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Abstract

For a locally compact group G with left Haar measure and a Young function Φ, we define and study
the weighted Orlicz algebra LΦ

w (G) with respect to convolution. We show that LΦ
w (G) admits no bounded

approximate identity under certain conditions. We prove that a closed linear subspace I of the algebra
LΦ

w (G) is an ideal in LΦ
w (G) if and only if I is left translation invariant. For an abelian G, we describe the

spectrum (maximal ideal space) of the weighted Orlicz algebra and show that weighted Orlicz algebras
are semisimple.
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1. Introduction

Let G be a locally compact group and L1(G) be its group algebra. The properties of
L1(G) have been well studied over the last several decades. Important generalizations
of L1(G) are the Lp(G) spaces for 1 ≤ p <∞. The space Lp(G) is a Banach space, even
a Banach module over L1(G) with respect to convolution, but it is a Banach algebra
only when G is compact for 1 < p <∞ [11].

One very natural phenomenon occurring in harmonic analysis is the appearance
of a ‘weight’ on the group or a ‘weighted norm’ on the algebra in computations. A
weight w on G is usually a continuous function from G into the positive reals. But, in
almost all cases, the weights satisfy an extra condition, the submultiplicativity; that is,
w(xy) ≤ w(x)w(y) for all x, y ∈ G. For such a weight, one can extend the construction
of Lp(G) to the ‘weighted’ Lp

w(G) spaces, which are nothing but the usual Lp spaces on
G defined as

Lp
w(G) = { f : f w ∈ Lp(G) and ‖ f ‖p,w = ‖ f w‖p}.
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These spaces have interesting properties and numerous applications in harmonic
analysis. One particular aspect of their behaviour is that they can form a Banach
algebra with respect to the convolution. More precisely, when p = 1, it follows
routinely that L1

w(G) is a Banach algebra, namely the weighted group algebra, which
plays an important role in different areas of harmonic analysis; for more detail, see two
excellent books [5, 10].

However, this is not true in general if p > 1. Kuznetsova [7, 8] studied certain
properties of Lp

w(G) and, in particular, she found conditions under which Lp
w(G) is a

Banach algebra with respect to the convolution. She also investigated some important
properties of these spaces such as the existence of an approximate identity and, for
abelian G, a description of the maximal ideal space of Lp

w(G).
In mathematical analysis, an Orlicz space is a type of function space generalizing

the Lp spaces. On the other hand, for a locally compact abelian group G and an Orlicz
function Φ, Hudzik et al. [4, Theorem 2] gave necessary and sufficient conditions for
an Orlicz space LΦ(G) to be a Banach algebra with respect to the convolution. Thus,
the Orlicz space generalization is significant as it allows a wide area of applications
without restricting G to be compact. Similar to Lp spaces, it is natural to consider
weighted Orlicz spaces and study their properties.

In the present paper, for an arbitrary locally compact group G and a Young function
Φ, we define weighted Orlicz spaces LΦ

w(G) and view them as Banach algebras with
respect to the convolution multiplication. We find sufficient conditions for which
the corresponding space becomes an algebra and study some properties such as the
existence of an approximate identity, characterization of closed left ideals and the
spectrum of the algebra when the underlying group is abelian. Let us note that in
comparison, the weighted Orlicz algebra LΦ

w(G) has no bounded left approximate
identity for nondiscrete G, while the Banach algebra L1

w(G) always has a bounded
left approximate identity. It should be noted that for w = 1, the existence of a bounded
approximate identity and the semisimplicity of the Orlicz algebra LΦ(G) were studied
independently by using different techniques in [1] for an N-function Φ. Note also that
every N-function is a Young function.

The structure of the paper is as follows. In Section 2, we provide necessary
definitions and some technical results. In Section 3, we give the conditions under
which an Orlicz space related to a locally compact group is a Banach algebra under the
convolution multiplication, which we call the weighted Orlicz algebra. In Section 4,
we show that the weighted Orlicz algebra LΦ

w(G) has a left approximate identity, but has
no bounded left approximate identity when G is nondiscrete. We give necessary and
sufficient conditions for a weighted Orlicz algebra to have an identity. Further, similar
to that of the Banach algebra L1

w(G), the closed left ideals of the weighted Orlicz
algebra LΦ

w(G) turn out to be nothing but the closed left translation invariant subspaces
of LΦ

w(G). In the last section, we study the weighted Orlicz algebra in the commutative
case. We describe the spectrum (the maximal ideal space) of the weighted Orlicz
algebra and show that these algebras are semisimple. Some results are also new for
the unweighted Orlicz space.
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2. Preliminaries

In this section, we give some definitions and state some technical results that will
be crucial in the rest of this paper. In the paper, G denotes a locally compact group
with a fixed left Haar measure µ.

A nonzero function Φ : R→ [0,∞] is called a Young function if Φ is convex, even
and Φ(0) = 0. By this definition, a Young function can have the value ∞ at a point
and hence be discontinuous at such a point. However, unless otherwise specified, we
consider only real-valued Young functions. Hence, Φ is necessarily continuous and
limx→∞Φ(x) =∞.

For a Young function Φ, the complementary function Ψ of Φ is given by

Ψ(y) = sup{x|y| − Φ(x) : x ≥ 0} (y ∈ R).

If Ψ is the complementary function of Φ, then Φ is the complementary function of Ψ

and (Φ,Ψ) is called a complementary pair. We have the Young inequality

xy ≤ Φ(x) + Ψ(y) (x, y ≥ 0)

for complementary functions Φ and Ψ. Note that even if a Young function Φ is
continuous, it may happen that Ψ is not a continuous function, but is still a Young
function as in the above definition.

