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Abstract. We define the co-spectral radius of inclusions S < R of discrete, probability-
measure-preserving equivalence relations as the sampling exponent of a generating random
walk on the ambient relation. The co-spectral radius is analogous to the spectral radius for
random walks on G/H for inclusion H < G of groups. For the proof, we develop a more
general version of the 2-3 method we used in another work on the growth of unimodular
random rooted trees. We use this method to show that the walk growth exists for an
arbitrary unimodular random rooted graph of bounded degree. We also investigate how
the co-spectral radius behaves for hyperfinite relations, and discuss new critical exponents
for percolation that can be defined using the co-spectral radius.
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1. Introduction

Let I" be an infinite group generated by a finite symmetric set S and let G = Cay(I", S)
be its Cayley graph. We would like to measure the size of certain subsets C of I, in a
translation-invariant way, using the graph structure of G. As a measuring tool, we will use
the lazy (laziness is convenient, but it is not necessary; see §3.3 for details) random walk
(gn) on G, starting at the identity, through the sampling probabilities

pnc =P(gn € C).

Check f
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We are mostly interested in the case when C has zero density and consider the sampling

exponent
p(C) = lim p,c'/".
n—oo

When H is a subgroup of I', the limit defining p(H) will exist and be equal to the
spectral radius of the random walk on the quotient Schreier graph Sch(I", H, S). Indeed,
the covering map I' — I'/H gives a bijection between walks returning to H on I and walks
returning to the root on Sch(I", H, S). There is a considerable literature on this notion
[7, 28, 36, 39, 40], starting with the amenability criterion of Kesten [3, 4, 30]. For arbitrary
subsets of I', the sampling exponent will not exist in general, but the picture changes when
it is defined by a I'-invariant stochastic process. The most studied such subsets [9, 21, 22,
33-35] are percolation clusters of an independent and identically distributed (i.i.d.) (site or
bond) percolation on Cayley graphs.

THEOREM 1.1. Let I be a countable group and consider an i.i.d. percolation on a Cayley
graph of T'. Then almost surely, for every connected component C of the percolation, the
limit
p(C) = lim p,c'/™
n—o0

exists.

This result is most interesting when the percolation clusters are infinite and there
are infinitely many of them almost surely. It is easy to see that once p(C) exists, it is
independent of the starting point of the walk and so, by the indistinguishability theorem of
Lyons and Schramm [34, Theorem 3.3], it will be a constant on infinite clusters, depending
only on the percolation parameter. Note that when I" is amenable, the above phase does not
exist for i.i.d. percolations, but by Kesten’s theorem [30], in this case, p(C) equals 1 for
any subset C anyway. That is, p is not a suitable measuring tool for amenable groups. For
non-amenable groups, it is a well-known conjecture that the non-uniqueness phase exists
for any Cayley graph of the group [9].

We establish the above theorem in a much wider generality, using the framework of
countable-measure-preserving equivalence relations. Note that our most general results in
this direction (see Theorem 3.2, as well as §5 for the translation between relations and
percolation) do not even involve an ambient group anymore, but for this introduction we
stick to group actions.

Let (X, ) be a standard Borel probability space and let I" act on (X, @) by pu-preserving
maps. We define the orbit relation

R={x,gx) e X xX|xeX,geTl}

A subrelation S of R is a Borel subset of R that, as a relation on X, is an equivalence
relation. Orbit relations and their subrelations are commonly studied objects in measured
group theory; see [16-20, 29].
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Let S be a subrelation of R. For x, y € X such that (x, y) € R and for a natural n, let
the sampling probabilities be

Prxiyls = P((gnx, y) € S)

where, as before, (g,) is the lazy random walk on G starting at the identity of I". That is,
we walk from x and take the probability that we hit the S-class of y.

THEOREM 1.2. Let I" be a countable group acting by measure-preserving maps on (X, i)
and let S be a subrelation of the orbit relation of the action. Then for w-almost every
y € X, foreveryx € 'y,
S : 1
PS ls) = lim pups'/™.
exists and is independent of x. Moreover, if S is either normal or ergodic, then 0% is almost
surely constant.

Note that one can also state an equivalent stochastic form of Theorem 1.2 using the
notion of an invariant random partition, that is, a random partition of the group that is
invariant in distribution under the shift action. Invariant random partitions are defined
in [38, §8.1]. They are natural stochastic generalizations of subgroups, as individually
shift-invariant partitions are exactly coset partitions with respect to a subgroup. The
reformulation says that for any invariant random partition of a countable group, all the
partition classes have well-defined sampling exponents. We chose to state Theorem 1.2 in
the language of relations because that is the internal language of its proof. We develop the
language of invariant random partitions in the paper [2].

Theorem 1.2 does not seem to follow from the usual arguments. The local environment
may look quite different from different points of a class. In algebraic terms, there is no
natural quotient object on which the group would act. This is a major deviation from the
subgroup case, where this homogeneity holds and trivially makes p, g supermultiplicative
in n. As a result, we were not able to derive the existence of the sampling exponent with
the usual tools, including the standard or Kingman ergodic theorems. For the case of
unimodular random trees, Theorem 1.1 follows from an argument we call the 2-3 method.
In order to prove Theorem 1.2 we introduce a generalized version of 2-3 method, which
we expect to have more applications. We recall the rough idea behind the 2—3 method is to
establish a local submultiplicative nature of the sequence and then yield the existence of
the limit by a density argument. The reader can form a quick impression of this method by
reading the text after the statement of Theorem 1.5.

It turns out that the sampling exponent still admits a spectral interpretation, and equals
a norm of a natural Markov-type operator acting on a quotient object of sorts (see
Theorem 3.2). Because of that and to keep consistency with the subgroup case, we call
the sampling exponent p3(x, [y]s) the co-spectral radius of the class [y]s in this paper.
This operator approach also has interesting connections to prior work in percolation theory.
For example, our methods recover a lemma due to Schramm on the connectivity decay of
random walks in critical percolation which has been used in later results in percolation
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theory ([31], [21, Lemma 6.4], [22, §3]). We refer the reader to the discussion preceding
§3.2 for more details.

This Markov-type operator is defined on a Hilbert space which is constructed by
integrating the bundle of Hilbert spaces EZ([x]R /S) into one Hilbert space. While we
will not need it for this work, this Hilbert space can be naturally related to the basic
Jones construction of the inclusion L(S) < L(R) of von Neumann algebras of the
corresponding equivalence relations, as well as the L?-space of a natural measure space
occurring in [15] (see Definition 1.4 of that paper). We expect that our new methods will
have applications to the operator-algebraic setting. We refer the reader to the discussion
preceding §3.1.

We now state the 2-3 method theorem in its most general form that leads to
Theorem 1.2.

THEOREM 1.3. Let R be a discrete, measure-preserving equivalence relation over a

standard probability space (X, ), and fix 1 € LY (X, ) with w(x) € (0, 00) for almost

every x € X. Let fi: R — [0, 0o] for k > 1 be a sequence of measurable functions such

that:

(@)  fx is w-symmetric for all k € N, that is, fi(x, y)7w(y) = fi(y, x)7w(x) for almost
every (x,y) € R;

(b) for all I.keN we have )., i Ji(x 2 fi(z ) < X yepg fivk(x,y) for
almost every x € X;

(c) for almost every x € X and every k € N we have 0 < ZyE[X]R fr(x,y) < oo;
(d) there is a measurable D: X — (0, 00) so that

Y S, ) = D@ Y filx, y)
yelxlr YelxIr

for almost every x € X and everyl, k € N.
Then

- 1/k
feo = lim ( ) fk(x,y)>
yelxlr

exists and is positive almost surely. Further:
(i) foreveryk €N,

Zye[x]R fk(-x’ )’)
[ Y
() iMoo (S () X yeprr fi ¥) dit)Y* = || fllico-

du(x) < / 7 du;

In the special case when fi (x, y) is the probability of transition from x to y by a standard
random walk in k steps, the first part of the theorem can be seen as a large-deviations
estimate, in the sense that it controls the density of starting points where the random walk
sampling probability deviates from what is suggested by the co-spectral radius. In fact, it
is natural to ask whether our main result holds in the ‘annealed’ sense, that is, when we
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take expected value of the sampling probabilities before we take the nth root. A warning
comment here is that in this case we have to consider the event of returning to the class of
the starting point, because equivalence classes often cannot be individually identified in a
measurable way (this is what is called indistinguishability in percolation theory, which is
equivalent to the ergodicity of a subrelation in the measured language). In any case, this
‘annealed’ version is much simpler to prove than our main result and most of the effort
in this paper is spent establishing the pointwise (or ‘quenched’) version. Additionally, we
show that the ‘annealed’ version is the essential supremum of the ‘quenched’ version and
that in many cases, the ‘quenched version’ is almost surely constant. See Theorem 3.2 for a
precise relation between the ‘annealed’ and ‘quenched’ versions. As a sample application,
in the case of Bernoulli bond percolation it follows from the indistinguishability result of
Lyons and Schramm [34] and our work that the ‘annealed’ version and the ‘quenched’
version agree on infinite clusters.

Remark 1.4. The following was pointed out to us by the anonymous referee. As in
Theorem 1.1. consider an i.i.d. percolation on the Cayley graph of a group I'. Let X, be a
random walk on I with X = e and with transition probabilities P(X,, = a|X,—1 = b) =
v(b~'a) for some v € Prob(I") whose support generates I'. We let P(Xy < X,,) be the
probability that X, is in the connected component of e in this percolation, and we let C be
the connected component of e in this percolation. Theorem 1.3 implies in the context of
Theorem 1.1 that

lim P(Xo < X,)" = lim P(Xy < X,|C)"/"
n—oo n—oo

almost surely, where C is the cluster of X. The subadditive ergodic theorem shows, for
example, for Bernoulli percolation that almost surely

1
lim P(Xo < X X2)/" = exp [ lim —E log P(Xo < Xn)}.
n—o00 n—oon

So in order to get the correct almost sure decay of the connection probability conditioned
on the random walk, one must take the limit of the expectation of the logarithm. Our
results says that if one instead conditions on the cluster C, then one does not need to take
the expectation of the logarithm. In this sense, our result may be thought of as saying that
the major contribution to E[P(Xg <> X, |C)] is from contributions which are of ‘typical
size’ (up to subexponential factors). For the expectation E[P(Xo <> X, |X,)] this is not the
case, and often rare events contribute substantially to the expectation.

1.1. The 2-3 method and walk growth. We now present another application of the
general 2-3 method (see [1, §3] for another application), showing the existence of the
exponential rate of growth of the number of walks in any unimodular random rooted graph
(see also Example 3.12 in §3.2). We also sketch the proof, as it illustrates quite well what
goes into the 2-3 method that is behind Theorem 1.2. Then we state the most general
version of the 2—-3 method.
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THEOREM 1.5. Let (G, 0) be a connected bounded-degree unimodular random rooted
graph with degree at most d. Let w,(0) denote the number of walks of length n starting
at o. Then the limit lim,_, o (1/n) log w,(0) exists. Further, if (G, 0) is ergodic and
n € Prob(M) is the distribution of (G, 0), define A € B(L*(My, 1)) by

(ANWG, 0D = Y f(w).

wn~o

Then A is a self-adjoint operator and log ||A|| = lim,— (1/n) log w, (o).

The usual technique used to establish the rate of growth in ergodic theory is the
Kingman subadditive theorem. We were not able to find any action or equivalence relation
with a submultiplicative cocycle that would control the number of walks in G, so we could
not use it to solve the problem. As w,(0) can be naturally expressed as an inner product,
one is also tempted to use spectral theory, but this also did not work for us. Instead we use
the mass transport principle to show that the inequalities

w2, (0) 3> wy(0)? and w3, (0) > wy(0)°

hold with overwhelming probability, as n gets large. To see why this is useful, imagine
that we know that these inequalities hold always and with the implicit constant 1. Then the
sequence wor3q (0) is submultiplicative, so the limit

p,tl]lgloo TET log war3q (0)
exists. The function n — log w,(0) is Lipschitz and the set 2739 is dense on the
logarithmic scale, so we can deduce that the limit lim,,_, 5, (1/7) log w, (0) also exists.

