p +1, we can apply Theorem 3.1 (ii).
Therefore, in this case also we have k = w;(F).

Second case, with harmonic polynomial: ~ Let S be as before and consider

Ho

S,det(Z) = Z det(X)e”i“(tXSXZ)_

Xez(mm)

Here we must assume in addition that Autz(S) does not contain improper automor-
phisms, i.e., all automorphisms have determinant +1. Then it was shown [5] that this
theta series is congruent modulo p to a (cuspidal) level one modular form F of weight
k=3+1+ 3‘”7_1. The proof was much more complicated than in the other cases. Again
F satisfies ®["(F) = 0 mod p, but ®[""(F) # 0 mod p.

In this case, from j=n —1(odd) we have 2k — j=n+2+3(p-1) - (n—-1) = 3p.
Then p | (2k - j) and 2k — j = 3p < p* — p + 1 (when p > 5). Applying Theorem 3.5
(ii), we have k = w; (F).

Remark 5.1 There is a missing case here, namely Ggfld) o With S of level p and det(S) =
p*. Here we do not yet know a good explicit construction of a level one form F con-
gruent modulo p to Ggf'd)et with low weight. A consideration similar to the one above
suggests that w,(F) = 5 + 1+ 2(p — 1) should hold.

5.3 Operators AY) (p)

For any F € M(T,)z,,, we have OUI(F|AD (p)) = 0 mod p by the definition of
A (p). Namely, we can always construct elements of the mod p kernel of ®l/] for
any prime p. In particular, if p > n + 3 and j = n, then we get weight k + p* — 1 for
any k € Zy; (see Section 4). Moreover these examples are not necessarily of type (b)
introduced in Subsection 3.1. Because, if we take a suitable F, then there exists T € A,,
with p + &(T) such that ag 4 () (T) # 0 mod p. We remark that F is an element of
the mod p kernel of ®U/] if and only if F|A() (p) = F mod p.

Let ij ), X1(22 ) be cusp forms of degree 2, level 1, and weights 10 and 12, respectively.

We normalize them so that ax,, ( 1/12 1/12) =ax, (1}2 1/12) =1
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Example 5.2 We have by direct calculation
0(EP |A(7)) =32, wi(EQ |A(T)) =4, wi(Xio | A7) = 46.

All of these formulas satisfy p | (2w;(F) — n +1). Therefore Conjecture 3.6 is true for
these examples.

We introduce more examples of w; (F|A(p)) in tables in Section 6. We shall explain
the tables. Let p > 5 be a prime and R, = F[x4, X6, X10, X12] @ polynomial ring over
[F,. For a positive integer k, we denote by R, x ¢ R, the space of isobaric polynomials
of weight k. We define a linear map yx: R, x — Mg (I2) , by wi (f (x4, X6, %10, X12) ) =
f(Ef),'E“éz),)?w,Xu). Then vy is an isomorphism [19]. Let H € M,(T;), be a
modular form with H = 1. Therefore

B Eﬁz) ifp=5,
S PON S
6 p=7.

Note that y;!(H) is a prime element of R,,. For F € M (I3) ,, denote by ordy (F) the
maximum integer e such that y;'(F)/(y;'(H))¢ € R,. We understand ordy(0) =
00,

We compute images of the linear operator A(p): ]VIk(l"z)p - 1'\71k+p2_1(r2)p for a
basis of My (I;), for even k < 60 and p = 5,7. We fix a basis By, = {Fi,..., Fn} of
Mk(rz)p so that

(5.0) ordH( > aGG) = min{ ordg(agG) | Ge S},

GeS

for any choice of ag € I, for each G € S. Here S = {F|A(p) : F € By, }. We can take
such a basis as follows. In general, let R be a polynomial ring over a field K and h a
nonzero element of R. We fix a monomial order of R. Let M be a subspace of R over
K spanned by monomials which are not divisible by the initial term of k. Since {h}
is a Grobner basis of the ideal Rh, we can perform the reduction algorithm uniquely.
That is, for any f € R, we can uniquely write f as