A Young function Φ satisfies the ∆2 condition if there exist a constant K > 0 and
x0 > 0 such that Φ(2x) ≤ KΦ(x) for all x ≥ x0 when G is compact and Φ(2x) ≤ KΦ(x)
for all x ≥ 0 when G is noncompact. In this case, we write Φ ∈ ∆2.

Let us recall some facts concerning Orlicz spaces.
Given a Young function Φ, the Orlicz space LΦ(G) is defined by

LΦ(G) =

{
f : G→ C :

∫
G

Φ(α| f |) dµ <∞ for some α > 0
}
,

where f indicates the µ-equivalence classes of measurable functions. Then the Orlicz
space is a Banach space under the (Orlicz) norm ‖ · ‖Φ defined for f ∈ LΦ(G) by

‖ f ‖Φ = sup
{∫

G
| f v| dµ :

∫
G

Ψ(|v|) dµ ≤ 1
}
,

where Ψ is the complementary function to Φ. One can also define the (Luxemburg)
norm ‖ · ‖◦

Φ
on LΦ(G) by

‖ f ‖◦Φ = inf
{
k > 0 :

∫
G

Φ

(
| f |
k

)
dµ ≤ 1

}
.

It is known that these two norms are equivalent; that is, ‖ · ‖◦
Φ
≤ ‖ · ‖Φ ≤ 2‖ · ‖◦

Φ
) and

‖ f ‖◦
Φ
≤ 1 if and only if

∫
G Φ(| f |) dµ ≤ 1. If (Φ,Ψ) is a complementary pair of Young

functions and Φ ∈ ∆2, then the dual space of (LΦ(G), ‖ · ‖Φ) is (LΨ(G), ‖ · ‖◦
Φ

) and, if
also Ψ ∈ ∆2, then the Orlicz space LΦ(G) is reflexive. Note that a measurable function
f is in LΦ(G) if and only if ‖ f ‖Φ < ∞. Denote by Cc(G) the space of all continuous
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functions on G with compact support and let MΦ(G) be the closure of Cc(G) in LΦ(G).
If Φ ∈ ∆2, then LΦ(G) = MΦ(G). Hence, Cc(G) is dense in LΦ(G). For more detail,
see [6, 9].

Let G be a locally compact group. A weight on G is a Borel measurable function
w : G→ (0,∞) such that

w(xy) ≤ w(x)w(y) (x, y ∈ G).

There is no loss of generality in assuming that w is continuous (see [5, Section 1.3]
and [10, Section 3.7]).

For a weight w and a Young function Φ, we define the weighted Orlicz space as

LΦ
w(G) := { f : f w ∈ LΦ(G)}.

We also set
‖ f ‖Φ,w := ‖ f w‖Φ ( f ∈ LΦ

w(G));

then the function ‖ · ‖Φ,w defines a norm on LΦ
w(G) called a weighted Orlicz norm. With

this norm, all weighted Orlicz spaces LΦ
w(G) are Banach spaces. Moreover, if Φ ∈ ∆2,

then the dual space of (LΦ
w(G), ‖ · ‖Φ,w) is

LΨ
w−1 (G) =

{
f :

f
w
∈ LΨ(G)

}
,

where Ψ is the complementary function of Φ and the space LΨ
w−1 (G) is endowed with

the norm ‖ f ‖◦
Ψ,w−1 = ‖ f /w‖◦

Ψ
. So, if Φ,Ψ ∈ ∆2, then the weighted Orlicz space LΦ

w(G)
is a reflexive Banach space.

Let us note that when w = 1, the weighted Orlicz space (LΦ
w(G), ‖ · ‖Φ,w) reduces to

the usual Orlicz space (LΦ(G), ‖ · ‖Φ).
For 1 < p <∞ and the Young function Φ(x) = |x|p/p, the space LΦ

w(G) becomes the
weighted Lebesgue space Lp

w(G) and the norm ‖ · ‖Φ,w is equivalent to the classical
norm ‖ · ‖p,w. In particular, if p = 1, then the complementary Young function of
Φ(x) = |x| is

Ψ(x) =

0 if 0 ≤ |x| ≤ 1,
∞ otherwise

(2.1)

and ‖ f ‖Φ,w = ‖ f ‖1,w for all f ∈ L1
w(G), since

∫
G Ψ(|v|) dµ ≤ 1 if and only if |v(x)| ≤ 1

almost everywhere on G. Note that the function Ψ defined in (2.1) is still a Young
function as in the first definition of the Young function. If p =∞, then for the Young
function Φ given in (2.1), the space LΦ

w(G) is equal to the space L∞w (G) = { f : G→ C :
f w ∈ L∞(G)} and we have ‖ f ‖Φ,w = ‖ f ‖∞,w for all f ∈ L∞w (G).

Recall that a net (eα)α∈Λ in the Banach algebra (A, ‖ · ‖A) is called a left approximate
identity for A if limα ‖eαa − a‖A = 0 for all a ∈ A, and a right approximate identity is
defined similarly. If there exists a K > 0 such that ‖eα‖A ≤ K for all α ∈ Λ, then (eα)α∈Λ
is called a bounded approximate identity for A.

Now we give some technical lemmas.

https://doi.org/10.1017/S1446788715000257 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788715000257


[5] Weighted Orlicz algebras on locally compact groups 403

Lemma 2.1. Let G be a locally compact group. If Φ ∈ ∆2, then Cc(G) is dense in LΦ
w(G).