1.2. Outline of the paper. ~ Section 2 introduces the necessary background for this paper,
including a discussion of measure-preserving equivalence relations and how to reduce the
study of percolation clusters to equivalence relations. Section 3 contains a proof of the
co-spectral radius and its basic properties. In that section we also include some background
on representations of equivalence relations, so that in §3.1 we may identify the co-spectral
radius with an operator norm. In §3.2 we give a proof of the general 2-3 method which
gives us the pointwise existence of the co-spectral radius as a special case. In §3.3 we
show that the co-spectral radius is almost surely constant if the subrelation is ergodic or
normal. In §4, we show that the co-spectral radius agrees with the spectral radius when
the subrelation is hyperfinite and give a counterexample for the converse (i.e., a Kesten
theorem for subrelations) using monotone couplings of invariant random subgroups. In §5
we use the co-spectral radius to define new critical exponents for percolation. Finally, in
§5.2 we use the 2-3 method to establish the existence of walk growth and relate it to an
operator norm.

Remark. Note that this paper and parts of [1, 2] first appeared on arXiv as one long text.

Following explicit suggestions of helpful referees, we decided to separate the work into the
three papers, making the results more accessible to their natural audiences.
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2. Background and notation

A standard probability space is pair (X, ) where X is a standard Borel space, and w is
the completion of a Borel probability measure on X. We say that E C X is measurable if it
is in the domain of . An equivalence relation over (X, ) is a Borel subset R € X x X
such that the relation ~ on X given by x ~ y if (x, y) € R is an equivalence relation. For
xeX,welet[x]lg ={y e X:(x,y) € R. We say that R is discrete if for almost every
x € X we have that [x]g is countable. If R is discrete, we may turn R into a o-finite
measure space by endowing R with the Borel measure

w(E) = / [[x]r NE|du(x) forall Borel E C R.
X

We will continue to use & for the completion of . If R is discrete, we say that it is
measure-preserving if the map R — R given by (x, y) — (y, x) is measure-preserving.
Equivalently, this just means that the mass-transport principle holds: if f: R — [0, oco]
is Borel, then

[ X remdum = [ 3 o0 dut.

yelxlr yelxlr

For a group I', and § C I', we use (S) for the subgroup of I generated by S. If I is a
countable group, and I' ~ (X, u) is a measure-preserving action, then Rr x = {(x, gx) :
g € I'} is a discrete, measure-preserving equivalence relation. We use the notation S < R
to mean that S is a subequivalence relation of R, namely a subset of R which is also
an equivalence relation over (X, u). We often abuse terminology and say that S is a
subrelation of R, and leave it as implicit that S should also be an equivalence relation.
If (X, n) and E C X is measurable we let

Rlg = RN (E x E).

If E has positive measure, then R |g is a measure-preserving relation over the probability
space (E, u(EN-)/u(E)). We let [R] be the group of all bimeasurable bijections
¢: X — X sothat ¢(x) € [x]r for almost every x € X. We identify two elements of
[R] if they agree almost everywhere. We have a natural metric d on [R] given by

d(¢, V) =ul{x € X : p(x) # Y (x)}).

This is a complete, separable, translation-invariant metric on [R] and this turns [R] into a
Polish group. We use Prob([R]) for the Borel probability measures on [R]. Since [R] is a
Polish group, the space Prob([R]) can be made into a semigroup under convolution; so if
v1, V3 € Prob([R]), then v * v € Prob([R]) is defined by

(1 % 2) () = v @ ({(¢, ¥) : 9y € Q2}).

Given a countable I' < [R], we say that " generates R if I'x = [x]r for almost every
x € X.Given a countably supported v € Prob([R]), we say that v generates R if (supp(v))
generates R, where supp(v) = {¢ € [R]: v(¢) # 0}. We say that v € Prob([R]) is
symmetric if the map ¢ — ¢! preserves v.
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Let G be a graph. We write V(G) and E(G) respectively for the vertex and the edge
set of G. Let v € V(G) and r € N. The r-ball around v is denoted by Bg (v, r) and the
r-sphere by Sg (v, r).

We use Vinogradov’s notation and write f <« g if | f| is bounded by a constant
times |g|.

For a Banach space V, we let B(V) be the space of continuous, linear operators
T:V — V.ForT € B(V), we set

ITI= sup [T
veV:v|<1
At various times we will have to appeal to spectral theory of bounded self-adjoint operators
on a Hilbert space. Since most standard references on this theory assume Hilbert spaces
are complex, in order to make these applications most transparent all Hilbert spaces will
be assumed complex throughout this paper.

2.1. Translation between percolation and equivalence relations. Some of our results are
stated in the language of percolation theory but all our proofs will be based on measured
equivalence relations and graphings. An invariant (edge) percolation on a unimodular
random graph (G, o) is a random triple (G, o, P) where P is a subset of edges of G and the
distribution of the triple is invariant under the rerooting equivalence relation. The following
proposition associates a probability-measure-preserving measured equivalence relation to
a percolation is such a way that Theorem 1.1 can deduced from Theorem 1.2.

PROPOSITION 2.1. Let (G, 0) be a unimodular random graph with an invariant perco-

lation P. There exists a probability-measure-preserving countable equivalence relation

(R4, va, R) with a generating graphing (¢;)ic; and a subrelation S C R such that the

following statements hold.

(1) The rooted graph (G, @) with the vertex set [w]r and the edge set {(', p;(@)) :
o' € [wlr, i € I} has the same law as (G, 0).

(2)  The law of the pairs (P°, G) where P? is the connected component of the percolation
P C G is the same as the law of (lwls, G,) where [w]ls C G, is the S equivalence
class of w.

Proof. We follow closely the construction in [6, Example 9.9]. Let Q2 be the space of
pairs ((G, 0), S) where (G, o) is a rooted graph of degree at most d and S is a subset
of edges. The distribution of the percolation P is naturally a probability measure on £2;
let us call it . Let Q4 be a the set of triples ((G, o), S, 1), where (G, 0), S are as
before and A is a two-coloring of the vertices of (G, o). Let us be the distribution of
the random triple ((G, 0), P, A), where A is an i.i.d. coloring. The space (2, 1) is
equipped with a natural finite graphing ® in which ((G, 0), S, A), ((G’, o), S’, 1) are
connected if and only if G = G’, S = 8/, . = )/, and 0’ is a neighbor of 0. The graphing
® spans the rerooting measured equivalence relation R, which preserves p4. For each point
w € Qy, the equivalence class [w]R is equipped with a bounded-degree graph structure G,,,.
The resulting random rooted graph (G, w) has the same law as (G, o) and the second
coordinate has the same law as the percolation P. To construct the subrelation S, we select
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a subgraphing ®' C ® where ((G, 0), S, 1), ((G', o), §’, 1) are connected if and only if
G=G',S5=58,)=2)" and 0 is a neighbor of o connected by an edge in S. In this way
the connected component of P containing the root is given by the S-equivalence class of
win G,,. O

3. Existence of the co-spectral radius for subrelations

Let R be an ergodic probability-measure-preserving equivalence relation over a standard
probability space (X, u) and let v € Prob([R]) be countably supported and symmetric,
that is, v({¢}) = v({¢~'}) for all ¢ € [R]. Consider a measurable subequivalence relation
S < R. For x € X, the measure v determines a random walk on [x] with transition
probabilities py . = v({¢ : ¢(y) = z}). Forn € N, (x, y) € R, we let p, . , (respectively,
p;l”x’ ) be the probability that the random walk corresponding to v starting at x is at y after
n steps (respectively, in [x]s after n steps). By direct calculation,

Pryy =V"(¢:0(x)=yD.

If v is clear from the context (which is the usually the case), we will use p, , S, Pnxx

instead of p) s, p, - We are interested in the existence of the co-spectral radius of S
n,x, X

inside R which is, by definition, the limit

li 1/2n
nroo Ponx.s:

In particular, we will show that this limit exists almost surely. While there are easy
examples where this limit genuinely depends upon x (see Example 3.23) we will show
that in many cases it is almost surely constant and is the norm of a self-adjoint operator on
a Hilbert space naturally associated to S < R.

This is, of course, motivated by the case of an inclusion of groups A <T'. Here
the existence of the co-spectral radius, as well as the fact that it is the norm of the
corresponding Markov operator on 62(1" /), is a non-trivial, but well-known, fact. In the
case when I is finitely generated and v is the uniform measure on a finite generating set of
I" we are looking at a random walk on a Schreier graph and it is easier to see the existence
of this limit using the natural action of I' on I'/A. Even in the case when v is not the
uniform measure on a finite subset of I" the action I' ~ I'/ A naturally enters into the very
definition of the Markov operator. In the relation case this presents a problem a priori.

Because S is a subrelation of R, for x € X we can divide [x]r into S-equivalence
classes. We let [x]r /S be the space of S-equivalence classes in [x]r. The field of
spaces [x] /S is analogous to I'/ A, and so we may consider £%([x]% /S) as analogous to
210N /A). However, there is no obvious natural action of [R] on [x]% /S and this makes it
difficult to see how one would define a Markov operator, and thus the co-spectral radius.
We proceed to explain how to navigate this difficulty by collecting the field of Hilbert
spaces £%([x]r /S) together in a natural object.

Definition 3.1. Let (X, n) be a standard probability space. Then a measurable field of
Hilbert spaces over X is a family (H,)rex of separable Hilbert spaces, together with a
family Meas(H,) C [[,cx M« so that:
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o forevery (&¢)x, (Nx)x € Meas(H,) we have that x — (&, 1, ) is measurable;
if n = x)xex € ]_[xex Hy and x — (&, nx) is measurable for all & = (&), €
Meas(H, ), then n € Meas(H,);

e there is a sequence (E(")):"Zl with €M = (§™),cx in Meas(#,) so that

H, = span{€™ : n € N} for almost every x € X.

The direct integral, denoted by f ;B Hy du(x), is defined to be all £ € Meas(H,) so that
/ x I1&x I dju(x) < oo, where we identify two elements of Meas(#,) if they agree outside
a set of measure zero. We put an inner product on | ;(B Hy,

(&, m) =/<Sx,nx)du(x),
X

and this gives | ? ‘H, the structure of a Hilbert space.

We shall typically drop ‘over X’ in ‘a measurable field of Hilbert space over X’ if X is
clear from the context. For later use, if (H,), is a measurable field of Hilbert spaces, then
given A € X measurable and £ € Meas(H, ), we let 1 4& € Meas(H,) be defined by

(1a8)x = 1a(x)éx.

In our case, we can give the family (¢2([x]z /S)), a measurable structure by declaring
that £ = (&;), € ]_[xex ZZ([x]R/S) is measurable if x — &, ([¢(x)]s) is measurable, for
all ¢ € [R]. General facts about direct integral imply that this collection of measurable
vectors satisfy the above axioms (see Lemma 3.4). So we can define L2(R/S) by

2 _ ®
LX(R/S) = /X CxIR/S) dux).

As mentioned above, there is no obvious natural action of [R] on [x]g /S. However, we
do have a natural unitary representation of [R] on L?(R/S). Define

rs: [Rl = UL*(R/S))
by
As(@)E)x = E4-1(x)-

We will not need it for this paper, but this can be regarded as a representation of R
itself (a precise definition will be given in [2]). For our purposes, we simply note that we
have natural Markov operators defined on L%(R/S). Namely, for a countably supported
v € Prob([R]), we define

rs) =Y v(@r@).
$€lR]
Here we are mildly abusing notation and using v(¢) for v({¢}); this will not present

problems since v is atomic.

