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Abstract

In this paper, we consider contact metric three-manifolds (M;n, g, ¢, &) which satisfy the condition
Veh = pthg + vh for some smooth functions y and v, where 2h = £:¢. We prove that if M is conformally
flat and if u is constant, then M is either a flat manifold or a Sasakian manifold of constant curvature +1.
We cannot extend this result for a smooth function u. Indeed, we give such an example of a conformally
flat contact three-manifold which is not of constant curvature.
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1. Introduction

First, we briefly review several of the results on conformally flat contact metric
manifolds. In 1962, Okumura [10] proved that a conformally flat Sasakian manifold
of dimension greater than or equal to five is of constant curvature +1. Tanno [13]
extended the result to the K-contact case and to the three-dimensional case. Around
30 years later, a remarkable development was achieved by Calvaruso et al. [4]. They
showed that a conformally flat H-contact three-manifold is of constant curvature 0 or
+1. Here, an H-contact structure means that the Reeb vector field & is a harmonic
vector field. Perrone [12] introduced the notion and proved that such a structure is
characterized by the property that £ is an eigenvector of the Ricci operator. Recently,
Gouli-Andreou and Tsolakidou [8], and Bang and Blair [1] independently proved that a
conformally flat H-contact manifold is of constant curvature +1 for dimensions greater
than or equal to five. Integrating these results, gives the following theorem.

TueorEM 1. A conformally flat H-contact manifold is either a three-dimensional and
flat manifold or a space of constant curvature +1.
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At least in dimension three, we cannot remove the H-contact condition in the above
result. Indeed, Blair [2] shows an example of a three-dimensional conformally flat
contact metric space which is not of constant curvature.

On the other hand, for a contact metric structure (1, g, ¢, &), we have another
fundamental structure tensor field 4 = %£§tp, where £, denotes the Lie differentiation
along Reeb flow &£. We first prove that a non-Sasakian contact metric three-manifold
satisfies the condition V¢h = uhe + vh for some smooth functions ¢ and v, where i # 0
(Lemma 5). Then, we consider a class of contact metric three-manifolds (M;n, g, ¢, &)
that satisfy the following condition:

(*)  Vgh = phe + vh for a constant u and a smooth function v on M.

Then we prove the following theorem.

THEOREM 2. A conformally flat contact metric three-manifold M which satisfies the
condition (=) is either a flat manifold or a Sasakian manifold of constant curvature
+1.

Also, it is notable that we cannot extend our result for a smooth function . In
fact, Blair’s example mentioned above satisfies V¢h = phg for a smooth function u.
In Remark 1, we examine relationships between the H-contact condition and our
condition (x). Then we remark that there are examples satisfying (), but they are not
H-contact. Finally, we note that our result extends Calvaruso’s result [3, Theorem 3].
Indeed, his result corresponds to the case y # 4 and v = 0.

Recently, Ghosh and Sharma [7] introduced the so-called Jacobi (k, u)-contact
manifolds whose characteristic Jacobi operator ¢ satisfies

¢ = —kg® + ph (1)
for (k, i) € R?. Then we find V¢h = phe, and deduce the following corollary.
CorOLLARY 3. A conformally flat Jacobi (k, u)-contact three-manifold is either a flat
manifold or a Sasakian manifold of constant curvature +1.

2. Preliminaries

All manifolds in the present paper are assumed to be connected and of class C*.
First, we briefly review conformal flatness in three-dimensional Riemannian manifolds
(M?,g). A Riemannian manifold is said to be conformally flat if it is conformally
related to the Euclidean metric in the local sense. Denote by R its Riemannian
curvature tensor defined by

R(X,Y)Z =Vx(VyZ) = Vy(VxZ) = VixnZ
for any vector fields X, ¥, Z on M. The Schouten tensor of type (1, 1) is defined by

,
LX=8SX--X
4
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for any vector fields X on M, where S denotes the Ricci operator and r the scalar
curvature. Then it is well known that the manifold is conformally flat if and only if the
Schouten tensor L is a Codazzi tensor, that is, if

(VxL)Y = (VyL)X

for any vector fields X, Y on M.