Proof. Let f ∈ LΦ
w(G). Then f w ∈ LΦ(G). Since Cc(G) is dense in LΦ(G) given ε > 0,

there exists fc ∈ Cc(G) such that ‖ fc − f w‖Φ < ε. Set gc = fc/w. Then gc ∈ Cc(G) and
‖gc − f ‖Φ,w < ε. �

Lemma 2.2. Let G be a locally compact group, w be a weight and Φ be a Young
function. Then the inclusion LΦ

w(G) ⊆ L1
w(G) is true if and only if there exists a c > 0

such that ‖ f ‖1,w ≤ c‖ f ‖Φ,w for all f ∈ LΦ
w(G).

Proof. The ‘if’ part is trivial. Conversely, assume that LΦ
w(G) ⊆ L1

w(G). It is easy to
show that LΦ

w(G) is a Banach space with respect to the norm ‖ f ‖ = ‖ f ‖1,w + ‖ f ‖Φ,w. Let
I be the identity map from (LΦ

w(G), ‖ · ‖) to (LΦ
w(G), ‖ · ‖Φ,w). Then I is continuous and

one-to-one. By a consequence of the open mapping theorem, there exists a c > 0 such
that

‖ f ‖1,w ≤ c‖ f ‖Φ,w

for all f ∈ LΦ
w(G). �

Lemma 2.3. Let G be a locally compact group, w be a weight, Φ be a Young function
and f ∈ LΦ

w(G) be given.

(i) For all x ∈ G, Lx f ∈ LΦ
w(G) and ‖Lx f ‖Φ,w ≤ w(x)‖ f ‖Φ,w.

(ii) If Φ ∈ ∆2, then the mapping x 7→ Lx f from G into LΦ
w(G) is continuous.

Here Lx f (y) = f (x−1y) for all x, y ∈ G.

Proof. The proof of (i) follows from the definition of weight w easily. For the proof
of (ii), it is sufficient to show that the map x 7→ Lx f is continuous at the identity
element of the group G. Suppose first that f ∈ Cc(G) with support S , and choose a
compact neighbourhood K of e ∈ G. Then supp(Lx f ) = xS for all x ∈ K. If we define
K′ = K ∪ S ∪ (KS ), then we have the inclusion LΨ(K′) ⊆ L1(K′) for a compact set
K′ ⊆ G, where Ψ is the complementary function of Φ. By Lemma 2.2 with w = 1,
there exists a c > 0 such that

‖vχK‖1 ≤ c‖vχK‖Ψ ≤ 2c‖vχK‖
◦
Ψ ≤ 2c‖v‖◦Ψ ≤ 2c (2.2)

for all functions v ∈ LΨ(G) for which
∫

G Ψ(|v(y)|) dµ(y) ≤ 1. On the other hand, there
exists a B > 0 such that w(y) ≤ B for all y ∈ K′, since a weight is bounded on compact
sets. By (2.2), for all x ∈ K,

‖Lx f − f ‖Φ,w = sup
{∫

G
|(Lx f − f )wv| dµ :

∫
G

Ψ(|v|) dµ ≤ 1
}

≤ B‖Lx f − f ‖∞ sup
{∫

K′
|v| dµ :

∫
G

Ψ(|v|) dµ ≤ 1
}

≤ 2cB‖Lx f − f ‖∞,

since supp(Lx f − f ) ⊆ K′. Then the last norm is less than ε for any x in a sufficiently
small neighbourhood V ⊆ K of the identity.
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Now let the function f ∈ LΦ
w(G) be arbitrary and let C be a compact neighbourhood

of the identity. Then there exists an A > 0 such that w(x) ≤ A for all x ∈ C. Since the
set Cc(G) is dense in LΦ

w(G) for Φ ∈ ∆2, for any ε > 0, there exists a function g ∈ Cc(G)
such that ‖ f − g‖Φ,w < ε/2(A + 1). Also, from the first part of the proof, there exists a
neighbourhood V ⊆ C such that ‖Lxg − g‖Φ,w < ε/2 for all x ∈ V and

‖Lx f − f ‖Φ,w ≤ ‖Lx f − Lxg‖Φ,w + ‖Lxg − g‖Φ,w + ‖g − f ‖Φ,w
≤ (A + 1)‖ f − g‖Φ,w + ‖Lxg − g‖Φ,w < ε. �

Remark 2.4. If w = 1, then ‖Lx f ‖Φ = ‖ f ‖Φ for all f ∈ LΦ(G) and for all x ∈ G. So, the
translation operator Lx is an isometry on LΦ(G).

3. Weighted Orlicz algebras

Hudzik et al. in [4, Theorem 2] proved that the Orlicz space LΦ(G) for an abelian
group G is a Banach algebra with respect to convolution if and only if LΦ(G) ⊆ L1(G).
We give a sufficient condition on a Young function Φ for the weighted Orlicz space
LΦ

w(G) to become a Banach algebra with respect to convolution, and we show that this
condition is not necessary. We also study some properties of this Banach algebra,
which we call the weighted Orlicz algebra.

Theorem 3.1. Let G be a locally compact group, w be a weight and Φ be a Young
function. If LΦ

w(G) ⊆ L1
w(G), then the weighted Orlicz space LΦ

w(G) is a Banach algebra
with respect to the convolution. If also G is abelian, then this algebra is commutative.

Proof. Assume that LΦ
w(G) ⊆ L1

w(G) is true. Then, by Lemma 2.2, there exists a c > 0
such that

‖ f ‖1,w ≤ c‖ f ‖Φ,w (3.1)

for all f ∈ LΦ
w(G). Given any f , g ∈ LΦ

w(G), Fubini’s theorem implies that

‖ f ∗ g‖Φ,w ≤ sup
{∫

G
| f (y)w(y)|

∫
G
|w(y−1x)g(y−1x)v(x)| dµ(x) dµ(y)

:
∫

G
Ψ(|v(x)|) dµ(x) ≤ 1

}
≤ ‖ f w‖1‖Ly−1 (gw)‖Φ
= ‖ f ‖1,w‖g‖Φ,w.