THEOREM 3.2. Let R be a measure-preserving equivalence with countable orbits over
a standard probability space (X, i), and let v € Prob([R]) be atomic. Suppose that the
support of v generates R. Fix S < R.
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(1)  The limit

1/2n
:O(R/S, V) = lim (/ Panx,S d,bL(X))
n—0o0
exists. Moreover,

p(R/S,v) = lAsW)]l.

(i)  The pointwise limit

exists almost surely, and
P(R/S, v) = 1155 lloo-

(iii) Suppose that the partial one-sided normalizer of S <R acts ergodically (see
Definition 3.14 for the definition). Then ,o;s is almost surely constant, and by (ii)
equals p(R/S, v). In particular, this applies if S is normal or ergodic.

We will often drop the v from pf if it is clear from context, and simply write pS. Let
X, i, R be as in Theorem 3.2. Suppose that y € X and that the limit defining 05 ( y) exists.
Given x € [y]R, choose a k € N with pyi ., > 0. Then

-1
D2k,x,y P2(n—k).y.lyls = P2nxlyls = P2(n+k).y.[yls Pok x,y>
and so the limit

lim pl/?"
1> 00 Ponx lyls

exists and equals ,os(y). If v is assumed lazy, then

-1 —1
P2kx,y Py,y P2(n—k),y.[yls = P2n+1x[yls = P2n+k+1).y.[y1s Pokx,y Py.y-
and so

lim p'/"

oo Fnxilyls

exists and equals ,03 (x). Thus, Theorem 3.2 recovers Theorem 1.2.

Remark 3.3. A co-spectral radius for normal subrelations also occurs in [10, Lemma
6.7]; however, in that context the subrelation is both normal and ergodic, which gives a
well-defined quotient group. If the subrelation is normal, there is a quotient groupoid [15];
however, our situation is general enough (encompassing when the subrelation is ergodic or
when it is normal) that we cannot appeal directly to the group case as in [10]. We remark
that the space L*>(R/S) is closely related to the relation S that appears in [15, Definition
1.4] (we caution the reader that the roles of S, R are reversed in [15] relative to our work
and so this relation is denoted R there), which is a measure-preserving relation on the
space Y = {(x,c) :x € X, c € [x]r/S}.
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Explicitly,
S={(x0,(30:(x,y) €R,c=2)

We proceed to explain how they are related. Since we not explicitly use the connection
between LZ(R/S) and L2(§ ), we will only sketch the details.

In [2], we will explain how to give Y the structure of a standard Borel space and equip
it with a natural o -finite measure. This measure will be defined in such a way as to make
L?(Y) naturally unitarily isomorphic to LZ(R/S). We also have an isometric embedding
V of L2(R/S) into L2(S) given by

V)(x, ¢, y,0) = 8x=y f(x, 0).

Part of the significance of the relation S for the results in [15] is that certain properties
of the inclusion S < R (e.g., the index, normality) are reflected in terms of properties of
the inclusion R < . An alternative explanation for this can be given by von Neumann
algebras. Let L(S), L(R) be the von Neumann algebras of the equivalence relations S, R
as defined in [14] (the analogous notation there is M (S), M (R)). We then have a natural
inclusion of von Neumann algebras L(S) < L(R). The von Neumann algebra L(§) can
be realized as the basic construction M = (L(R), er(s)), in the sense of Jones [25, §3],
of L(S) < L(R). For the interested reader, we remark that under this correspondence, the
space L?(R/S) corresponds to the following subspace of LZ(A?I ):

H = span{fu¢eL(3)uq_,l 1 feL®(X, ), ¢ e [R]}

where uy are the canonical unitaries in L(R) corresponding to the elements of [R] and
er(s) is the Jones projection corresponding to the inclusion L(S) < L(R) (see [15]).
Moreover, the action of [R] naturally acts on H by conjugating by uy, and this action
is isomorphic to the action of [R] on LZ(R/ S) we define above. We refer to [25] and [11,
Appendix F], for the appropriate definitions, which we will not need in this work.

We now proceed to prove (i) of the above theorem, whose proof is almost entirely
operator theory.

3.1. Proof of Theorem 3.2(i). The essential idea behind Theorem 3.2(i) is that we have
a natural vector in L%(R/S) which is given by the measurable field £, = d[x]s- By a direct
calculation, we have that

(As()™E, &) = / Panx.S d(x).
‘We then have to show that
IrsW)l = lim (As(v)*"&, &)1/".
n—oo

Because v is symmetric, the operator A s (v) is self-adjoint and the existence of the limit on
the right-hand side follows from the spectral theorem [12, Theorems IX.2.2 and IX.2.3].
The limit on the right-hand side is also dominated by ||As(v)||. We prove a general Hilbert
space theorem which, after a small amount of work, will prove the reverse inequality. First,
let us alleviate any concerns about the measurable structure defined on (Zz([x]n /S))xex-
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LEMMA 3.4. Let S <R be discrete measure-preserving equivalence relations
over a standard probability space (X, p). Define a family Meas(¢>([x1r/S)) C
[Liex 2 ([x]1r/S) by saying that (£;)xex € Meas(£2([x]r/S)) if and only if for every
¢ € [R] the function X — C given by x > &, ([¢(x)]s) is measurable. Then the family
Meas(ﬁz([x]R/S)) turns (Ez([x]R/S))x into a measurable field of Hilbert spaces.

Proof. Fix a countable subgroup I' < [R] so that 'x = [x]r for almost every x. We start
by proving the following claim.

Claim. A vector & = (&x)x € [[,cx £2([x1R/S) is in Meas(¢2([x]x/S)) if and only if
the map x — &, ([¢(x)]s) is measurable for every ¢ € I'. If & is measurable then, by
definition, x — & ([¢(x)]s) is measurable for every ¢ € [R]. In particular, this is true
for ¢ € I'. Conversely, suppose that x — &, ([¢(x)]s) is measurable for all ¢ € I'". Fix a
¥ € [R]. We then have to show that x — & ([{(x)]s) is measurable. Since I'x = [x]r
for almost every x € X, we may find a disjoint family of sets (Eg)ge r With Eg C {x €
X : ¥ (x) = ¢(x)} and so that | | E4 is a co-null subset of X. Then

E (W (x)ls) = Z lg, (0)éx ([P (x)]s)

¢el
for almost every x (the sum above converges since the Ey are disjoint). Since I' is

countable, this proves that x — &, ([Y(x)]s) is measurable, and this proves the claim.

Having shown the claim, for ¢ € T define ¢y € [, cx 2 ([x]r/S) by Cox = Op(0)]s-
Then

52([)5]7?,/8) = Span{§¢’x . ¢ c F}””2

for almost every x € X, and also &, ([¢(x)]s) = (§x, 8p(x)) for all ¢ € [R]. Moreover, for
¢, ¥ € I' we have that

(Epoxs Sy x) = Ls(P(x), ¥ (x)),

which is a measurable function of x. The lemma now follows from countability of I and
[37, Lemma IV.8.10]. L]

We use the following well-known lemma (see, for example, [24, Equation 2.8] for a
proof), which is the main way we will relate the operator norm of the Markov operator
As(v) to the growth of the matrix coefficients (Ag(V)?£, &).

LEMMA 3.5. Let H be a Hilbert space and T € B(H) self-adjoint. Let K be an index set,
and let (§¢)kex be a K-tuple of vectors in ‘H so that H = span{&; : k € K}. Then

IT| = sup lim (T*"&, &)"/*".
kEK n—oo

In order to apply this in the context of a direct integral of Hilbert spaces, the following
density criterion will be useful.
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LEMMA 3.6. Let (X, ) be a standard probability space. Let (Hy)xex be a measurable

family of Hilbert spaces over X and set H = |- )99 Hy. Suppose we have a sequence
& = (&nx)xex € Meas(Hy) such that

H, = span{§, x : n € N}

for almost every x € X. Then

H = span{la&, : n € N, A C X is measurable}.

Proof. Suppose that n € H and that (n, 14&,) = O for every n € N and every measurable
A C X. Then for every measurable A C X and every n € N we have

/ (M, En,x) du(x) =0.
A

Since this holds for every A, applying this with A being {x € X : Re(i/ (1, £,.x)) > 0} for
j =0,1,2,3, and taking real and imaginary parts of the above integral shows that that
for every n € N we have that (ny, &, ) = O for almost every x € X. By countability, for
almost every x € X we have (n,, §,x) = 0 for all n € N. Since ‘H, = span{§, , : n € N}
for almost every x € X, we deduce that , = 0 for almost every x € X, thatis n = 0 as an
element of 7{. Thus, we have shown that the only vector in H orthogonal to {14&, : n € N,
A C X is measurable} is the zero vector, and this implies that

H = span{l 4&, : n € N, A C X is measurable}. L]

Proof of Theorem 3.2(i). Let £ € L>(R/S) be the measurable vector field given by
&y = d[x15. By direct calculation,

(As(v)?E, &) = / Panx.s Ap(x).

By the spectral theorem, there is a probability measure n on [—||[As(V)]l, [|As(V)]|]] so that
(hs ()&, &) = / " dn(@).

From this, we see that lim,_, o (As(v)?"€, £)1/2" exists and is the L>-norm of ¢ with
respect to n. Combining these results, we see that

1/2n
lim (/ P2nx,S dﬂ(x))
n—00

exists. Call this limit p(R/S, v) as in the statement of the theorem.

We now turn to the proof that p(R/S, v) = ||As(v)||. It follows from the logic in the
preceding paragraph that p(R/S, v) < ||[As(v)||. Let I" be the subgroup of [R] generated
by the support of v. Since v generates R, we have [x]kr = I'x for almost every x € X. By
Lemma 3.6,

{lars(¢)E : ¢ € I', A C X is measurable}
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has dense linear span in . It thus suffices, by Lemma 3.5, to prove that
lim (s> 1aks(@)5, Lars@)€)/>" < p(R/S, v)
for every measurable A € X and ¢ € I'. It is direct to see that

(AW 1Ars(PIE, 1ars(@)E) < (ks As(@)E, As()E)

for every measurable A € X. So it simply suffices to show that
lim (s As(@)E, ks(@)§)/*" < p(R/S,v) foreveryp €. (3.1)
n—oo

To prove (3.1), fix ¢ € I'. Let ¢*(S) be the subrelation ¢*(S) = {(¢(x), d(y)) :
(x,y) € S}. By direct computation,

(s As(PE, rs(@)E) = / P2 (x),¢*(S) AU(X).
Choose k € N so that ¢ = v**({¢}) > 0. Then for every n € N we have that

PA+nS = D Pathiry 2 D Phad@) P20 Py

Y€lxls Y€Elxls
2 2
zc Z P2n.¢(x).¢(») = € P2ng(x).9*(S)-
yelxls

Integrating both sides, we obtain
(s ("hs (@), hs(@)E) < ¢ (s> I8  §).
Thus,
lim (hs()*"As(@)E, k(@) < lim ™ "[(hs(v)> "R, g)l/20Otb/n
n—00 n—00
=p(R/S, ).
This proves (3.1), and so completes the proof of Theorem 3.2(i). O]

As mentioned in the introduction, Theorem 3.2 and our later work in §4 can be used to
recover a result due to Schramm used in [31], [21, Lemma 6.4], and [22, §3]. Indeed, given
a percolation of a connected, regular, transitive graph G by §2.1, one can build an inclusion
S <R of relations on a standard probability space as well as a symmetric probability
measure v on [R] so that, in the notation of [21, Lemma 6.4], we have

/ Pnx.s du(x) = E[t,(Xo, Xn)].

For p € (0, 1), consider Bernoulli(p) edge percolation, where each edge is kept with
probability p; let S;, <R, be the corresponding inclusion of equivalence relations. Set

pc = inf{p : almost every connected component in Bernoulli (p) percolation is finite}.