(5.2) fzi&ﬁﬁﬂ

where g;(f) e M and g;(f) = 0 for sufficiently large i. Take a basis B = {Fy, ..., Fp, }
of M (T2),. We put f; = Viip2—1(Fi|A(P)) and denote g;(f;) by the element of M as
in (5.2) for h = y,', (H). Take a positive integer a so that g;(f;) = 0 for all j > a. Let
M be a subspace of M spanned by {g;(fi)}1<i<m,0<j. We fix a linear isomorphism
WM = Fyand put v(fi) = ¥(0(f7) ® ¥(gi(f) @+ @ ¥(ga(f:) € Ty 1f
we take a basis B so that the matrix (v(f1),...,v(fm)) is an echelon form, then the
basis satisfies (5.1).
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For example, we take Big 5 as Bigs = {Eifs, Eil% + 2]?2, EsX1, EZ)N(IO}. Here
we simply write E,(cz) as Ex. Then its images are given as

E3Eq|A(5) = ESEq(E3 - 2X1,)
(EZEG + 2E2)|A(5) = EZ (EZEG + Zﬁg + ’EVZYIQ),
E6X12|A(5) = EZX’10|A(5) =0.

We omit the explicit description of By , for other cases. We note that the multiset
{ordy(F|A(p)) | F € By,p} does not depend on the choice of By ,, satisfying (5.1).
Define a map ay, ,: By, , - Z* x F; by

ak,p(F) = (ordg(F|A(p)), 1,1 mod p,2] —1mod p),

where [ = w;(F|A(p)). Tables 1 and 2 show the multiset {a ,(F) | F € By, }. Each
element [(a, b, ¢, d), e] in the tables means that there exists exactly e modular forms
F € By, such that ay ,(F) = (a,b, ¢, d).

Examples show that there exists a modular form F with w;(F|A(p)) # 0 mod p
and 2w (F|A(p)) -1 # 0 mod p. Filtrations of such modular forms in these tables
are {24, 42, 54} if p = 5and {24, 48, 52} if p = 7. For example, a modular form of
degree 2, weight 24, level 1

F = EjE¢ + 2E¢ + 3EE Xy + 3E4 X7 + 2E2 X, + 3X},
satisfies ®[21 (F) = 0 mod 5 and ®'1(F) # 0 mod 5, but we have
2w1(F)-1#0 mod 5.
Bold elements in tables indicate those modular forms.
5.4 More Examples of Filtrations

In this subsection, we use the example of w;(F) for F € My(I3)z,, with ®(F) =
0 mod p to test the validity of Conjecture 3.6. Here we compute the kernel of
O: My (I3)p = Miip+1(I2), for p < 80 and an even k < 100 with by, 1y < 15. Here

| [k/10] if k is even,
“TV(k-5)/10] ifkisodd.

Note that by gives the Sturm bound for Mk(Fz)p (see [9,17]). We take a basis B =
{F,...,F,} of Ker © so that (5.1) holds for § = B.

We understand ordy (F) for F € My (T;), with an odd k as follows: By Nagaoka
[20], there uniquely exists G € Mk,gs(FZ)P such that F = X35G, where X3; is the
Igusa’s generator of weight 35. Then we define ordy (F) = ordy(G).

Then we have computed the filtration w;(F;) for i = 1,...,m. Table 3 lists fil-
trations. The meaning of the table is as follows: for a prime p, a positive integer k
appears in the corresponding cell if and only if k < 100, b1 < 15 and there exists
F € My(T,), such that F # 0, w;(F) = k and ©(F) = 0.

https://doi.org/10.4153/CJM-2017-014-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2017-014-0

260 S. Bocherer, T. Kikuta, and S. Takemori

Table 3 also shows that there exists F € My (T;), such that ®(F) = 0, w,(F) #
0 mod p and 2w;(F) —1# 0 mod p. The pairs (p, w;(F)) for such F in the table are

(5,24), (5,42), (5,54), (5,66), (5,72), (5,74), (5,84), (5,92), (5,96), (7,24),

(7,48),(7,52),(7,72),(7,76), (7,80), (7,94), (7,96), (11,60), (13, 84).