By (3.1), we obtain ‖ f ∗ g‖Φ,w ≤ c‖ f ‖Φ,w‖g‖Φ,w for all f , g ∈ LΦ
w(G). �

Without loss of generality, we may assume that c = 1 by renorming LΦ
w(G).

Observation 3.2. If Φ is a Young function with Φ′+(0) > 0 (where Φ′+ is the right
derivative of Φ), then the inclusion LΦ

w(G) ⊆ L1
w(G) is true. So, by Theorem 3.1,

(LΦ
w(G), ‖ · ‖Φ,w) becomes a weighted Orlicz algebra. If also G is noncompact and

abelian, then Φ′+(0) > 0 is equivalent to LΦ
w(G) ⊆ L1

w(G). So, we can give the following
corollary.
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Corollary 3.3. If Φ is a Young function such that Φ′+(0) > 0, then LΦ
w(G) is Banach

algebra with respect to convolution.

To obtain a Banach algebra structure on LΦ
w(G), here we put a condition on Φ.

On the other hand, without any assumption on the Young function Φ, we can have
that the weighted Orlicz space LΦ

w(G) is a left Banach L1
w(G)-module with respect to

convolution. So, we obtain on Lp
w(G) an L1

w(G)-module structure.

Remark 3.4. Note that the converse of Theorem 3.1 is not true in general. For example,
if 1 < p <∞ and Φ(x) = |x|p/p, then, for some weights w, Lp

w(G) is a Banach algebra
with respect to convolution [7, Theorem 1]. But Lp

w(G) * L1
w(G) for a noncompact G

(for example, when G = R), since Φ′+(0) = 0.

4. Approximate identities

It is known that the weighted Lebesgue algebra Lp
w(G), 1 < p <∞, always has a left

approximate identity and the algebra Lp
w(G) on a nondiscrete group G has no bounded

left approximate identity [8, Theorems 4.1 and 4.2]. In this section, we investigate
the existence of an approximate identity for the weighted Orlicz algebra LΦ

w(G). We
show that it has a left approximate identity if the Young function Φ satisfies the ∆2
condition. If also the complementary function Ψ of Φ satisfies the ∆2 condition,
then, for a nondiscrete G, the weighted Orlicz algebra LΦ

w(G) admits no bounded left
approximate identity (Theorem 4.4). Similar assertions hold for right approximate
identities.

Remark 4.1. Note that, for p = 1, the Banach algebra L1
w(G) always has a bounded

left approximate identity. But here we get L1
w(G) from the LΦ

w(G) for the Young
function Φ(x) = |x|, and the complementary function of Φ(x) = |x| does not satisfy
the ∆2 condition. So, there is no contradiction with Theorem 4.4. In particular, for
w = 1 and nondiscrete G, the Orlicz algebra LΦ(G) has no bounded left approximate
identity if the complementary function Ψ of the Young function Φ satisfies the ∆2
condition. This result does not contradict the assertion mentioned in [2] that LΦ(G)
has no bounded left approximate identity for a Young function Φ.

From now on, we assume that Φ is a Young function with Φ ∈ ∆2. Firstly, by
using classical techniques in harmonic analysis, we show the existence of the left
approximate identity of the weighted Orlicz algebra LΦ

w(G).

Theorem 4.2. Let LΦ
w(G) be a weighted Orlicz algebra. Then LΦ

w(G) has a left
approximate identity consisting of compactly supported functions.

Proof. Let K be a compact neighbourhood of the identity element e of G and denote
by V the family of all neighbourhoods V ⊆ K of the identity element ordered by
inclusion so that V is a directed set. Defining eV = χV/µ(V) for all V ∈ V, by the
continuity of the weight w, there exists a B > 0 such that ‖eV‖1,w ≤ B for all V ∈ V.
So, (eV )V∈V becomes a left approximate identity of the weighted Orlicz algebra LΦ

w(G).
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Indeed, given f ∈ LΦ
w(G) and ε > 0, by Lemma 2.3, we can find a neighbourhood

W ∈ V such that ‖Lx f − f ‖Φ,w < ε for all x ∈ W. Then, for all V ≥ W with V ∈ V,
by using Fubini’s theorem,∫

G
|(eV ∗ f − f )wv| dµ ≤

1
µ(V)

∫
V
‖Lx f − f ‖Φ,w dµ(x) < ε

for all v ∈ LΨ(G) satisfying
∫

G Ψ(|v(y)|) dµ(y) ≤ 1. If we take the supremum over such
functions v,

‖eV ∗ f − f ‖Φ,w ≤ ε.

Consequently, (eV )V is a left approximate identity for LΦ
w(G). �

Now we prove that the left approximate identity of the weighted Orlicz algebra
LΦ

w(G) is not bounded if G is nondiscrete. For this purpose, we need the following
lemma.

Lemma 4.3. Let G be a locally compact group, w be a weight and Φ be a Young
function. Then LΦ

w(G) ⊆ L∞w (G) if and only if G is discrete.

Proof. Let LΦ
w(G) ⊆ L∞w (G). Suppose that G is not discrete. Then there exist a relatively

compact subset K of G and a sequence (Un) of pairwise disjoint open subsets of K such
that 0 < µ(Un) < µ(K)Φ(1)/2nΦ(2n) for all n ∈ N. If we define the function f on G by

f =

∞∑
n=1

2nχUn ,

then f ∈ LΦ
w(G), since supp( f ) ⊆ K, and the weight w is continuous on compact sets.