In the setup of the proof of Theorem 3.2(i), we have that

/ Pane.s di(x) = (hs ()&, ).
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Since As(v) is self-adjoint, the spectral theorem tells us that

1/2n
( / Ponx.S du(x)> = (hs()?g, &)1/

is increasing in n and Theorem 3.2(i) characterizes its supremum as ||As(v)||. Additionally,
for every n € N we have by Cauchy—Schwarz that

1/n
( / PonxS du(x)> = (hsW)"E, OV < asW)"EIV" = (As()?E, £)1/1,

where in the last step we use self-adjointness of As(v). The construction of the inclusion
S < R forces that the spectral radius of G is equal to the co-spectral radius of 7 <R
where 7 = {(x, x) : x € X} is the trivial relation. For Bernoulli(p) percolation with
p < pe, finiteness of the clusters tells us that [x]s, is finite for almost every x € X.
We will later show (see Proposition 4.1) that this implies that p(R/S)p, v) = |lAs, (W) | =
A7) || = p(R, v). Using the standard monotone coupling of Bernoulli percolation [33,
§5.2], it is direct to see that ||)L5p(v)|| is semicontinuous and that ||)L5pf(v)|| < |IAT ).
Thus, we obtain the estimate of Schramm for connected, transitive graphs. With minor
modifications, our results work for random walks on finite cost graphings (see Example 3.9
of §3.2). In this manner, we can recover the same estimate of Schramm when G is a
connected, locally finite, transitive graph. As mentioned in the introduction, in the context
of percolation all our proofs can be rephrased without equivalence relations and can be
written in the language of percolation theory.

3.2. The 2-3 method and proof of Theorem 3.2(ii). ~We now explain how to deduce the
existence of the pointwise limit defining the co-spectral radius. We first state the general
Theorem behind this existence and then explain why it applies to our setting, as well as to
more general situations. For notation, if f, g: R — [0, oo] are measurable, then we define
their convolution to be the function f % g: R — [0, oco] given by

(f*0, )= Y fx02G ).

zelx]r

Given a measurable 7: X — C, we say that f: R — [0, 00] is mw-symmetric if
m(x)f(x,y) =n(y)f(y,x) for almost every (x,y) € R. If # =1, we just say that f
is symmetric.

THEOREM 3.7. Let R be a discrete, measure-preserving equivalence relation over a

standard probability space (X, ), and fix m € L' (X, n) with w(x) € (0, o0) for almost

every x € X. Let fi: R — [0, oo] for k > 1 be a sequence of measurable functions such

that:

(@) fx is m-symmetric for all k € N;

(b) foralll,k € N we have Zye[x]R(fl * f)(x, y) < Zye[x]R Sfi+k(x, y) for almost
every x € X;

(c) for almost every x € X and every k € N we have 0 < Zye[x]R fr(x,y) < oo;
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(d) there is a measurable D: X — (0, 00) so that
Y fiky) = D@ Y filx,y)
yelxlr yelxlr

for almost every x € X and everyl, k € N.
Then

_ 1/k
Feo = lim ( > fk(x,y>>
yelxlr

exists and is positive almost surely. Further:
(i) foreveryk e N

Z}’E[X]R fk(x’ )’)
/ Y
() iMoo (f 7)) X e i ) dipC)* = || Flloo.

du(x) < / 7 du;

The name ‘2-3’ refers to the way we are proving Theorem 3.7. In the proof we have
two separate steps where we show that ‘typically’ Zy o (x, y) ~ (Zy fi(x, ¥)? and
(Zy fae(x, y)) ~ (Zy fe(x, y))3. Since 2, 3 generate a multiplicative semigroup which
is asymptotically dense on the logarithmic scale, we are able to deduce that the exponential
growth of (Zy fr(x, y)) has a definite rate.

Before jumping into the proof of Theorem 3.7, let us list several examples where it
applies. For all of these examples, fix a discrete, measure-preserving equivalence relation
‘R over a standard probability space (X, u) and fixa S < R.

Example 3.8. Fix a symmetric v € Prob([R]). Define

f(x, ) = parxyls(x, y).

It is direct to check that our hypotheses apply in this case with w =1, D(x) = p2,x. In
this case

Z Je(x, y) = pakx.ss

Y€lxls

and we recover the existence of the pointwise co-spectral radius p;g . Moreover, item (ii) of
Theorem 3.7 as well as Theorem 3.2(i) imply that

Ias Wl = p(R/S, v) = 13 lloo-

So we recover the operator norm of the Markov operator Ag(v) as the L>°-norm of ,0;9 .

Example 3.9. Suppose that v: R — [0, 1] is measurable and that Z),G[X]R vix,y) =1
for almost every x € X. Moreover, assume that there is a w: X — (0, 00) with
m e L' (X, n) so that v is w-symmetric. Consider the Markov chain on [x]r with
transition probabilities v(x,y), and for Kk € N and (x,y) € R let pi,, be the
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probability that the random walk corresponding to this Markov chain starting at x is
at y after k steps. Set

Je(x, y) = poxyls(x, y),

and poy .5 = Zye[x]s D2k,x,y- Note that if f, g: R — [0, 0o] are w-symmetric, then so
is f % g. Since fy = v**1g, we see that f; is 7-symmetric. Finally, observe that for every
xe X, keN,

0< plz{,x,x < Pokxx = Z Je(x,y) < L.
yelxlr

So we deduce the existence of

o 1/2k
P(R/S,v) = klifr;o Pk x5

A good example to keep in mind is the following. Recall that the full pseudogroup,
denoted [[R]], of R is by definition the set of bimeasurable bijections ¢: dom(¢) —
ran(¢) satisfying:

e dom(¢), ran(¢) are measurable subsets of X;

o ¢(x) € [x]r for almost every x € X.

We identify ¢, ¥ € [[R]] if u(dom(¢p)A dom(/)) =0 and if ¢(x) = ¥ (x) for almost
every x € dom(¢) Ndom(y). For ¢, Y € [[R]] we use ¢ oy for the element of [[R]]
whose domain is dom(y) N ¥ ~!(dom(¢)) and which satisfies ¢ o ¥ (x) = ¢ (¥ (x)) for
x € dom(y) Ny ~!(dom(¢)). For ¢ € [[R]], we let ¢! be the element of [[R]] with
dom(¢p~!) = ran(¢), ran(¢ ') = dom(¢), and so that ! (¢ (x)) = x forall x € dom(¢).
Given a countable ® C [[R]] and x € X we define a graph G ¢ x whose vertex set is [x]R
and whose edge set is U¢e¢{{y, ¢“(y)} : a € {£1}, y € [x]r N dom(¢p*)}. We say that O
is a graphing if G ¢ is connected for almost every x € X. We define the cost of a graphing
to be

c(®) =) u(dom(9)).

ped

This definition is due to Levitt in [32], and the cost of a relation (which is by definition the
infimum of the cost of its graphings) was further systematically studied in [18, 19]. If ®
is a finite cost graphing, then for almost every x € X define v(x, y) = 1/degg ® (x) where
degg,, (x) is the degree of x in the graph G ¢ . Observe that v is deg ¢-symmetric. Since
[ degg o du <2c(®) < 0o, we have a well-defined co-spectral radius for the simple
random walk associated to finite cost graphings.

Another good example is as follows. Consider a symmetric v € Prob([R]), and E C X
a measurable set with w(E) > 0. Assume that for almost every x € E, we have that
> velxlrnE Px.y > 0 (e.g., this holds if the random walk is lazy).

For x € X, definev|g: RN (E x E) — [0, 1] by

Px.y

V|g(x, y) S —
Zye[x]RﬂE Px.y
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As above this defines a Markov chain on [x]g N E with transition probabilities given
by v|g. We have that v|g is w-symmetric, with 7 (x, ) = }_ c(;},nE Px.y- For k € N,

lE

we let pF

be the probability that the random walk starting at x with these transition

probabilities is at y after k steps. Setting p‘z)llfx Sl = 2yelxlsnE p;,LEX y» we deduce the

almost sure existence of the ‘conditional’ co-spectral radius
SlE(yy — T vlE 1/2k
p=E(x) = Lim (py) 5,
forx € E.

Example 3.10. Fix a symmetric v € Prob([R]) and a measurable E C X with u(E) > 0.
Define

fiCx, y) = poxylsCe, Y1) 1E(y).

In this case for x € E we have

> i y) = punsie

yelxls
where pyy x s E 1s the probability that the random walk corresponding to v starting at x is
in [x]s N E after 2k steps. All of our hypotheses apply in this case with X replaced with
E, R replaced with R|g, and w = 1. So we recover the existence of the pointwise local
co-spectral radius
S . 1/2k
= lim s
PEX) = Iim Py sk

at least for x € E. See §3.3 for more details. In that section we will show more generally
that

. 1/2k

klifgo Pokx,S.E

exists for almost every x € X; see Corollary 3.17. This specific example will be important
for us when we show that the spectral radius is almost surely constant in the case that S is
either normal or ergodic.

We say that a v € Prob([R]) is lazy if v({id}) > O.

Example 3.11. Fix a lazy, symmetric v € Prob([R]), and a measurable £ C X with
w(E) > 0. Define for (x, y) € R:

DP2kx.y.E = E : Pxxi Pxixy * 0" Pxog—1.y»
X1seeesX2k—1 EE
P2ux,Slg = E Dx,x1 Pxixy =" Pxoge—1x0 -
Xy X2k €E,
(x,x21)€S

Define

fiCx, ) = pokxy,ElLEG)LE(D) Ls(x, ).
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Then
> Al Y) = parasi-
yelxls
Again, it is direct to check that the hypotheses of Theorem 3.7 apply with & = 1. Note that

laziness implies that

Pakxsly = P, x)* >0

for every x € E, and we always have

Pux S < L

Thus, (c) of Theorem 3.7 holds. So we deduce the existence of the ‘restricted’ co-spectral
radius

o5 (x) = lim pl/?*
Sle o Pokx Sie

for x € E. It can be shown by the same method of proof as in Theorem 3.2(i) that

1/2k
lim (f D2kx,S|E d,u(x)) = [[TEAsW1E],
k— 00

SO

losiglloo = ITEASIEN.

So we again recover the norm of a corner of the Markov operator as the essential supremum
of the restricted co-spectral radius.

Example 3.12. Lete > 0 and let n: R — [¢e, +00) be a measurable bounded symmetric
function. Define for (x, y) € R:

fk('xv )’) = Z Ux,xlﬂxl,xz e ankfl,}%

X1 X2k—1 €[X]R

Theorem 3.7 yields almost sure existence of the growth exponent p;; := limy_, o0 (Zy elxlr
fe(x, ). Let ® C R be a symmetric graphing generating R. If we put = 1g, we
get the existence of the growth exponent for the number of trajectories of length 2k
starting at x in the graph induced by ® on the equivalence class of [x]g. In particular,
for every unimodular random graph (G, o), the number of walks of length 2k starting from
o has an exponential rate of growth almost surely. Note that such a result is definitely
not true for any rooted bounded degree graph. This last example is discussed in more

detail in §5.2.
Having explained why Theorem 3.7 implies the existence of the pointwise co-spectral

radius, we now turn to the proof of Theorem 3.7. The following is the main technical
lemma behind the proof.
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LEMMA 3.13. Let (fx)k, 7 be as in Theorem 3.7. For k € N, define f;;: X — [0, oo] by
@)= > fulx,y),

yelxlr
and define
B = Y file, DK,
yelxlr
~1
V() = fix) Y fk<x,y>< > fk<y,z)fk<z>) :
yelxlr z€[yIr
Then:

(i) foreveryk € N and almost every x € X,

fi)? < e (@) fr(x) and  fr(x)> < Y (x) f3r (x);

(i) foreveryk € N,
[movau= [ xau= [ xudn

Note that in order to make sense of ¢y, ¥, we are using hypothesis (c).