6 Tables

6.1 Tables for Filtrations of Images of A(p)
The following tables are of [(a, b, ¢, d), e], where

(a,b,c,d) = ay ,(F) = (ordg(F|A(p)), I, mod p,2] —1mod p),

I = wi(F|A(p)), and e is the number of modular forms in By , which have aj ,(F).
For more details, see Subsection 5.3

Table 1: Filtrations of Images of A(5)

(7,0,0,4),1]

(3,18,3,0),1]

(8,0,0,4),1]
10 | [(4,18,3,0),1],[(c0,0,0,4),1]
12 | [(2,28,3,0),1],[(9,0,0,4),1], [(c0,0,0,4),1]
14 | [(5,18,3,0),1], [(00,0,0,4),1]
16 | [(3,28,3,0),1],[(10,0,0,4),1], [(0,0,0,4),2]
18 | [(6,18,3,0),2],[(c0,0,0,4),2]
20 | [(4,28,3,0),2], [(11,0,0,4),1], [(0,0,0,4),2]

22
24

(2,38,3,0),1],[(7,18,3,0),2], [(0,0,0,4), 3]

(0,48,3,0),2], [(5,28,3,0),2], [(6,24,4,2),1], [(12,0,0,4),1],
(00,0,0,4),2]

[
[
[
[
[
[
[
[
[
[
[
[
26 | [(3,38,3,0),1], [(8,18,3,0), 2], [(c0,0,0,4), 4]
[
[
[
[
[
[
[
[
[
[
[

28 | [(1,48,3,0),2],[(6,28,3,0),2], [(7,24,4,2),1], [(13,0,0,4),1],
(0,0,0,4),4]

(4,38,3,0),1],[(6,30,0,4),1], [(9,18,3,0),2], [(00,0,0,4),7]

30
32

(2,48,3,0),3], [(7,28,3,0),2], [(8,24,4,2),1], [(14,0,0,4),1],
(00,0,0,4),5]
(0,58,3,0),3],[(5,38,3,0),1], [(7,30,0,4),1], [ (10,18, 3,0), 2],
(00,0,0,4),7]
(3,48,3,0),4],[(8,28,3,0),2],[(9,24,4,2),1], (15,0, 0,4),1],
(00,0,0,4),9]
(1,58,3,0),3],[(6,38,3,0),1], [(8,30,0,4),1], [ (11,18,3,0), 2],
(00,0,0,4),9]

34

36

38
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40

(4,48,3,0),5], [(9,28,3,0),2], [(10,24,4,2),1], [(16,0,0,4),1],
(00,0,0,4),12]

42

(2,58,3,0),4], [(6,42,2,3),1], [(7,38,3,0),1], [(9,30,0,4),1],
(12,18,3,0),2], [ (c0,0,0,4),13]

44

(0,68,3,0),3], [(5,48,3,0),5], [(10,28,3,0),2], [ (11,24, 4,2),1],
(17,0,0,4),1], [(0,0,0,4),12]

46

(3,58,3,0),5], [(7,42,2,3),1], [(8,38,3,0),1], [ (10, 30,0, 4),1],
(13,18,3,0),2], [(0,0,0,4),17]

48

(1, 68,3,0),3], [(6, 48,3,0),7], [(11, 28,3,0),2], [(12, 24, 4,2),1],
(18,0,0,4),1], [(c0,0,0,4),17]

50

(4,58,3,0),5], [(6,50,0,4),1], [(8,42,2,3),1], [(9,38,3,0),1],

52

(11,30,0,4),1], [ (14,18,3,0), 2], [ (c0,0,0,4),20]
]

(19,0,0,4),1], [(0,0,0,4),22]

54

(0,78,3,0),6], [(5,58,3,0),5], [(6,54,4,2),1], [(7,50,0,4),1],
(9,42,2,3),1], [(10,38,3,0),1], [(12,30,0,4),1], [(15,18,3,0), 2],
(00,0,0,4),21]

56

(3,68,3,0),4], [(5,60,0,4),1], [(8,48,3,0),7], [ (13,28,3,0), 2],
(14,24,4,2),1], [(20,0,0,4),1], [(0,0,0,4), 26]

58

(1,78,3,0),7], [(6,58,3,0),5], [(7,54,4,2),1], [(8,50,0,4),1],
(10,42,2,3),1], [(11,38,3,0),1], [ (13, 30,0, 4),1], [ (16,18,3,0), 2],
(00,0,0,4),27]

60

(4,68,3,0),4], [(6,60,0,4),2], [(9,48,3,0),7], [ (14, 28,3,0), 2],
(15,24,4,2),1], [(21,0,0,4),1], [ (c0,0,0,4),35]

|
[
[
[
[
[
[
[
|
[
[
[
[(2,68,3,0),4], [(7,48,3,0),7], [ (12,28,3,0),2], [(13,24, 4,2),1],
[
[
[
[
[
[
[
[
[
[
[