Next, we review contact Riemannian three-manifolds. A three-dimensional
manifold M? is said to be a contact manifold if it admits a global 1-form 5 such that
n A (dn) # 0 everywhere. Given a contact form 7, there is a unique vector field &, which
is called the Reeb vector field or the characteristic vector field, satisfying n(¢) = 1 and
dn(é,X) = 0 for any vector field X. It is well known that there exist a Riemannian
metric g and a (1, 1)-tensor field ¢ such that

n(X)=gX,6), dn(X.Y)=gX,0Y), ¢*X=-X+nX)%E, 2)

where X and Y are vector fields on M. From (2), it follows that

9&=0, nop=0, gleX ¢Y)=gXY)-nXmn).

A Riemannian manifold M3 equipped with structure tensors (17, g, ¢, &) satisfying (2)
is said to be a contact metric three-manifold or a contact Riemannian three-manifold
and is denoted by M = (M?3; 7, g, ¢,£). Given a contact Riemannian manifold M, we
define a (1, 1)-tensor field 4 by h = %;Eg(p, where £, denotes Lie differentiation for £.
Then we may observe that 4 is a self-adjoint operator and satisfies

hé =0 and he=—@h, (3)
Vxé = —pX - phX, 4)

where V is the Levi-Civita connection. From (3) and (4), we see that each trajectory of
&1is a geodesic. Along a trajectory of &, the Jacobi operator £ = R(-, £)¢ is a symmetrical
(1, 1)-tensor field.

plp — € =20 +¢%), &)

Veh = ¢ — ot — oh?. (6)

A contact Riemannian manifold for which ¢ is Killing is called a K-contact manifold.
It is easy to see that a contact Riemannian manifold is K-contact if and only if # = 0.
For a contact Riemannian manifold M, one may define naturally an almost complex
structure J on M X R: that is,

S(% 1 2) = (ex - rene0 )

where X is a vector field tangential to M, ¢ is the coordinate of R and f is a function
on M x R. If the almost complex structure J is integrable, M is said to be normal or
Sasakian. 1t is known that M is normal if and only if M satisfies

(¢, 0] +2dn®& =0,
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where [, ¢] is the Nijenhuis torsion of ¢. A Sasakian manifold is characterized by a
condition

(Vx)Y = g(X, Y)§ —n(V)X (7)

for all vector fields X and Y on the manifold. For more details about contact
Riemannian manifolds, we refer the reader to [2].

3. Conformally flat contact three-manifolds

In this section, we prove our main theorem. For contact metric three-manifolds M,
the associated CR-structure is integrable. Then we know that M always satisfies

(Vxp)Y = g(X + hX, Y)§ — n(Y)(X + hX). (3)
The following lemma is immediate from (7) and (8).

Lemma 4. A three-dimensional contact Riemannian manifold is Sasakian if and only if
h=0.

ProoF oF THEOREM 2. Let M = (M?3;1, g, ¢,€) be a contact metric three-manifold.
Then the curvature tensor R is expressed by

R, X)Z=p(X,2)Y - p(Y, )X + g(X. Z)S Y — g(Y, Z)S X
—gaan—axam ©)

for all vector fields X, Y, Z on the manifold. If 4 = 0 on M, then, from Lemma 4,
we see that M is Sasakian. Then, by a theorem due to Tanno [13], we see that a
conformally flat M is of constant curvature one. So we consider on M the maximal
open subset U; on which & # 0 and the maximal open subset U, on which 4 is
identically zero. (U is the union of all points p in M such that 2 = 0 in a neighborhood
of p). U; U U, is open and dense in M. Suppose that M is non-Sasakian. Then U, is
nonempty and there is a local orthonormal frame field {e; = e, e; = ge,e3 = £} on U,
such that he; = Aey, hey; = —Ae, for some positive function A.

LeEmmA 5. On Uy,
Veh = uhe +vh (10)

for some smooth functions y and v on M, where £(1) = vA.