Proof. (i) By Cauchy—Schwarz,

2
ﬁ(x)2=( > il y>1/2ﬁ<y>—1/2fk<x,y)”zﬂ@)l/z)

yelxlr
<o) Y il ()
yelxlr
< $r(x) for (x)
for almost every x € X, where in the last step we use hypothesis (b). Using
Cauchy—Schwarz again,

ﬁ(x)2 < ﬁc(x)_llﬂk(x) Z Jr(x, y)( Z Jr(y, z)ka(z)) for almost every x € X.

YElxlr z€lylr

We can estimate the second sum using our hypothesis on f:

Y A y>< > fk(y,z)ﬁ(z)> > fk(x,y>< Y fix 00, w))
yelxlr

z€lylr YElxIr welylr

D fiy) (v w)

w,y€lx]r
= Y (fix fa)(x, w)

welx]r

< Y falow)

welxlr

= fa(x),

IA
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with all of the above inequalities and equalities holding for almost every x € X. So we
have shown that

Fe@)? < fe) Wi (x) far(x)  for almost every x € X,

and rearranging proves the desired inequality.
(ii) By the mass transport principle and x -symmetry,

/ ()i (x) dpu(x) = / Y w0 file, )T dpx) = / 7w dp,

Yelxlr
as
Y AR =1
yelxlr
Similarly,
/ 7 ()Y (x) dpa(x)
-1
:/ Y w@) filx, y)ﬁ(y)( > fk(x,z>fk<z)> du(x):/ndu,
yelxlr z€[x]r
as
~ ~ —1
> fk(x,y)fk(y)( > fk<x,z)fk(z>) =1. O
yelxlr z€[xlr

We now prove Theorem 3.7. It will be helpful to pass to limits along subsets of N which
are ‘not too sparse’ in a multiplicative sense. We say that A C N is asymprotically dense
on the logarithmic scale if

lim i B _o.
Jim rfgg lx —log(n)] =0
xeR

We leave it as an exercise for the reader to show that if A € N is asymptotically dense on
the logarithmic scale, and if (ax);2 is a sequence of non-negative real numbers for which
there is a uniform C > 0 with

ai4x > Clay foralll, k € N,

then
lim sup a,i/k = lim sup a,i/k

. 1/k . 1/k
and lim inf ak/ = lim inf ak/ .
keA k—o0 keA k—

o
Proof of Theorem 3.7. Adopt notation as in Lemma 3.13. Set

F(x) =limsup fr(x)"/* and i(x):likminfﬁ(x)l/z”‘.

k—o00

For p, g € NU {0}, k € N we have, by Lemma 3.13 and induction, that

fk(x)ZpyI < Cpgk (x)ﬁpqu(x) for almost every x € X, (3.2)
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where

p—1

Cpai@) = [ a0 H Voraie ¥

i=0 j=0
By Lemma 3.13 and the fact that = € L'(X, i), both >k k2w ¢y and Dk k2
converge almost everywhere. Since m(x) > 0 almost surely, we see that for almost
every x € X, there is a kg (depending upon x) so that for k > ko we have ¢ (x) < k2,
Yr(x) < k2. So for almost every x € X, and for all k > ko, and all p, g € NU {0},

p—1 gl _
Cpaun) < [J@ 0¥ T@3/ 0¥,

i=0 j=0
which implies
-l q-1
737 108 Cpgu) < X(; 27 log(2'k) + 2(:) 21737177 10g(2P3/k)
= J

< B + 2 log(k),

where

B = ( max ) log(2) + log(2) Z 2 log(3) e

peNu{o} 2P 3 L~ 3j
Jj=0

Fix k1 > ko. Since A = {2739k : p, g € N} is asymptotically dense on the logarithmic
scale, we have by (3.2) and hypothesis (d) that

f ) = liminf forsag, (027380 = lim inf Cpqp, (0712 f 0oV
- prq—
e BRI oVk (3.3)

Letting k; — oo, we see that i > 7 almost everywhere, and this proves that
f exists almost everywhere. Note that (3.3) applied with k; = kp shows that
F@) = e Bhog 0 i (x)! /%o Thus, f(x) > 0 for almost every x.

(i) By (3.2), we have for p, k € N and almost every x € X that

> LA\ V2
fzﬁ% < Cpox0)'? = ( H i1 (1) )

E 2_}7(1 +202p l¢2i+1k(x)),
=

where in the last step we use the arithmetic-geometric mean inequality. Lemma 3.13

implies that
fix)
/H(X)W du(x) E/”dﬂ-

Letting p — oo and applying Fatou’s lemma proves (i).
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(ii) Part (i) shows that
/ 70 fe(x) du(x) < 1715 / wdu,

for every k € N. Since € LY(X, nw),

N 1/k -
lim sup (/n(x)fk(x) dp.(x)) < 1 flloo-

k— 00

We now prove the reverse inequality. Fatou’s lemma implies that for all r € N,

[ () f(x) dp(x) < lim inf / () fr () * dp(x)

- r/k 1—r/k
Slikminf(/ﬂ'(x)fk(x) dM(X)> (/ﬂ(X) du(x)) ,

where in the last step we use Holder’s inequality for k > r. Since 7 € L' (X, ),

1/r
(/H(X)f(X)r dM(X)> = lim inf(/ﬂ(X)ﬁ(X) dM(X)>

Letting r — oo and using that 0 < 7 (x) for almost every x and that = € LY (X, ) shows
that

1/k

- - 1/k
171 <timint ([ 2o duco) n

3.3. Normal subrelations and the proof of Theorem 3.2(iii). In this subsection we prove
that the co-spectral radius 0% (x) is almost surely constant when S is either ergodic normal
(the case when S is ergodic is fairly direct; see Corollary 3.17(a)). We prove a common
generalization of the cases where S is normal or ergodic, for which we need partial
one-sided normalizers.

Definition 3.14. Let (X, u) be a standard probability space, and let S < R be discrete,
measure-preserving equivalence relations on (X, ). We define the partial one-sided
normalizers to be the set of ¢ € [[R]] such that for almost every x € dom(¢) we
have ¢ ([x]s Ndom(¢)) C [¢(x)]s. We use PN;QI)(S) for the set of partial one-sided
normalizers of S inside R.

One example to keep in mind for intuition is as follows. Suppose that R is the
orbit equivalence relation of a measure-preserving action of G on (X, u). Suppose
that H <G, and let S ={(x,ax):a e N,x € X}. For g € G, we let ¢, € [R] be
given by ¢,(x) = gx. If g is in the normalizer of H inside G, then by direct calcu-
lation ¢, ([x]s) = [x]s for almost every x € X. So ¢, € PN;QI) (S). More generally,
o¢lE € PN;ZI) (S) for every g € G in the normalizer of H. We can thus think of the
partial one-sided normalizers as a generalization of normalizers to the setting of the full
pseudogroup.
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Another source of elements in the partial normalizer is as follows. Recall that the set
of endomorphisms of R over S, denoted by End (S), is constituted by the measurable
functions ¢: X — X such that for almost every x € X the following two conditions
hold:

o ¢ € [xlr;

e ¢(xls) S [¢(¥)ls.

Such functions need not be injective modulo null sets, and when they fail to be injective
modulo null sets are not measure-preserving. Indeed, one can use the mass-transport
principle to show that for ¢ € Endg (S) we have that

dosu
du

x) = |¢*] ({x})| for almost every x € X

(we will not use this fact so will not give a full proof of it). However, as we will see shortly
(see Lemma 3.16), for each ¢ € Endg (S) we may find a partition modulo null sets (E;);<;
of X into countably many sets so that ¢|g, is injective for each i € I.

This last example in fact provides the motivation for our consideration of the one-sided
partial normalizers, as this is one way to define normal subrelations.

Definition 3.15. (See Theorem 2.2 of [14]) Let R be a discrete, measure-preserving
equivalence relation on a standard probability space (X, n). A subrelation S <R is
normal if there is a countable set D € Endg (S) so that [x]g = U¢€ p ¢([x]s) for almost
every x € X.

From the above definition, one can imagine attempting to prove that the co-spectral
radius is almost surely constant for a normal subrelation by trying to understand how
it varies after applying endomorphisms of S < R. However, as alluded to above, endo-
morphisms can have undesirable properties (namely, lack of injectivity and failure to be
measure-preserving) and the possibility of these undesirability properties makes them
ill-suited for our proofs. A good tradeoff for our purposes is to drop being everywhere
defined and gain being measure-preserving and injective. This is precisely the purpose of
the one-sided partial normalizers.

We have a natural way for elements of PN%) (S) toacton LP(X, u) for 1 < p < o0.

Namely, if ¢ € PN, (S) we define ay € B(LP(X, 1)) via
(@) £)(X) = Luan(ey () £ (@1 (x)).

This allows us to say what it means for PN%)(S) to act ergodically. It simply means
thatif f € LP(X, u) and oy (f) = lran(g) f for every ¢ € PN%)(S), then f is essentially
constant. We leave it as an exercise for the reader to follow the usual arguments to verify
that this is equivalent to saying that there exists a countable C C PN;Z]) (S) so that if
a measurable subset of X is invariant under C, then its measure is either O or 1. Note
that PN%) (S) automatically acts ergodically if S is ergodic, because [S] C PN%)(S).
The following lemma shows that PN7(€]) (S) also acts ergodically if S is normal and R is
ergodic.

https://doi.org/10.1017/etds.2024.32 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.32

26 M. Abert et al

LEMMA 3.16. Suppose that S is normal in R. Then there is a countable set C C PN%) S)
so that

xlr = o)
¢peC
for almost every x € X.
Proof. By [15, Theorem 2.2], we may find a countable set D € Endg (S) so that
xlr = (Jlp)]s
¢$eD

for almost every x € X. Fix a countable subgroup H C [S] so that [x]s = Hx for almost
every x € X. Then for almost every x € X we have that

klr= |J @Wop)w.
¢eD,yeH

Fix a countable subgroup G C [R] so that [x]g = Gx for almost every x € X. Then for
each ¢ € D we may write, up to sets of measure zero,

dom(¢) = | J Eg
geG
where Eg 4 C {x € dom(¢) : ¢(x) € gx}. For each g € G, ¢ € D, define ¢, € [[R]]
by declaring that dom(¢,) = Ez and that ¢,(x) = gx for x € Eg 4. Observe that
¢g € PN, (S). Then

[xIr = U ¥ 0 By (x).
YEH,
¢eD,geG with xeEg ¢
Thus,
C={Vop,:8€G,pecD,yy € H}
is the desired countable set. O

By the preceding lemma and the inclusion [S] C PN%) (S), the condition that
PN;zl)(S) acts ergodically on (X, u) is satisfied if either S is ergodic or S is normal
and R is ergodic. We will show that p° is almost surely invariant under the partial
one-sided normalizers, and is thus essentially constant when PN%)(S) acts ergodically.

Since the elements of PN%) (S) are only partially defined, we will need to relate the
co-spectral radius to the modification given by Example 3.10 by restricting to a subset. It
will not be hard to show from Theorem 3.7 that pg (x) as defined in Example 3.10 exists
for almost every x € X. To deduce the existence of pg(x) for almost every x € X, as
well as some of its basic properties, we need to recall the S-saturation of a measurable
set. Given a discrete, measure-preserving equivalence relation S on a standard probability
space and a measurable E C X, the S-saturation of E is the (unique up to measure zero
sets) measurable subset ECX satisfying the following properties:
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o FEC E;
e for almost every x € E we have [x]s C E;
e foralmostevery x € E, thereisay € E withx € [y]s.

If I' < [S]1is a countable subgroup which generates S, then a model for E canbe given by

E= U #(E).