Moreover, there exists an A > 0 such that | f (x)w(x)| ≥ A2n for all x ∈ Un. This says
that f w < L∞(G) or equivalently f < L∞w (G). But this contradicts the assumption.

Conversely, assume that G is a discrete group. Let f ∈ LΦ
w(G); then there exists an

α > 0 such that ∫
G

Φ(α| f (x)w(x)|) dµ(x) =
∑
x∈G

Φ(α| f (x)w(x)|) ≤ 1.

Therefore, Φ(α| f (x)w(x)|) ≤ 1 for all x ∈ G. So, α f w must be bounded on G,
since limx→∞ Φ(x) = ∞ for a Young function Φ. Thus, f w ∈ L∞(G) and we have
f ∈ L∞w (G). �

Theorem 4.4. Let G be a nondiscrete group and LΦ
w(G) be a weighted Orlicz algebra

with w ≥ 1. If the complementary function Ψ of Φ is continuous and satisfies the ∆2
condition, then the weighted Orlicz algebra LΦ

w(G) has no bounded left approximate
identity.

Proof. Suppose that LΦ
w(G) is a weighted Orlicz algebra and has a bounded left

approximate identity. If Ψ is the complementary function of Φ, then the space
LΨ

w−1 (G) is a left LΦ
w(G)-module: if h ∈ LΨ

w−1 (G) and f ∈ LΦ
w(G), then their product
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f ◦ h ∈ LΨ
w−1 (G) is defined by the formula 〈g, f ◦ h〉 = 〈g ∗ f , h〉 for all g ∈ LΦ

w(G) and
can be explicitly expressed via convolution as

f ◦ h = h ∗ f̌ , where f̌ (x) = f (−x).

Moreover, it is known that LΦ
w(G) ◦ LΨ

w−1 (G) is a closed set in the space LΨ
w−1 (G) by

[3, Theorem 32.22].
On the other hand, the space LΦ

w(G) ◦ LΨ
w−1 (G) is dense in the space LΨ

w−1 (G). For this,
it is sufficient to show that the closure of LΦ

w(G) ◦ LΨ
w−1 (G) contains the characteristic

functions of all compact sets, since the linear span of all characteristic functions of
compact sets is dense in the space LΨ

w−1 (G). Let K ⊆ G be a compact set. Take
a relatively compact symmetric neighbourhood V of the identity element e of the
group G. Since V and KV are relatively compact sets,

χ̌V = χV−1 ∈ LΦ
w(G) and χKV ∈ LΨ

w−1 (G).

Hence, if we define

fV =
1

µ(V)
(χKV ∗ χV ) =

1
µ(V)

(χ̌V ◦ χKV ),

then fV ∈ LΦ
w(G) ◦ LΨ

w−1 (G). It is easy to see that

χK ≤ fV ≤ χKVV

and, from it, we obtain ‖χK − fV‖◦Ψ,w−1 ≤ ‖χK − χKVV‖
◦

Ψ,w−1 . By assumption, w ≥ 1, so

‖χK − χKVV‖
◦

Ψ,w−1 ≤ ‖χK − χKVV‖
◦
Ψ.

Since Ψ is continuous, there exists an x0 > 0 such that Ψ is strictly increasing on
[x0,∞). This shows that

‖χK − fV‖◦Ψ,w−1 ≤ ‖χK − χKVV‖
◦
Ψ =

1

Ψ−1
(

1
µ(KVV\K)

) ,
which tends to zero as µ(V)→ 0. Thus, χK is contained in the closure of LΦ

w(G) ◦
LΨ

w−1 (G). Therefore, LΦ
w(G) ◦ LΨ

w−1 (G) = LΨ
w−1 (G), since LΦ

w(G) ◦ LΨ
w−1 (G) is closed.

Thus, for every h ∈ LΨ
w−1 (G), there exist f ∈ LΦ

w(G) and g ∈ LΨ
w−1 (G) such that

h = f ◦ g = g ∗ f̌ . Using the Hölder inequality,

|h(x)| = |(g ∗ f̌ )(x)| =
∣∣∣∣∣∫

G
g(y) f̌ (y−1x) dµ(y)

∣∣∣∣∣
=

∣∣∣∣∣∫
G

g(y) f (x−1y) dµ(y)
∣∣∣∣∣ ≤ ∫

G
|g(y)Lx f (y)| dµ(y)

≤ 2‖Lx f ‖Φ,w‖g‖Ψ,w−1 ≤ 2w(x)‖ f ‖Φ,w‖g‖Ψ,w−1

for all x ∈ G. Thus, h/w ∈ L∞(G). This implies that LΨ
w−1 (G) ⊆ L∞w−1 (G) or equivalently

LΨ(G) ⊆ L∞(G), which is possible only for a discrete group G by Lemma 4.3 for w = 1.
This completes the proof. �
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Theorem 4.5. A weighted Orlicz algebra LΦ
w(G) has an identity if and only if G is

discrete.