Proor. We compute on U,

(Veh)er = (Eder + (A - h)Vee, = (Eder — dper,
(Veh)er = —(ED)er + (A — Ve = —(ED)es — Apeer,

where we have put u = —2g(Vzey, e>). If we put v = £(1)/4, then we obtain (10). Thus,
we have proved Lemma 5. O
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LemMma 6. On Uy,

Veer = —gez, Veer = gel,
Ve & = —(4+ ey, V& =—=(1—-1ey,
1 1
Ve = ﬁ{ez(ﬁ) +pi3les, Ve = ﬁ{el(/l) + paler, (11

1
Ve 2= —ﬁ{ez(ﬂ) +pizter + (A + )¢,

Veer = —lei(D) + poser + (4 = )&

Proor. The proof is in [4]. |
From (11), we have the Ricci operator S, where
Se| = (% -1+ 22 +,u/l)el + (EDe;y + p13é,
Sey = (Ed)e; +(% 142 —u/l)ez+p23§, (12)

S& = puser +puer +2(1 - 1),
and where we denote p;; = p(e;, e;) for i, j=1,2,3.
Using (11) and (1) = vA,

Eer(D) = [€, e11(D) + er(ED) = ( B2 1) ea) + e + der)
(13)
Eex () = [£ e2](D) + ex(ED) = (‘5‘ +A- 1) 1) + v(ed) + Aery).
We compute the Jacobi identity
le1, [e2, €11 + [ea, [€, e1]] + [€, [e1, e2]] = 0.

Using (11), first we find that [ey, [e2,£]] = [e2, [£, e1]] = 0, and then, together with (13),
we compute

0=21[¢, [e1, ex]]
= {(’% +A4- 1),023 +vp13 — Alerv) — 5@13)}61

+ {(—g +A+ 1),013 +vpy3 — Aleyv) — 5@23)}62,
from which
&) = (5 + 2= 1)z + vprs = Aen) (14)
and
€)= (-5 + 2+ 1) pra + vpas = Aery) (15)

Now, we suppose that M is conformally flat. As stated in Section 2, a three-
dimensional Riemannian manifold is conformally flat if and only if its Schouten tensor
L is a Codazzi tensor. Hence, we get the following lemma.
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Lemma 7. On Uy,
Vioij = Viprj = 36 Vir — 65 Vir), (16)

where we have used Vip . = (Vep)ej,ex), Vir =V r, i=1,2,3.
Using (11) and (12), we compute

Vipa = 3(err) + 24— p)(e1d) = 2(A + Dpas + v(ezd + p13) — Aerp),

(17)
Vop1z =v(ead) + A(exv) — u(erd) + (—pu — A + 1)p3.
By Lemma 7,
Vipa — Vopiz = 5(err). (18)
From (17) and (18),
ilerr) = Aev) = 2A(ei ) + (= + A+ 3)pas — vpi3 + Aep). (19)
This time, we compute
Vipsz = —4A(e1d) + 2(A + Dpas,
Vipiz = (u+ A= 1Dpaz + vpiz — Aezv),
and then, using V1p33 - V3p13 = i(@ll"),
Heir) = Aex) — 4A(e1 ) + (—p + A + 3)po3 — vpis. (20)
From (19) and (20),
2(e1d) + eq(u) = 0. (21)
In a similar way, using V011 — Vip12 = %(ezr),
1(ear) = Aery) = 2(e2d) + (u + A = 3)p13 — vpaz — Aleap) (22)
and, using V,p33 — V3p23 = §(e2r),
Hear) = —4(e2d) + (u + A= 3)p13 — vpo3 + Aey). (23)
From (22) and (23),
2(exd) — ex(u) = 0. (24)
Assume that u is constant. Then, from (21) and (24), e;(1) = ez(1) = 0. Moreover,
using (11),

0 = [er, e2](D) = 2(£).

Since M is connected, we get the following lemma.