Table 2: Filtrations of Images of A(7)

(8,4,4,0),1]

(9,0,0,6),1]

(4,32,4,0),1]

10

(2,46,4,0),1], [(9,4,4,0),1]

12

(0,60,4,0),2],[(10,0,0,6),1]

14

16

(3,46,4,0),2],[(10,4,4,0),1], [(0,0,0,6),1]

18

(1,60, 4,0),2], [(11,0,0,6),1], [ (0,0,0,6),1]

20

]
(6,32,4,0),2],[(0,0,0,6),3]

22

(4,46,4,0),2], [(11,4,4,0),1], [(0,0,0,6),3]

24

26

[
[
[
[
[
[(5,32,4,0),1], [(c0,0,0,6),1]
[
[
[
[
[
[

[
[
(2,60,4,0),3], [(8,24,3,5),1],[(12,0,0,6),1], [(0,0,0,6),3]
(0,74,4,0),2], [(7,32,4,0),2], [(0,0,0,6),3]
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28 | [(5,46,4,0),2],[(8,28,0,6),1],[(12,4,4,0),1], [(0,0,0,6),6]

30 | [(3,60,4,0),4],[(9,24,3,5),1],[(13,0,0,6),1], [(0,0,0,6),5]

32 | [(1,74,4,0),3],[(8,32,4,0),3], [(0,0,0,6), 6]

34 | [(6,46,4,0),3],[(9,28,0,6),1],[(13,4,4,0),1], [(00,0,0,6),9]

36 | [(4,60,4,0),6],[(10,24,3,5),1],[(14,0,0,6),1], [ (0,0, 0,6),9]

38 | [(2,74,4,0),4],[(9,32,4,0),3],[(00,0,0,6),9]

40 | [(0,88,4,0),7],[(7,46,4,0),3],[(10,28,0,6),1], [ (14, 4,4,0),1],
[(00,0,0,6),9]

42 | [(5,60,4,0),7], [(11,24,3,5),1], [(15,0,0,6),1], [ (c0,0,0,6),13]

44 1 [(3,74,4,0),6],[(10,32,4,0),3], [(00,0,0,6),15]

46 | [(1,88,4,0),8],[(8,46,4,0),4],[(11,28,0,6),1],[(15,4,4,0),1],
[(00,0,0,6),13]

48 | [(6,60,4,0),7],[(8,48,6,4),1],[(12,24,3,5),1], [(16,0,0,6),1],
[(00,0,0,6),21]

50 | [(4,74,4,0),7],[(11,32,4,0),3],[(00,0,0,6),21]

52 | [(2,88,4,0),9],[(8,52,3,5),1], [(9,46,4,0),4],[(12,28,0,6),1],
[(16,4,4,0),1],[(o0,0,0,6),21]

54 | [(0,102,4,0),8],[(7,60,4,0),7],[(9,48,6,4),1],[(13,24,3,5),1],
[(17,0,0,6),1], [(0,0,0,6),21]

56 | [(5,74,4,0),8],[(8,56,0,6),1],[(12,32,4,0),3], [(c0,0,0,6),30]

58 | [(3,88,4,0),11],[(9,52,3,5),1],[(10,46,4,0), 4], [(13,28,0,6),1],
[(17,4,4,0),1], [(00,0,0,6),28]

60 | [(1,102,4,0),10], [(8,60,4,0),9], [(10,48,6,4),1], [ (14,24, 3,5),1],
[(18,0,0,6),1], [(e0,0,0,6),30]

6.2 Table for Filtrations of the Kernel of ©2]

Table 3 shows filtration w; (F) for F € My(I2)z,,, with ©LI(F) =0 mod p, k <100,
p <80 and by 41 < 15. For more details, see Subsection 5.4.