¢el

It will also be helpful to relate pg to a quantity more operator-theoretic in nature. For a
measurable set £ C X of positive measure, and x € X, we let

P2k x,S.E = Z P2kx,y-
yelxlsNE

We also let
| 1/2k
R/S,v) = lim ( —— spd .
PE(R/S, v) Jim (/L(E) przk, S.E M(X)>
Define ¢g € L*(R/S) by ({£)x = 1£(x)//(E)8[x)s. Then

1
—_— X d == )\- 2k 5 )
(E) /EPZk, SEdux) = {As(v)"LE, LE)

so it follows from the spectral theorem that the limit defining pg (R /S, v) exists. We now
proceed to show that limg_, o pé,izxk S EXists.

COROLLARY 3.17. Let (X, ) be a standard probability space, and let S < R be discrete,
probability-measure-preserving equivalence relations defined over X. Let v € Prob([R])
be symmetric, countably supported, and generate R. Fix a measurable E C X with
positive measure.
(a) For almost every x € X we have that

P (x) = Jim Pas.r

exists and is almost surely S-invariant.

®)  loglloo = PE(R/S, v).
Proof. Note that the sequence of functions fi: E — [0, 0o) given by
Je(x, y) = parxyls@, MI1E(X)1E(QY)

satisfies the hypothesis of Theorem 3.7 with R replaced by R|g. This proves that pg (x)
exists for almost every x € E. Since

1 _ 2%
) / P2ux,SE Au(x) = (As(W)“CE, CE),

Theorem 3.7 also proves (b).
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To prove that pg (x) exists for almost every x, let E be the S-saturation of E. Note that
pg(x) = 0 for almost every x € E€. For almost every x € E, we have that ,og( y) exists for
all y e [x]sNE. Fix such an x € E, and let y € [x]s N E. Then there is an £ € N with

Dex,y > 0.So forall k > 2¢,

2 2
D2k x,S.E = Z D2kxz Z P,y Z P2(k—0),y.2 = P x,yP2(k—),y.S,E-
ze[x]sNE z€[x]sNE

This shows that for almost every x € E we have
L 1/2k
lim inf Prns. = PR

The proof that

. 1/2k
lim sup p21{,x,S,E < pg(y)
k—o0

is similar. O]

It will be helpful to study how pg(R/S, v) varies as a function of E. We can embed
measurable subsets (modulo null sets) of (X, p) into L' (X, ) via identifying each set
with its indicator function. We thus have a natural distance on measurable sets modulo
null sets defined by

d(E, F) = W(EAF).

We show that pg(R/S, v) is semicontinuous as function of E. For later use, it will also
be useful to know that pg(R/S, v) as a function of S. We now define a topology on
subrelations of R making this precise.

For R a discrete, probability-measure-preserving equivalence relation on (X, u),
¢ €[[R]],and S < R, set

Fsg = {x € dom(¢) : $(x) € [x]s}.

For a given subrelation S < R, a finite set 2 C [[R]], and ¢ > 0, let Oq ((S) consist of
all subrelations S’ < R such that

w(FsgpAFs 4) <e forall ¢ € Q.

We define a topology on subrelations of R (modulo null sets) by declaring that the family
Ogq ¢ (S) form a neighborhood basis of S. Suppose that / is countable, and that ® = (¢;);es
in [[R]] is such that [x]gr = {¢i(x) : i € I, x € dom(¢;)} for almost every x € X. In this
case, given (&;)ier € (0, 117 with Zi o; = 1, we can define a metric on subrelations
of R by

d(S.8) =) ain(Fs g AFs ).

1

It can be check that this metric induces the topology defined above (moreover, this metric
is complete, though we will not need this). We now prove our promised semicontinuity.
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LEMMA 3.18. Let (X, u) be a standard probability space and R a discrete, measure-
preserving equivalence relation defined over X. Let v € Prob([R]) be symmetric, countably
supported, and generate R. The map (E,S) +— pg(R/S,v) is lower semicontinuous
(where the domain is all pairs of positive measure, measurable subsets E of X and
subrelations S of R).

Proof. From

L _ 2%
) /E Pk dp) = (hs()*eg, ¢p)

and the spectral theorem, we have

| 1/2k
pE(R/S, v) = sup <— / P2%kx.S.E dM(X)> .
k \M(E) JE

It thus suffices to prove that

(E,S) '—>/ Dokx,S,E du(x)
E

is continuous. Let idg € [[R]] be defined by dom(idg) = E and idg(x) = x for every
x € E. Then fE DP2k.x,S.E du(x) can be rewritten as

> vV H@U(E N Fsigg ¢)-
pesupp(v*2k)

Note that each term in this sum is a continuous as a function of (E,S). Since
Z¢esupp(v*zk) v*2(¢) = 1, it follows that the sum converges uniformly. Thus,

(E,S) '—>/ DP2kx,S,E dir(x)
E
is continuous. O]

For technical reasons, in order to show that ,03 is invariant under the partial normalizer
of § inside of R, it will be helpful to reduce to the case that v is lazy. We will briefly
need to adopt notation for how the co-spectral radius depends upon the measure. So for
S <R, X as in Theorem 3.20 and a countably supported v € Prob([R]), we use ,of (x)
for the co-spectral radius at x defined using v. Similarly, for n € N we use pl‘;’x’ g for the
probability that the random walk starting at x associated to v is in [x]s after n steps.

It will be helpful to use the following lemma which shows that the local co-spectral
radius associated to v is uniformly close to the local co-spectral radius associated to
(1—tv+tgast — 0.

LEMMA 3.19. Let (X, ) be a standard probability space, and S <R discrete,
probability-measure-preserving equivalence relations defined over X. For a symmetric
and countably supported v € Prob([R]) and t € [0, 1], define vi = (1 — t)v + t8ig. Then

Io5, = pVlloo < 1(1+ p(R/S. v)),  forallt € [0, 1].
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Proof. To simplify notation, set p = p(R/S, v). Let g be defined as in the discussion
preceding Corollary 3.17. Let n € Prob([—p, p]) be the spectral measure of A(v) with
respect to {g. Then for every measurable set £ C X of positive measure we have that
PE(R/S, v), pE(R/S, v) are the L>®-norms of s — s, s — (1 —1)s + ¢t with respect
to 1. In particular, for all measurable E C X of positive measure,

lpE(R/S, vi) — pe(R/S, v)| = t(1 + p).
If E is almost surely S-invariant, then pg = ,05 1g. So Corollary 3.17(b) implies that
|||p§,1E||oo — ||pflE||oo| <t(l 4+ p) forall measurable E C X which are S-invariant.
To prove the lemma, fix ¢ > 0 and let
E={x:pS() +ct(1+p) < pS )}

Note that E is S-invariant, by S-invariance of ,of and ,ol‘,st . Assume, for the sake of
contradiction, that ;£(E) > 0. Then by the preceding paragraph we have

15 1Ellso < 11+ p) + 1165 1 £ loo-

On the other hand, the definition of E forces

1pS1Eloe = ct (14 p) + 051 £ lloo-

Since ¢ > 1, we obtain a contradiction. Thus,
ps — pS < ct(1+p)

almost everywhere. A similar proof shows that p;s — pft < ct(1 4 p) almost everywhere.
Thus,

o5 = Plleo < ct(1+ p)
for all ¢ > 1, and the proof is completed by letting ¢ — 1. U

The above reduction to the lazy case and the semicontinuity in Lemma 3.18 allow us to
give a general formula for the local co-spectral radius in terms of the co-spectral radius.
We will ultimately use this to prove invariance under partial normalizers of S <R by
restrict to sets where we have uniform lower bound on transition probabilities pi x4 (x) for
¢ € PNY(S).

THEOREM 3.20. Let (X, ) be a standard probability space, and let S < 'R be discrete,
probability-measure-preserving equivalence relations defined over X, and fix a symmetric
and countably supported v € Prob([R]). If E € X has positive measure, then

i =p°1f,

where E is the S-saturation of E.
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Proof. By Lemma 3.19, we may assume that v is lazy. Observe that by S-invariance of E,
we have that pS1 7= ,og almost everywhere. Hence, it is enough to show that pg = ,og

almost everywhere. Clearly ,og < pg so it suffices to show that reverse inequality holds
almost everywhere. For k € N, let

Er={x € X: pyuxske >0}

Then Ej is an increasing sequence of sets with E; 2 E. By symmetry and laziness of v
we know that |, Ex = E up to sets of measure zero. By Lemma 3.18, it suffices to show
that for almost every k € N we have that ,ogk < pg almost surely.

Form e N, set Ey;, = {x € X : pyr.s.g > 1/m}. Then the Ey 5, are increasing and

00
Ex = U Ek,m7
m=1

so again by Lemma 3.18 it suffices to show that pgkm < pg almost surely. Fix an x € Ey

so that both pg (x), pgkm (x) exist. Then for every / € N,

1
D2(+k)xS.E Z Z D2lx,yP2k,y,S.E Z Ty P2xS B
YelxlsNExm

Taking 2/th roots of both sides and letting / — oo shows that
PE = P,
Since ,o‘Eg, pgkm exist almost everywhere, this completes the proof. O

We now have amassed enough results to show that the co-spectral radius does not
increase after applying partial normalizing elements.

PROPOSITION 3.21. Let (X, u) be a standard probability space, let S < R be discrete,
probability-measure-preserving equivalence relations defined over X, and fix a symmetric
countably supported v € Prob([R]) which generates R. Then for every ¢ € PN%)(S) we
have

pS(p() = p°(x)
for almost every x € dom(¢).
Proof. First assume that v is lazy. Fix ¢ € PN;QI) (S). Replacing X with a co-null set,
we may assume that ¢ ([x]s N dom(¢)) € [¢(x)]s for every x € X. Since v is lazy and

generating, for almost every x € dom(¢) we have that py () > O for all large k. So, up
to sets of measure zero,

o0
dom(¢) = U{x € dom(e) : prx¢x) > Oforall k > n}.
k=1

Since v is lazy, this union is increasing and thus it follows that we may find a sequence
dn — 0 of positive numbers and an increasing sequence of integers r,, so that
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> u({x € dom(¢) : pr,xpcx) < ) < 00.

n=1

Set I, = {x € dom(®) : ps, x.¢(x) > Sx} and E, = ¢ (F,). By the Borel-Cantelli lemma,
for almost every x € dom(¢) we have that x € F; for all sufficiently large k. By
Theorem 3.20, for almost every x € dom(¢) the following conditions are satisfied for all
sufficiently large k:

o x¢efy;

o p5(p)) = pg (B(x));

o p7() = pF ().

Fix an x € dom(¢) which satisfies the above three conditions, and fix k such that the above
three bulleted items hold. Then for all/ € N,

D21 (x),S.E = Z D21 (x)z-
z€[p (x)]sNEk

Since ¢ ([x]s Ndom(¢)) C [¢(x)]s, and ¢ (x) € Ex, x € Fi, we have for all [ > ry that

P2Up(x),S.Ex = Z P2b (). () = 5,% Z D2(l—rp)x,y = 5;%P2(1—rk),x,5,Fk,
YElx]sNF YElxIsNF

where in the second to last step we use symmetry and the fact that x € Fj. Thus,
pS(P(x)) = pg, (1)) = pi, (x) = p° (x).

So

pS o ®ldom(g) = ps|dom(¢)
almost everywhere. The general case follows from the lazy case by using Lemma 3.19. [

We are now ready to prove that the co-spectral radius does not change under the partial
one-sided normalizers.

COROLLARY 3.22. Let (X, u) be a standard probability space, let S < R be discrete,
probability-measure-preserving equivalence relations defined over X, and fix a symmetric
and countably supported v € Prob([R]) which generates R. Suppose that PN%)(S) acts
ergodically on (X, ). Then ,0’5 is almost surely constant (in particular, by Lemma 3.16
this applies if S is normal in R and R is ergodic).