Proof. Assume that LΦ
w(G) is a weighted Orlicz algebra with an identity and that

g ∈ LΦ
w(G) is an identity. So, f ∗ g = g ∗ f = f for all f ∈ LΦ

w(G). Let a neighbourhood
U of e ∈ G and any ε > 0 be given. Since Cc(G) is dense in LΦ

w(G), there exists a
function f ∈ Cc(G) such that supp( f ) ⊆ U and ‖ f ∗ g − g‖Φ,w < ε. Since f ∗ g = f , we
have ‖ f − g‖Φ,w < ε. Also, from the definition of ‖ · ‖Φ,w,

ε > ‖ f − g‖Φ,w ≥
∫

U
w| f − g| |v| dµ +

∫
G\U

w| f − g| |v| dµ

≥

∫
G\U

w|g| |v| dµ

for all v ∈ LΨ(G) satisfying
∫

G Ψ(|v|) dµ ≤ 1. Then w(x)|g(x)| |v(x)| should be zero for
all x ∈ G\U. If we select v ∈ LΨ(G) such that v(x) , 0 for all x < U, then g(x) = 0
for all x ∈ G\U, since the weight w is positive. Since U is any neighbourhood of the
identity e, we have supp(g) ⊆ {e} and the measure of the singleton set {e} should be
positive. Because, if µ({e}) = 0, then g must be zero almost everywhere on G, but this
contradicts that g is an identity of the algebra LΦ

w(G). So, G must be discrete.
Conversely, assume that G is a discrete group. In this case, µ is the counting measure

on G. If we denote the characteristic function of the singleton set {e} by χe, then
χe ∈ LΦ

w(G) and

(χe ∗ f )(x) =

∫
G
χe(x−1y) f (y) dµ(y) =

∑
y∈G

χe(x−1y) f (y) = f (x)

for all f ∈ LΦ
w(G) and all x ∈ G. Thus, the function χe is an identity of the algebra

LΦ
w(G). �

Corollary 4.6 ([7, Theorem 4(iii)] and [8, Theorems 4.1 and 4.2]). Let 1 < p <∞ and
Lp

w(G) be a Banach algebra. If we take Φ(x) = |x|p/p in the above theorems, then the
following hold.

(i) Lp
w(G) has an approximate identity consisting of compactly supported functions.

(ii) If G is nondiscrete, then Lp
w(G) admits no bounded approximate identity with

respect to ‖ · ‖p,w, since Ψ(x) = |x|q/q ∈ ∆2.
(iii) Lp

w(G) has an identity if and only if G is discrete.

Corollary 4.7 [1, Proposition 4.2 and Theorem 4.3]. Let Φ be an N-function and
LΦ(G) be an Orlicz algebra. If we take w = 1 in the above theorems, then the following
hold.

(i) LΦ(G) has an approximate identity consisting of compactly supported functions.
(ii) If the complementary function Ψ of Φ satisfies the ∆2 condition, then, for

nondiscrete G, the Orlicz algebra LΦ(G) admits no bounded left approximate
identity with respect ‖ · ‖Φ.
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(iii) LΦ(G) has an identity if and only if G is discrete.

Note that Corollary 4.7 is still true if we take Φ as a Young function.
Let LΦ

w(G) be a weighted Orlicz algebra. Similar to the Banach algebra L1
w(G),

by using the existence of a left approximate identity, we observe that the closed left
ideals of the weighted Orlicz algebra LΦ

w(G) turn out to be nothing but the closed left
translation invariant subspaces of LΦ

w(G).

Theorem 4.8. Let LΦ
w(G) be a weighted Orlicz algebra and I be a closed linear

subspace of LΦ
w(G). Then I is a left ideal in LΦ

w(G) if and only if I is a left translation
invariant subspace, that is, Lx(I) ⊆ I for all x ∈ G.

Proof. Suppose that I ⊆ LΦ
w(G) is a left ideal. Given any x ∈ G and f ∈ I, for any

ε > 0, by Theorem 4.2, there exists a neighbourhood V of the identity element of G
such that ‖eV ∗ f − f ‖Φw < ε/w(x). On the other hand, (LxeV ) ∗ f ∈ I, since LΦ

w(G) is
left translation invariant and I is a left ideal in LΦ

w(G). So,

‖LxeV ∗ f − Lx f ‖Φw ≤ w(x)‖eV ∗ f − f ‖Φw < ε.

Thus, Lx f ∈ I, since I is closed.
Conversely, let I be a left translation invariant subspace of LΦ

w(G). We have to
show that g ∗ f ∈ I for each f ∈ I and g ∈ LΦ

w(G). To show this, take f ∈ I and
g ∈ LΦ

w(G) and suppose that g ∗ f < I. Then, from the consequences of the Hahn–
Banach theorem, there exists a continuous linear functional F on LΦ

w(G) such that
F|I = {0} and F(g ∗ f ) , 0. On the other hand, since Φ ∈ ∆2, the dual space of LΦ

w(G)
is LΨ

w−1 (G), where Ψ is the complementary function of Φ. So, the continuous linear
functional F ∈ (LΦ

w(G))∗ is uniquely determined by ϕ ∈ LΨ
w−1 (G), such as

F(h) =

∫
G

hϕ dµ(x) (h ∈ LΦ
w(G)).

Hence,

F(g ∗ f ) =

∫
G
ϕ(x)

(∫
G

g(y) f (y−1x) dµ(y)
)

dµ(x)

=

∫
G

g(y)F(Ly−1 f ) dµ(y) = 0,

since Ly−1 f ∈ I and F|I = {0}. This contradicts the assumption that F( f ∗ g) , 0. �

From Theorem 4.8, we obtain the following new results related to the weighted
Lebesgue algebra Lp

w(G) for Φ(x) = |x|p/p, 1 < p < ∞, and the Orlicz algebra LΦ(G)
for w = 1.

Corollary 4.9.

(i) The closed left ideals of the unweighted Orlicz algebra LΦ(G) coincide with its
closed left translation invariant subspaces.
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(ii) If Lp
w(G), 1 < p < ∞, is a Banach algebra, then the closed left ideals of the

algebra Lp
w(G) coincide with the closed left translation invariant subspaces of

Lp
w(G).