Table 3: Filtrations of the kernel of ®[2!

k

5 0, 18, 24, 28, 30, 38, 42, 48, 50, 54, 58, 60, 66, 68, 72, 74, 78, 80,
83, 84, 88, 90, 92, 93, 96, 98

7 0, 4, 24, 28, 32, 46, 48, 52, 56, 60, 70, 72, 74, 76, 80, 81, 84, 88,
94, 95, 96, 98

11 |0, 6, 28, 44, 50, 60, 66, 72, 83, 88, 94
13 | 0, 20, 46, 52, 59, 72, 78, 84, 98
17 | 0, 26, 60, 68, 77, 94
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19 | 0, 10, 48, 76, 86
23 |0, 12, 35, 58, 92
29 |0, 44

31 |0, 16, 47, 78

37 | 0, 56, 93

41 | 0, 62

43 | 0, 22

47 10, 24, 71

53 | 0, 80

59 | 0, 30, 89

61 | 0, 92

67 | 0, 34

71 | 0, 36

73 |0

79 | 0, 40

Acknowledgments The authors would like to thank the referee for careful reading
of the manuscript and for pointing out some typos, gaps and errors. They would also
like to thank Professor T. Yamauchi for informing them on the filtrations of Siegel
modular forms modulo p.

References

[1] A.N. Andrianov and V. G. Zhuravlev, Modular forms and Hecke operators. AMS Translations of
Mathematical Monographs 145, 1995.
[2] S.Bbcherer, Uber gewisse Siegelsche Modulformen zweiten Grades. Math. Ann. 261(1982), 23-41.
http://dx.doi.org/10.1007/BFO1456406
[3] —, On the Hecke operator U(p). With an appendix by Ralf Schmidt. J. Math. Kyoto Univ.
45(2005), no. 4, 807-829.  http:/dx.doi.org/10.1215/kjm/1250281658
[4] S. Bocherer, and T. Kikuta, On mod p singular modular forms. Forum Math. 28(2016), no. 6,
1051-1065.
[5] S.Bocherer, H. Kodama, and S. Nagaoka, On the kernel of the theta operator mod p. Manuscripta
Math., to appear. arxiv:1707.03680
[6] S.Bocherer and S. Nagaoka, On mod p properties of Siegel modular forms. Math. Ann. 338(2007),
421-433. http:/dx.doi.org/10.1007/500208-007-0081-7
[7] S.Bocherer and S. Nagaoka, Congruences for Siegel modular forms and their weights. Abh. Math.
Semin. Univ. Hambg. 80(2010), 227-231.  http://dx.doi.org/10.1007/512188-010-0042-z
, On p-adic properties of Siegel modular forms. In: Automorphic forms. Springer Proc.
Math. Stat., 115. Springer, Cham, 2014, pp. 47-66.
[9] D. Choi, Y. Choie, and T. Kikuta, Sturm type theorem for Siegel modular forms of genus 2 modulo
p- Acta Arith. 158(2013), no. 2, 129-139.  http:/dx.doi.org/10.4064/aa158-2-2
[10] D. Choi, Y. Choie, and O. Richter, Congruences for Siegel modular forms. Annales de I'Institut
Fourier, 61(2011) no.4, 1455-1466, http://dx.doi.org/10.5802/aif.2646
[11] M. Dewar and O. Richter, Ramanujan congruences for Siegel modular forms. Int. J. Number
Theory 6(2010), no. 7, 1677-1687.  http://dx.doi.org/10.1142/5179304211000371X
[12] M. Eichler and D. Zagier, The theory of Jacobi forms. Progress in Mathematics, 55. Birkhauser,
Boston, 1985.

https://doi.org/10.4153/CJM-2017-014-0 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF01456406
http://dx.doi.org/10.1215/kjm/1250281658
http://arxiv.org/abs/1707.03680
http://dx.doi.org/10.1007/s00208-007-0081-7
http://dx.doi.org/10.1007/s12188-010-0042-z
http://dx.doi.org/10.4064/aa158-2-2
http://dx.doi.org/10.5802/aif.2646
http://dx.doi.org/10.1142/S179304211000371X
https://doi.org/10.4153/CJM-2017-014-0

264 S. Bocherer, T. Kikuta, and S. Takemori

[13

E. Freitag, Siegelsche Modulfunktionen. Grundlehren der Mathematischen Wissenschaften, 254.

Springer-Verlag, Berlin, 1983.

[14] T. Ichikawa, Congruences between Siegel modular forms. Math. Ann. 342(2008), no. 3, 527-532.
http://dx.doi.org/10.1007/s00208-008-0245-0

[15] N. M. Katz, A result on modular forms in characteristic p. Modular functions of one variable, V.