Lemma 8. A is constant and v =0 on M.
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Then, from (14) and (15), respectively,
e = (5 +a- 1),
_ H
§lp) = -5 +a+1lpis.

From (19) and (22), respectively,

e1(r) =4(—u+ A+ 3)p3,
ex(r) =4(u+ A1 -3)pys.

Equation (11) in Lemma 6 simplifies to

Veer = —%62, Veer = gel,
Veé=—(1+ ez, Vyé=—(1- ey,
Ve = 21—/1/01362, Ve,e2 = F7Pern
Ve er = —iplsel + (A + 1)¢,

Ve = —5102362 + (A - 1E

Similarly, equation (12) simplifies to
r 2
Sel=(§—l+/l +/,l/l)€1+p13f,

Sey = (% —1+2° —Hﬁ)ez + p23é,
S&=prser +puer +2(1 - D).
A straightforward computation using (25), (27), (28) and Lemma 8 yields

Vipii = 3(err),

Vip1z =Vip21 = (u—1- Dpys,
1

Vipiz3 =Vips = ei(p13) - 2P 1P

Vipn = 3(e1r) = 2(A + Dpos,
1 r
Vip2s =Vip3 =ei(p23) + ﬁ(ﬂm)z +(1+ 1)(5 —pud =3(1 - /12)),

Vip33 =2(4 + 1pos,
Vap11 = 3(ear) = 2(2 = Dpy3,
Vop12=Vapp1 = (mu — A+ 1)pn3,

1 r
Vapis = Vapst = ealpis) + 52(p2)’ + (A= 1)(5 +ud =31 - )
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Vapn = 3(ear),

Vap23 = Vapaz = e2(p23) — 31023013,
Vo033 =2(2 = Dpus,

Vipi1 = Vspn = 3(£r),

Vipiz = V3pa1 = —p£°A,
V3p13=V3p31 = (u+ 41— 1D)pas,
V3023 =V3p3 = (- + A+ Dpys,
V3033 =0.

From (16) in Lemma 7, we compute the equations

Vipis — Vapi1 = 3i(err)gis — (€r)gii},
Vap2s — Vapar = 1{(e2r)gas — (€r)ga),
Vapiz — Vips = 1{(€ngiz — (e1r)gas),
Vipiz — Vapisz = 1{(éngiz — (e2r)g13}-
Then
1 1
e1(p13) = e2(p23) = S7P1ps + Zf(r), (29)
1
e1(p) = A = (o) = A+ D5 = pd =30 - ) (30)
1
ex(pi) = 4P = 3 (pxs) = (= D5 +ud =31 = B)). (31)

We compute [eg, e;](r) in two ways and compare them. First, using (26) and (27),
[e1, e2](r) = (Ve €2 = Veze))(r)
= %(ﬂ = 3)p13p23 + 2£(r). (32)
Next, we compute
[e1, e2](r) = ei(ear) — ex(eqr)
= 2 (u = prspns + 201~ ), (33
where we have used (26) and (29). Comparing (32) and (33) gives
u=4 or &@r)=0. (34)
On the one hand, using (27), we compute
R(er, e2)e1 =V, (Ve,e1) = Ve, (Ve 1) = Vg en1€1

1
= ﬁ«plsf +(p23)? + Xr —4(1 = A% + 2P P)er — paé. (35)
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But, from (9) and (28),

;
Reer,exer = (=5 +2 - 28)e2 = psé. (36)
Comparing (35) and (36) gives
(P13)* + (023)> + 22%r — 822(1 — 12) + 2242 = 0. (37)
Differentiating (37) in the direction & and using (25) gives
2
&) = ~7P13P23- (38)

Now, we consider two possible open sets: (I) £(r) = 0 or (I) £(r) # 0.