Proof. Let C be as in Lemma 3.16. By the preceding proposition and countability, for
every t € [0, 1].

E ={xeX:pSx) =1}

is invariant under C, and so by ergodicity of R has measure O or 1 for every ¢ € [0, 1]. If
s = sup{t : u(E;) = 1}, then ,08 > s almost everywhere, and ps(x) < s + 1/n for almost
every x and every n € N. Thus, 05 (x) = s for almost every x. O
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We close this section with an example illustrating the fact that 05 (x) may fail to
be essentially constant if we only assume that R is ergodic. Thus, we need to assume
something special about the inclusion § < R.

Example 3.23. Let R be an ergodic, discrete, measure-preserving equivalence relation on
(X, n). Let E € X be a measurable set of positive measure. Let

S=RN(E x E)U{(x,x):x € E°}.
We claim that the following statements hold.

CLAIM
(i) For almost every x € E€, we have ,OS(x) = p(R, V).
(i)  For almost every x € E, we have ,05 x) =1

In particular, if R is not hyperfinite, then by [10, Lemma 2.2.] there is a v € Prob([R])
so that p(R, v) < 1 (this also follows from condition (GM) in [26] being equivalent to
hyperfiniteness) and this gives an example where the co-spectral radius is not essentially
constant.

Proof of claim. LetT = {(x, x) : x € X}. Let 1, (v) be the Markov operator associated to
v acting on 22([x]1R). Then for all x € X we have

(Ax (V)8y, 8x) = Ponx,T>

and so the co-spectral radius of R with respect to 7 agrees with the spectral radius of
[x]r with respect to v, that s, ,oT(x) = [[Ax (W If (x, y) € R, then A, (v), A, (v) are both
operators on 62([x]73) and A, (v) = Ay (v). So, by ergodicity, the operator norm [|A,(v)||
is essentially constant. Since p(R/7T, v) = p(R, v), it follows from Theorem 3.2(ii) that
[IAx (V)] is almost surely equal to p (R, v).

(1) For almost every x € E€ we have pS x) = pT(x), so this follows by the preceding

paragraph.
(ii) For almost every x € E we have ,08 x) = ,og (x), with notation as in Corollary 3.17.
So this follows from Theorem 3.20. [

4. Co-spectral radius and hyperfinite subrelations
In this section we investigate the relation between co-spectral radius and hyperfiniteness.
Specifically, we show that if S is hyperfinite, then p(R/S, v) = p(R, v).

PROPOSITION 4.1. Let R be an ergodic, discrete measure-preserving equivalence relation
over a standard probability space (X, (). Suppose that v € Prob([R]) is countably
supported, symmetric, and that S < R is hyperfinite. Then p(R,v) = p(R/S, v).

Proof. The inequality p(R, v) < p(R/S, v) is clear, so it remains to prove the reverse
inequality. Since S is hyperfinite, we can write S = | J,, S,, where S, < R is an increasing
sequence and S, is an equivalence relation where almost every equivalence class is finite.
Note that S, converges to S in the topology defined by Lemma 3.18. Thus, by Lemma
3.18, it is enough to show that p(R/S,, v) < p(R, v) for every n € N. For an integer ¢,
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let E¢ = {x € X :|[x]s,| < ¢}. Then the Ej are an increasing sequence of measurable
subsets whose union is co-null. By Theorem 3.2, we know that p(R/S,, v) = || pS" lloo-
So it suffices to show that [| 0" 1, leo < p(R, v) for all £, n.

Fix integer n, £ € N. We may then choose ¢1, . . ., ¢¢ € [[S,]] so that for every x € Ey,

[x]ls, ={¢;j(x): 1 = j < ¢ x € dom(¢g;)},
with ¢; = id. Then, for every x € E;, and every k € N,

L

P2kx.S, = Z P2k.x,¢j(x) Ldom(g;) (x).
j=1

Set
P (x) = Jim p;,f,zf,sn and  p(x) = lim Pairr
Then
S . 1/2k . ‘ L2k
PO () = lim py’g = lim ( Zl pzk,x,¢j(x>1dom<¢j>><x))
"~ 1/2k

= lim max <P2k,x,¢j(x)1dom(¢j)> .

For each j € {0, ..., ¢} such that x € dom(¢;), we may choose a non-negative integer ¢;

so that Ptjx.gj(x) > 0. Thus,

-2
P2k, (x) = P2(k+1)),x,x Piixgix)

Thus,
S
Pg, (X) = p(x)
for almost every x. Hence,

105 18, lloo < lIollco = p(R, ). 0

In the group context, the analogous statement is that if I is a countable, discrete
group and v € Prob(I") is symmetric with (supp(v)) = I', then for any amenable H < T’
we have that p(I', v) = p(['/H, v). It is known that the converse fails, namely there
are cases of I', v, and non-amenable H < I such that p(I',v) = p(I'/H,v). It is a
theorem of Kesten [30, Theorem 2] that the converse is true if we assume in addition
that H is normal. This was generalized to invariant random subgroups by Abért, Glasner,
and Virdg (see [3]). Normal subgroups and invariant random subgroups can both be
realized as a special case of normal subrelations. So it is natural to ask if R is an
ergodic, probability-measure-preserving, discrete relation, if v € Prob([R]) is symmetric
and generating, and if S <R has p(R, v) = p(R/S, v), whether we necessarily have that
S is hyperfinite?. We will show that the answer is negative in general, but it might be
helpful first to study a special case.
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In general, a normal subrelation S <R can be expressed in terms of the partial
one-sided normalizers of S generating R (recall our discussion for §3.3). Let us begin
by investigating the case when R is generated by Nr(S) ={¢ € [R]: ¢(x]ls) =
[¢(x)]s for almost everyx € X}. Moreover, to simplify things, assume that v is the
uniform measure on a finite, generating subset ® of Nz (S). It turns out that we can
naturally translate this special case into a generalization of the Abért—Glasner—Virag
result.

PROPOSITION 4.2. Let R be a discrete, ergodic, probability-measure-preserving equiva-

lence relation over a standard probability space (X, ). Let S <R, and let T' < NR(S)

be a countable subgroup. For x € X, set H, = {¢p € I : ¢ (x) € [x]s}.

(i) For almost every x € X, we have that H, is a subgroup of I'. Moreover, for almost

every x € X and every ¢ € I" we have Hy () = OoH o .

(ii) If T generates R, then for almost every x € X we have that [x]s = Hyx.

(iii)  Suppose that I generates R, and that v € Prob(I") is symmetric with (supp(v)) = T.
Then for almost every x € X we have

p(R,v) = p(I'/ Stabr(x), v), p(R/S,v) = p(I'/Hy, v).

Proof. Ttems (i) and (ii) follow from [38, Proposition 8.10].

(iii) Since I' generates R, for almost every x € X we have a I'-equivariant bijection
f: '/ Stabr(x) — [x]R satisfying f(¢(x) Stabr(x)) for every ¢ € I'. Moreover, since
' < NR(S), for almost every x € X we have for all ¢, ¥ € T that (¢ (x), ¥(x)) € S if
and only if (¥ ~'¢(x), x) € S, which is equivalent to saying that ¢ H, = v H,. Thus, f
induces a I'-equivariant bijection f: I'/H, — [x]gr /S satisfying f(¢H,) = [¢(x)]s.

For H < T, let px u be the probability that the random walk on I" corresponding to v
and starting at 1 is at H after k steps. Then by the above paragraph we have for almost
every x € X that

Pkxx = PkStabr(x) and  pr s = prH,.

Thus, for almost every x € X, we have

. 1/2k . 1/2k
Jim py’y, = p(T/Swb(x) and  lim py’s = p(I/Hy).

Since we are assuming that R is ergodic and that I' < Ny (S) generates R, the result now
follows from Theorem 3.2(iii). O]

The above proposition motivates the following definition, which first appeared in [38,
§8] (under slightly different terminology). Recall that if I is a countable, discrete group
Sub(I") denotes the space of subgroups of I'. We may identify each subgroup with its
indicator function and thus view Sub(I') C {0, 1}I'. We may thus regard Sub(I") as a
compact, metrizable space by giving Sub(I") the restriction of the product topology. An
invariant random subgroup is a Borel probability measure 1 on Sub(I') which is invariant
under the conjugation action of I' on Sub(I"). We let IRS(I") be the space of invariant
random subgroups of I".
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Definition 4.3. (§8 of [38]) Suppose that 1y, no € IRS(I"). A monotone joining of ni
with ny is a £ € Prob(Sub(I") x Sub(I")) which is invariant under I' ~ Sub(I") x Sub(I")
givenby g - (K, H) = (gKg~', gHg™") and which satisfies

C{(K,H): K C H})=1.

We will often use the language of probability and think of the Sub(I")-valued random
variables K, H with distribution 71, 17 as the coupled invariant random subgroups. Thus,
we will often say ‘let K < H be a monotone joining of invariant random subgroups H, K.

In our context, given S <R and I' < Ng(S) we get a monotone joining of invariant
random subgroups by considering the pushforward of u under the map I' — Sub(I") x
Sub(I") given by x — (Stabr(x), H,). We can also reverse this construction.

THEOREM 4.4. (Theorem 8.15 of [38]) Let { € Prob(Sub(I") x Sub(I')) be a monotone
Jjoining of invariant random subgroups n1, n2. Then there is a standard probability space
(X, ), a probability-measure-preserving action I' ~ (X, ) and a normal subrelation S
of the orbit equivalence relation of ' ~ (X, u) with the following property. We have that
I' < NR(S), and if we set

H.={gel:(gx,x) eS8}

and define ®: X — Sub(I") x Sub(I") by ®(x) = (Stabr(x), Hy), then { = ()4 (w).

So by Proposition 4.2 our question on co-spectral radii leads to another. Suppose that
K < H is a monotone joining of invariant random subgroups. Under what conditions do
we have that p(I'/H, v) = p(I'/K, v) almost surely? Let us first show that this is always
true when K is co-amenable in H.

PROPOSITION 4.5. Suppose that K < H < T are countable, discrete groups and that
v € Prob(I"). If K is co-amenable in H, then p(I'/H, v) = p(I'/K, v).

Proof. To say that K is co-amenable in H means that the trivial representation of H is
weakly contained in the quasi-regular representation of H on £?(H/K). By induction of
representations, it follows that the quasi-regular representation of I' on £2(I'/ H) is weakly
contained in the quasi-regular representation of I'" on ¢>(I'/K) [8, Example E.1.8(ii),
Theorem F.3.5]. This implies [8, Theorem F.4.4] that

p(T/H,v) = [[AgW) < Ak W = p(T'/K, v),
where Ay: I' — UW>(T'/H)), Ag: I' — UE>(I'/H)) are the quasi-regular representa-

tions. The reverse inequality is direct to argue, so this completes the proof. [

Notice thatif I', H,, Stab(x) are as in Theorem 4.4, then having Stab(x) be co-amenable
in H, does not guarantee that S is hyperfinite. So from Theorem 4.4 and Proposition 4.5 we
get an example of an equivalent relation R, a v € Prob([R]) and a normal S <R, so that
S is not hyperfinite, and yet p(R, v) = p(R/S, v). So a naive generalization of Kesten’s
theorem does not hold in this context. In fact, there is even a monotone joining of invariant
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random subgroups K < H of I" so that K < H is almost surely not co-amenable, and yet
still p(T'/K, v) = p(I'/H, v) < 1 for every finitely supported v € Prob(I") whose support
generates I

Example 4.6. (Counterexample to the converse of Proposition 4.5.) Let G be a
non-amenable finitely generated group and let I' = F> : G be the wreath product of
F, with G. Let N := @Fz G. Recall that ' =Fp x N with y € [, acting on N by
y((gDny ! = (83.)y». For any subset ¥ C F» let Ny be the subgroup P, .5 G.
By construction, Ny is a normal subgroup of N, and for every y € F, we have

yNyy~ ! = N, x. This defines a I'-equivariant map

N.: {0, 1}F2 = Sub(I).