Proposition 4.10. Let Φ be a Young function such that Φ′+(0) > 0. Then the weighted
Orlicz algebra LΦ

w(G) is a left ideal in L1
w(G).

5. Weighted Orlicz algebras in the commutative case

Let G be a locally compact abelian group, w be a weight and Φ be a Young function.
We now describe the maximal ideal space (spectrum) ∆(LΦ

w(G)) of the commutative
weighted Orlicz algebra LΦ

w(G) in terms of so-called generalized characters of G
determined by the complementary function Ψ of Φ and the weight w (Theorem 5.2).
We also show that the algebras LΦ

w(G) are semisimple (Theorem 5.8).
First we make the following definition.

Definition 5.1. Let G be a locally compact abelian group, w be a weight function
and (Φ,Ψ) be a complementary pair of Young functions. A generalized character
determined by the Young function Ψ and a weight function w on G is a continuous
function γ : G→ C\{0} satisfying the conditions:

(i) γ(x + y) = γ(x)γ(y) for all x, y ∈ G;
(ii) γ/w ∈ LΨ(G).

Let ĜΨ(w) denote the set of all generalized characters on G equipped with the
topology of uniform convergence on compact subsets of G.

Now we describe the maximal ideal space (spectrum) of the weighted Orlicz algebra
LΦ

w(G).

Theorem 5.2. Let G be a locally compact abelian group and LΦ
w(G) be a weighted

Orlicz algebra. If γ ∈ ĜΨ(w), then the map ϕγ defined by

ϕγ( f ) =

∫
G

fγ dµ ( f ∈ LΦ
w(G))

is a complex homomorphism of LΦ
w(G). Conversely, every complex homomorphism

of LΦ
w(G) is obtained in this way, and distinct generalized characters induce distinct

homomorphisms.

Proof. Let γ ∈ ĜΨ(w). It is straightforward to show that ϕγ ∈ (LΦ
w(G))∗, since γ/w ∈

LΨ(G). Also, ϕγ is a homomorphism, since γ satisfies γ(x + y) = γ(x)γ(y) for all
x, y ∈ G.

Conversely, suppose that ϕ is a complex homomorphism of LΦ
w(G); then ϕ is a

bounded linear functional on LΦ
w(G) with ‖ϕ‖ ≤ 1. Since ϕ ∈ (LΦ

w(G))∗, there exists a
γ ∈ LΨ

w−1 (G) such that

ϕ(g) =

∫
G

gγ dµ (g ∈ LΦ
w(G)).
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Choose f ∈ LΦ
w(G) such that ϕ( f ) = 1. We have

ϕ(g) = ϕ( f ∗ g) =

∫
G

( f ∗ g)γ dµ =

∫
G

g(y)ϕ(Ly f ) dµ(y)

for all g ∈ LΦ
w(G); or, take γ(y) = ϕ(Ly f ) for y ∈ G. Then γ is continuous because the

map y 7→ Ly f from G into LΦ
w(G) is continuous by Lemma 2.3 and

|γ(x) − γ(y)| = |ϕ(Lx f − Ly f )| ≤ ‖Lx f − Ly f ‖Φ,w.

Moreover, since ϕ is linear and ϕ(Ly f /ϕ(Ly f )) = 1,

γ(x + y) = ϕ(Lx+y( f )) = ϕ
(
Lx

( Ly f
ϕ(Ly f )

))
ϕ(Ly f ) = γ(x)γ(y)

for all x, y ∈ G. This shows that γ ∈ ĜΨ(w) and thus ϕ = ϕγ.
Finally, if ϕγ1 = ϕγ2 , then γ1 = γ2, since (LΦ

w(G))∗ = LΨ
w−1 (G). �

As a consequence of this theorem, the maximal ideal space ∆(LΦ
w(G)) of the

weighted Orlicz algebra LΦ
w(G) can be identified with the space of all generalized

characters γ determined by the Young function Ψ and the weight w.
As another consequence, the maximal ideal spaces of the Orlicz algebra LΦ(G) and

the weighted Lebesgue algebra Lp
w(G), 1 < p <∞, can be similarly identified.

Corollary 5.3. If w = 1, then, for the Orlicz algebra LΦ(G), ∆(LΦ(G)) can be
identified with ĜΨ, where Ψ is the complementary function of Φ.

Corollary 5.4 [7, Theorem 2]. Let 1 < p <∞, 1/p + 1/q = 1 and Lp
w(G) be a Banach

algebra. Then, for Φ(x) = |x|p/p, ∆(Lp
w(G)) can be identified with ĜΨ(w), where

Ψ(x) = |x|q/q for all x ∈ R.

Note that in the case p = 1, for Φ(x) = |x|, we obtain that the maximal ideal space
of the weighted Banach algebra L1

w(G) is Ĝ(w). Also, if w ≥ 1, then L1
w(G) ⊆ L1(G)

and we know that Ĝ ⊆ Ĝ(w) [5, Section 2.8]. So, we have a similar inclusion for the
weighted Orlicz algebra case.

Observation 5.5. If w(x) ≥ 1 for all x ∈G, between the weighted Orlicz algebra LΦ
w(G)

and the Orlicz algebra LΦ(G), we have the containment LΦ
w(G) ⊆ LΦ(G). So, we obtain

ĜΨ ⊆ ĜΨ(w).