Case I. From (38), we see that pj3 = 0 or pp3 = 0. If both p;3 = 0 and py3 = 0, then
we find that £ is an eigenvector of the Ricci operator S. Then, by a theorem due to
Calvaruso et al. [4] we know that M is of constant curvature zero. So we suppose that
p13 = 0 and py3 # 0. Then, from (25), it follows that

u=2(1-2). (39
Also, from (31),
(p2)? = — 24222 — 224 — 1)(% +ud =31 - /12))‘

Differentiating the last equation with respect to e, then using (26), gives

e1(p23) = 2A(1 = D~ + A +3). (40)
Comparing (30) and (40) gives

A+ Dr=2(1- DB +21+3),
where we have used (39). Since A > 0, from the last equation,

21 = D@2 +221+3)
r =
A+1

s

and hence the scalar curvature r is constant. Then, from (26), A = —%, which is a

contradiction. Similarly, in the case when p»3 = 0 and p13 # 0, u = 2(1 + 1) and
(o13) = 242 — 221 + 1)(% — =301 - 42)). @1)
Differentiating the last equation with respect to e, then using (26), gives
e2(p13) = —24(1 + D(u + 1 - 3). (42)
Comparing (31) and (42) gives
(A= Dr==2(1+)(32* - 21 +3).
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From this we are aware that 1 # 1. So

=2(1 + )(3A% -21+3)
r= .

A-1
Then, from (26), A = 1 and r = 2. But, from (41),
256
(P13)2 =731 <0,

which is a contradiction.

[10]

Case I1. Suppose that £(r) # 0. Then, from (34), u = 4. Also, from (38), both p;3 # 0

and p,3 # 0. Combining (29) with (38) gives
e1(p13) = ea(p23) = 0.
From (30) and (31), using (26) and (43),
ex(esp13) =2(1 = P)pus,

er(e1pa) =2(1 — A*)pas,

1
exerprs) ={—2<1 + - ~elp)fon,

1
e1(e2013) ={-2(1 -7 - 161(1023)},023-
On the other hand, using (25) and (27),

ex(e1p23) = [e2, e11(023) + e1(exp23)
=(Vg,e1 =V, e2)(023)

1
= {561923 +2(1 - /1)},013,

e1(ex013) = [e1, e2](p13) + ea(e1p13)
= (V. e2 = V,e1)(p13)

1
= {ﬁezpm +2(1 + /1)}/023-

Comparing (46) and (48) gives

1 1
5761(P23) + 2(1 =) = =2(1 + )% - 262(013).

Differentiating (50) with respect to ej, then using (45), gives
e1(ezp13) = (1 = A*)po3.
This, together with (47), gives
e1(p23) = A1 = H(3A - 1).
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Similarly, comparing (47) and (49),
er(p13) = —A(1 + D31+ 1). (51

Hence, e1(e1023) = e2(ep13) = 0. Thus, from (44) (or (45)), A = 1. But, if A = 1, from
(31) using (51),

(p23)? = —2p2 4 = 20(1 — 1)(% +pd=3(1 - az)) ~2dexpis) = ~ 16,

which is a contradiction. That is, we see that the case 4 = 4 cannot occur.

All in all, we conclude that M is either a Sasakian manifold of constant curvature
+1 or a flat manifold. Thus, we have completed the proof. O

Let M be a Jacobi (k, u)-contact manifold with characteristic Jacobi operator
¢ = —kg* + uh for (k,u) € R%. Then, from (1) and (5), h*> = (k — 1)¢?>. Moreover,
from (6), V¢h = phe. This leads to Corollary 3.

The following example due to Blair [2] gives a conformally flat contact three-
manifold with £ = —k¢? + uh for smooth functions k and .

ExampLE 9. We consider R® with cylindrical coordinates (r,6,z). Let n = %(ﬂr de +
¥ dz) be a contact form on R? such that both 3 and y are smooth functions depending
only on r that satisfy

1 / A
“B+p =y\B*+y:, =Y =B+ (52)

Indeed, Blair proved the existence of a regular solution of the system of ordinary
differential equations (52) in [0, ). Then dn = %{(B +1B)dr Ad6 + y'dr A dz}.
Assume that the metric g is conformally flat. Then we may write it as

ds® = § expQRo)(dr’ + r*d6” + dz?).