Lecture Notes in Math., 601, Springer, Berlin, 1977, pp. 53-61..

T. Kikuta, H. Kodama, and S. Nagaoka, Note on Igusa’s cusp form of weight 35. Rocky Mountain J.

Math. 45(2015), no. 3, 963-972.  http://dx.doi.org/10.1216/RMJ-2015-45-3-963

[17] T. Kikuta and S. Takemori, Sturm bounds for Siegel modular forms of degree 2 and odd weights.
arxiv:1508.01610

[18] S. Mizumoto, On integrality of certain algebraic numbers associated with modular forms. Math.
Ann. 265(1983), no. 1,119-135.  http://dx.doi.org/10.1007/BF01456941

[19] S.Nagaoka, Note on mod p Siegel modular forms. Mathe Zeitschrift 235(2000), no. 2, 405-420.

http://dx.doi.org/10.1007/s002090000135

[16

[20] , Note on mod p Siegel modular forms. II. Mathe Zeitschrift 251(2005), no. 4, 821-826.
http://dx.doi.org/10.1007/500209-005-0832-7
[21] , On the mod p kernel of the theta operator. Proc. Amer. Math. Soc. 143(2015), no. 10,

4237-4244. http://dx.doi.org/10.1090/50002-9939-2015-12567-1

[22] S.Nagaoka and S. Takemori, Notes on theta series for Niemeier lattices. Ramanujan J. 42(2017),
no. 2, 385-400. http://dx.doi.org/10.1007/s11139-015-9720-x

[23] J.-P. Serre, Formes modulaires et fonctions zéta p-adiques. In: Modular functions of one variable,
II1. Lecture Notes in Math., 350. Springer, Berlin, 1973, pp. 191-268.

[24] H.P. E Swinnerton-Dyer, On I-adic representations and congruences for coefficients of modular
forms. In: Modular functions of one variable, III. Lecture Notes in Math., 350. Springer, Berlin,
1973, pp. 1-55.

[25] S. Takemori, Congruence relations for Siegel modular forms of weight 47, 71, and 89. Exp. Math.
23(2014), no. 4, 423-428.  http://dx.doi.org/10.1080/10586458.2014.935895

[26] R. Weissauer, Siegel modular forms mod p. arxiv:0804.3134

[27] , Vektorwertige Siegelsche Modulformen kleinen Gewichtes. J. Reine Angew. Math.
343(1983), 184-202.

[28] T. Yamauchi, The weight reduction of mod p Siegel modular forms for GSp4. arxiv:1410.7894

[29] C. Ziegler, Jacobi forms of higher degree. Abh. Math. Sem. Univ. Hamburg 59(1989), 191-224.
http://dx.doi.org/10.1007/BF02942329

Mathematisches Institut, Universitit Mannheim, 68131 Mannheim, Germany
e-mail: boecherer@t-online.de

Faculty of Information Engineering, Department of Information and Systems Engineering, Fukuoka In-
stitute of Technology, 3-30-1 Wajiro-higashi, Higashi-ku, Fukuoka 811-0295, Japan
e-mail: kikuta@fit.ac.jp

Department of Mathematics, Hokkaido University, Kita 10, Nishi 8, Kita-Ku, Sapporo, 060-0810, Japan
e-mail: takemori@math.sci.hokudai.ac.jp

https://doi.org/10.4153/CJM-2017-014-0 Published online by Cambridge University Press


http://dx.doi.org/10.1007/s00208-008-0245-0
http://dx.doi.org/10.1216/RMJ-2015-45-3-963
http://arxiv.org/abs/1508.01610
http://dx.doi.org/10.1007/BF01456941
http://dx.doi.org/10.1007/s002090000135
http://dx.doi.org/10.1007/s00209-005-0832-7
http://dx.doi.org/10.1090/S0002-9939-2015-12567-1
http://dx.doi.org/10.1007/s11139-015-9720-x
http://dx.doi.org/10.1080/10586458.2014.935895
http://arxiv.org/abs/0804.3134
http://arxiv.org/abs/1410.7894
http://dx.doi.org/10.1007/BF02942329
mailto:boecherer@t-online.de
mailto:kikuta@fit.ac.jp
mailto:takemori@math.sci.hokudai.ac.jp
https://doi.org/10.4153/CJM-2017-014-0