A percolation on F; is random subset of F, with distribution invariant under left
translations. For any percolation P € {0, 1}2 the group Np is an invariant random
subgroup of I". Let p < g € (0, 1) and let (P, Q) € {0, 1}¥2 x {0, 1}¥2 be a I'-invariant
coupling of two Bernoulli percolations of parameters p and g respectively such that P C Q
almost surely. This can be arranged by first choosing P as a Bernoulli percolation of
parameter p and then declaring Q to be the union of P and an independent copy of
a Bernoulli percolation with parameter (¢ — p)/(1 — p). In this way we construct an
invariant random couple of subgroups Np C No.

The set Q \ P is infinite almost surely, so the quotient No/Np is the direct sum of
infinitely many copies of G. In particular, Np is almost surely not co-amenable in Ng. Let
S be a finite generating set for I'. We claim that

p(L'/Np,S) = p('/Ng,S) = p(l'/N,S).

This will follow quite quickly from the semicontinuity properties of the co-spectral radius.
Since P is a Bernoulli percolation, for any n € N we will almost surely find y, €
such that y P contains the R-ball around the identity. The sequence of subgroups N,, p
converges to N in Sub(I"). On the other hand p(I'/N,,p, S) = p(I'/Np, ), because
Ny, p = y,,prn_l. By Lemma 4.7 we conclude that p(I'/Np, S) > p(I'/N, S). The
reverse inequality is clear, so p(I'/Np, S) = p(I'/N, S). In the same way we show that
p(I'/Ng, S) = p(I'/N, S).

LEMMA 4.7. Let I" be a countable group generated by a finite symmetric set S. Let A, be
a sequence of subgroups of T converging to a subgroup Ao, C T in Sub(I"). We have

liminf p(I'/Ap, §) = p(I'/Aoo, S).
n—oo

Proof. For any subgroup A C I" let Bo(R) denote the R-ball around the trivial coset
in the Schreier graph Sch(I'/A, S). We will write P for the Markov transition operator
P=(/|S]) > segs-Lete >0andlet f 02(I'/Aso) be a non-zero finitely supported
function such that
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Choose R > 0 such that the support of f is contained in B (R). For big enough n we
will have an isomorphism between labeled graphs ¢,: B, (R 4+ 1) =~ Bx_ (R 4+ 1). Let
fa = f o, be the pullback of f to £2(I'/A,). Then

P fud _ P S) o p /a5y~

(fns S) (f: f)

We deduce that liminf, . p(I'/A,, S) = p(I'/Aco, S) — ¢. We finish the proof by
taking ¢ — 0. O

5. Co-spectral radius and percolation

Let (G, o) be a transitive graph with the root at o (respectively, unimodular random graph).
A invariant percolation P is a random subset of edges of G, such that the distribution
of P is invariant under graph automorphisms (respectively, invariant under the rerooting
equivalence relation).

THEOREM 5.1. Let P be an invariant bond percolation on a unimodular random graph
(G, 0) of degree at most d. Let C be the connected component of o in the percolation P. Let
X, be the standard random walk on G starting at o. The limit

pp = lim P(X, € C)!/*"
n— oo
exists almost surely.

Proof. The fist step is to use Proposition 2.1 to construct an associated probability-
measure-preserving equivalence relation with a graphing and a subrelation that will allow
us to apply Theorem 1.2. We now borrow the notation from §3 and Proposition 2.1.
Let (G, 0), P be an instance of the percolation and let x = ((G, o), P, 1) € Q4 with an
i.i.d. random coloring A. The graph (G, x) is isomorphic to (G, o) almost surely. Since
C = [x]s almost surely, the probability of returning to the connected component of P
containing the root o at time » is the same as p,‘z”x’ s- We have

: 1/2 : 1/2
Tim P(X, € OV = lim (p}, o),
The limit on the right-hand side exists for py# almost all x, by virtue of Theorem 1.2. [

5.1. Critical values from spectral radius. Using Theorem 5.1, we can define two new

critical values of the Bernoulli bond percolation that fit nicely with the existing classical

exponents like pc, pu, p2—2] and pexp. We recall their definitions below. B, denotes

the Bernoulli bond percolation with parameter p € [0, 1]. For simplicity we restrict to

transitive rooted graph (G, o), but the definitions below can be easily adapted to all ergodic

unimodular random graphs.

e p, is defined as the infimum of p € [0, 1] such that B, has a unique infinite connected
component almost surely.

® p. is defined as the infimum of p € [0, 1] such that B, has an infinite connected
component almost surely.
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e Forx,y e V(G)let t,(x, y) denote the probability that x and y are connected in 5.
The exponent peyp is the supremum of all p such that 7, (x, y) decays exponentially in
d(x, y).

e Consider the operator T), acting on compactly functions on V (G) defined by

Ty@) ) = Y Tp(x, 1P

yev(G)

The exponent pp>_.2) is the supremum of p such that 7}, defines a bounded operator
(V(G) — (V(G)) [21, §2].
For quasi-transitive graphs, these numbers satisfy the inequalities p. < pj2—2] < Pexp <
Pu> ([5], [13, Theorem 1.1.2], [23, Theorem 2.2]). We add two more specimens to this
zoo of critical values. They implicitly depend on the random walk; we always choose the
standard one.

Definition 5.2
(1) Let pram (for Ramanujan) be the supremum of p such that PB, = PG-
(2) Let pck (for co-Kaimanovich) be the infimum of p such that pB, = 1.

The reason for the term ‘co-Kaimanovich’ is as follows. For the spectral radius (as
opposed to the co-spectral radius) of relations R, having p (R, v) = 1 for some countably
supported v € Prob([R]) whose support generates R is not equivalent to hyperfiniteness
of R, as discussed in detail in work of Kaimanovich [27]. This work of Kaimanovich
greatly clarified a common misconception in the literature, and gave precise and tractable
criteria to verify when a relation is hyperfinite in terms of the data of several spectral radii.
For example, this work shows that spectral radius 1 is equivalent to having p(R, v) = 1 for
every countably supported v € Prob([R]) whose support generates R. It is thus reasonable
to call a relation R Kaimanovich if there is a v € Prob([R]) whose support generates R
and has p (R, v) = 1. Since the co-spectral radius heuristically plays the role of the spectral
radius in a quotient, this motivates the term ‘co-Kaimanovich’.

We now compare how these critical values are related.

PROPOSITION 5.3

(1) pram < pek-
(2)  pek =< pu-

(3)  Pexp < Pek-

4 pp-21 < Pram-

We remark that (4) is equivalent to a theorem of Hutchcroft [21, Proposition 6.4], but
as our proof is short we include the proof for completeness.

Proof. (1) If G is amenable, then 1 > pg, > pg = 1. If G is non-amenable, then pg < 1.
The inequality follows now from the obvious monotonicity of pp, in p.

(2) Let p > p,. Let S <R be the inclusion of equivalence relations constructed
in Proposition 2.1. The infinite connected component of B, in the percolated graph
corresponds to an S-invariant positive measure subset E C Qg (namely, F = {w : [w]s
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is infinite}). Uniqueness of the infinite connected component tells us that R|g = S|g. For
[ € N, we let p; g be the probability that the random walk starting at x is in E after [ steps.
Since R|g = S|, we have py, x.s = panx . Thus, for almost every x € X we have

pS(0) = pF () = PR 15() = 15(),
where in the first equality we use Theorem 3.20. Since p(E) > 0 we obtain that
pB, = 1p%]lec = 1.

(3) Let

1
&, := — lim sup — log sup{z, (u, v)| d(u, v) > n}.
n—oo N u,v

Then pexp = sup{p € [0, 1]|§, > 0}. Let p < pexp. The spheres in G grow at most
exponentially fast, so there exists ¢ > 1 such that

Al = Z 1T,(0, V)|9 < +00.
veG
‘We have
pu(o.[0]B,) = Y _ pnlo, v)7,(0, V).
veG

By the Holder inequality,

pn(0, [0]B,) = llpn(o. g/ liTp(0, Dllg = Allpn(0, Hllg/q—1)-

By the Riesz—Thorin theorem
1-2 2 2,
190, g g1y < Ipnl0, I pato, )34 < pd.

Hence, px (0, [0]5,) < A,oén/ 7. The upper bound decays exponentially in n, so pg, < 1.
This proves that pexp < pck.

(4) Let p < pp—2p, sothat || Tpl;2_, ;2 < 0. Fix the root 0 € V(G) and let v € V(G)
be a vertex. Let f, (v) := py(o, v), that is, the probability of going from o to v in time n.
Note that || f, 113 = p2n (0, 0). We have

Tpfa@) = Y 1p(0,v)pu(0, v) = E(pa(o, [0]5,))-
veV(G)
The operator T, is bounded, so |7}, fill2 < |l full2. We deduce that

1/4n

pB, = lim E(pa, (o, [0]g,))"/*" < lim pay (0, 0)'/*" = pg.
P n—00 ? n—n

The reverse inequality pg < pp, is always true so pp, = pg. This demonstrates that
P < PRram. It follows that pj2—2] < pram. O]

Example 5.4. Let T, be the d-regular tree. We have p.x = 1 and pram = %
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5.2. Walk growth. Let (G, o) be aunimodular random graph with degree at mostd € N.
Let M, be the space of rooted graphs where each vertex has degree at most d, modulo
isomorphism. This can be turned into a compact metric space with the distance

p((G, 0)], (G, o)) = inf(27 : (BG (0, 1), 0) = (Bg: (0, 1), o).

Recall that the distribution 1 of [(G, 0)] is a probability measure on M which is invariant
under the rerooting equivalence relation

{([(G, 0)], (G, 0")]) : G = G as unrooted graphs}

(we remark that 1 being rerooting invariant does not characterize unimodularity, but that
will not cause an issue for us here). Let w, (o) be the number of walks of length n
starting at o.

Note that, by Proposition 2.1, we can find a probability-measure-preserving countable
equivalence relation (24, vg, R) with a generating graph ® = (¢;);cs so that the dis-
tribution of [(G, 0)] is the law of the rooted graph (G, ®) defined for w € Q4 where
the vertex set of G, is [w]r and the edge set {(«/, d)l.il(a/) :w' € [wlr,i € I}. Define
fr: R — [0, +00) by declaring fi(x, ¥) to be the number of paths from x to y in G,. Itis
direct to verify the hypotheses of Theorem 3.7 and thus

1/k
g$<2ﬂw®

yelxlr

exists almost everywhere. The above sum has the same law as wg (o), and this proves that
lim;,_, 5 (1/n) log wy, (0) exists.

THEOREM 5.5. Fix notation as above, and suppose n is ergodic under the rerooting
equivalence relation. Define A € B(L3(My, n)) by

(ANIG, o)) =Y FUG, v))).

v~o

Then

Al = lim w,(0)"/".
n—>00

Proof. Observe that if o’ is a vertex in the rooted graph (G, o) and if I = dg (0, 0’), then
wy_1(0") < wy(0) < wyyy(0), forallm €N,
and so
lim w, ()" = lim w,(0)"/".
n—00 n—00

1/n

Thus, by ergodicity, lim,_, s wy,(0)'/" is almost surely constant. By Theorem 3.7(ii) this

constant equals

ngﬂmwm (5.1
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A direct calculation shows that (Ak 1, 1) = E(wg(0)). Note that

span{lg : E C M, is measurable} = Lz(Md, n),

and that (Ak g, 1g) < (Ak 1, 1) for all measurable sets E. Thus, the same argument as in
Theorem 3.2(i) using Lemma 3.5 shows that (5.1) is equal to || A||. O]
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