If g is also an associated metric to the contact form 7, then, from g(X, &) = n(X), the
characteristic vector field is given by

£ = 2exp(-20)(8 + 0.),

where 9y = 0/06, 3, = 0/0z. Also, from n(¢) = 1, exp(207) = % + y>. Moreover, using
(52), dn(-,&) = 0. Compute

100 0 pB+r8y
¢=g 'dn=exp(-20)|050||-B-m8 0 0

001){ -y 0 0
0 B+rBy
=exp(-20)|-%B+rB8) 0 0. (53)
—y 0 0

Then, from ¢? = —I + 1 ® & using (53), it follows that (y’/B8)* = exp(20-), where 8 # 0.
Indeed, from n A dn # 0, we see that 8 # 0 and y # 0. Assume that exp(o) = =’/
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and let X = 2exp(—20)(y/rdg — B9;). Then X = 2exp(—0)d, and {X, pX, &} is an
orthonormal frame field. Moreover, X is an eigenvector of h = %fggo, that is, hX = AX,
where A = (28y/rexp(30)) — 1. Then, V:h = 2(4 + 1)hp. By computing £, we find
that X and ¢X are also eigenvectors of £ = R(-, &), that is, £(X) = (1 + 1)*’X and
£(pX) = (=34% = 21 + 1)pX. These data give

£=—(1-25¢* +2(1 + Dh.

That is, it is a so-called generalized Jacobi (k, p1)-contact space [5] for k = 1 — 2% and
u=2(1+ 1), which is not a Jacobi (k, i)-contact space. In addition, by using a tedious
computation, we can show that (S X) = (48%y/r* exp(60)) # 0, where we have used
(52). Hence, it is not an H-contact space.

Remark 10. H-contact spaces and contact metric spaces satisfying (x) V:h = uhe + vh
with a constant y are considered as two natural generalizations of K-contact spaces.
It is interesting to examine their relationships. At least for dimension three, we have
no inclusion relationship between them. There are some examples that share both
properties. Indeed, unimodular Lie groups with left-invariant contact metric structure
are H-contact and at the same time they satisfy () with v = 0 (compare with [6]).
Also, [9, Example 4.3] shows such an example that is nonhomogeneous and satisfies
(*) (with a smooth function v). However, Examples 4.1 and 4.2 in the same paper [9]
are H-contact, but their u is not a constant. On the contrary, nonunimodular Lie groups
and Perrone’s nonhomogeneous example in [11] satisfy (x) (with v = 0), but they are
not H-contact (see Example 12).

ExampLE 11. Let M be a three-dimensional nonunimodular Lie group with left-
invariant contact metric structure. Then we know that (compare with [12]) there exists
an orthonormal basis {e;, e; = @eq, ez = £} € m such that

ler,ex] =aey +2e3, [e2,e3]1 =0, [e3,e1] =vyey, (54)

where a # 0. Moreover, M is Sasakian if and only if y =0. From (54), h =
¥/2(w' ® ) — w? ® €3) and Vih = (2 — y)hep, where o' is the dual 1-form of ¢;, i = 1,2.
M is not an H-contact manifold. Indeed, we compute n(Se;) = ay # 0.

ExamprLe 12 (Perrone’s example in [11]). Let M be the open submanifold {(x, y, z) €
R? | x # 0} of Cartesian three-space together with a contact form 1 = xy dx + dz. The
characteristic vector field of this contact three-manifold is & = d/0z. Take a global

frame field
20 0 4z 0 0

61=—;6—y, €2=a—;$—xy—

e3=¢

and define a Riemannian metric g with respect to {ej, e;, e3} to be an orthonormal
frame. Moreover, we define an endomorphism field ¢ by ge; = e, ge, = —e; and
@& =0. Then (g, ¢, &) is an associated almost contact metric structure for 7. In addition,
h=w'®e —w?®e; and Veh = 4hg (u = 4). We compute n(Se;) = —2/x # 0, which
implies that M is not H-contact.
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