In the case G = R, we are able to characterize a part of ∆(LΦ
w(R)). To do this, let us

define the subset A of complex numbers by requiring that z ∈ A if and only if there
exists a g ∈ L1(R) such that

|g(x)| ≤ 1 and −ln(w(x)|g(x)|)1/x ≤ Re z ≤ −ln(w(−x)|g(−x)|)−1/x (5.1)

for all x ∈ R. We observe that there is an embedding ofA into R̂Ψ(w) which describes
certain elements of R̂Ψ(w).
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Proposition 5.6. Let w be a weight on R and let (Φ,Ψ) be a complementary pair
of Young functions with Ψ continuous. Then every z ∈ A defines an element ϕz of
∆(LΦ

w(R)) by

ϕz( f ) =

∫
R

f (x)e−zx dµ(x) ( f ∈ LΦ
w(R)).

Proof. Let z ∈ A and obtain the g satisfying (5.1) for x ∈ R. It is clear that an arbitrary
z ∈ C gives a nonzero continuous homomorphism γz(x) = e−zx on R. We show that if
z ∈ A, then γz/w ∈ LΨ(R). Firstly, by the continuity and the convexity of Ψ,

Ψ

(e−Re(zx)

w(x)

)
≤ Ψ(1)

e−Re(zx)

w(x)
(x ∈ R),

since 0 ≤ e−Re(zx)/w(x) ≤ 1 for all x ∈ R. Consequently,∫
R

Ψ

(
|γz(x)|
w(x)

)
dµ(x) ≤ Ψ(1)

∫
R

e−Re(zx)

w(x)
dµ(x) ≤ Ψ(1)

∫
R

|g| dµ <∞.

Thus, γz/w ∈ LΨ(R), that is, γz belongs to R̂Ψ(w). By Theorem 5.2, this γz yields the
ϕz ∈ ∆(LΦ

w(R)) mentioned in the statement of the proposition. �

By using the characterization of the maximal ideal space ∆(LΦ
w(G)), we now show

that the weighted Orlicz algebras LΦ
w(G) are semisimple, but first we must prove that

they are not radical algebras.

Proposition 5.7. The weighted Orlicz algebra LΦ
w(G) is not a radical algebra.

Proof. Suppose that LΦ
w(G) is a weighted Orlicz algebra. It suffices to show that there

exists a function f ∈ LΦ
w(G) such that

lim
n→∞
‖ f n‖

1/n
Φ,w > 0,

where f n denotes the n times convolution product of f . To show this, choose a
relatively compact symmetric neighbourhood U of the identity e of G and let f = χU .
Then

0 < M = sup{w(x) : x ∈ U} <∞,

since w is continuous. Moreover, if we define Un = UU · · ·U (n times) for all n ∈ N,
then, for all x ∈ Un, there exist x1, x2, . . . , xn ∈ U such that x = x1x2 · · · xn and

w(x) = w(x1x2 · · · xn) ≤ w(x1)w(x2) · · ·w(xn) ≤ MM · · ·M = Mn

for all x ∈ Un. Also, it is clear that w(x) ≥ w(e)/w(x−1) for all x ∈ G. For f = χU and
for all v ∈ LΨ(G) with

∫
G Ψ(|v|) dµ ≤ 1,

‖ f n‖Φ,w ≥

∫
G
|w f nv| dµ ≥

w(e)
Mn

∫
Un

(χU)n|v| dµ,
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since supp( f n) = supp((χU)n) ⊆ Un. If we take the supremum over all v ∈ LΨ(G)
satisfying

∫
G Ψ(|v|) dµ ≤ 1,

‖ f n‖Φ,w ≥
w(e)
Mn ‖(χU)n‖Φ.

Also, there exists a c > 0 such that ‖(χU)n‖Φ ≥ c‖(χU)n‖1. This inequality implies that

lim
n→∞
‖ f n‖

1/n
Φ,w ≥

1
M

lim
n→∞
‖χn

U‖
1/n
1 > 0,

since f = χU ∈ L1(G). Thus, f < rad(LΦ
w(G)). �

Theorem 5.8. If LΦ
w(G) is a weighted Orlicz algebra, then it is semisimple.

Proof. Since LΦ
w(G) is not radical, there exists a ϕ ∈ ∆(LΦ

w(G)) and this ϕ is determined
by a γ ∈ ĜΨ(w) uniquely. For each α ∈ Ĝ, define ϕα ∈ (LΦ

w(G))∗ by

ϕα( f ) =

∫
G

fαγ dµ.

Then ϕα ∈ ∆(LΦ
w(G)), since αγ ∈ ĜΨ(w) for all α ∈ Ĝ. Let f be an element of the radical

of LΦ
w(G). Then fγ ∈ L1(G) and

f̂γ(α) = ϕα( f ) = 0

for all α ∈ Ĝ. From the uniqueness of the Fourier transform in L1(G), we obtain fγ = 0
and so f = 0. �

Corollary 5.9.

(i) If Lp
w(G), 1 ≤ p < ∞, is a Banach algebra, then, for Φ(x) = xp/p, we conclude

that Lp
w(G) is semisimple.

(ii) In particular, if w = 1, then the Orlicz algebra LΦ(G) is semisimple.

We use different techniques from those of [7] and [1] to obtain the semisimplicity.
On the other hand, if LΦ

w(G) ⊆ L1
w(G), then we know from Theorem 3.1 that

LΦ
w(G) is a Banach algebra with respect to convolution and the converse is not true

in general. But the next theorem shows that if LΦ
w(G) is a Banach algebra with

respect to convolution, then one can always assume that the inclusion LΦ
w(G) ⊆ L1(G)

is true. Hence, we can use the similar method used in [7, Theorem 4] to show
the semisimplicity of the weighted Orlicz algebra LΦ

w(G). Before this, we give the
following easy lemma by considering the dual spaces.

Lemma 5.10. Let w be a weight function and (Φ,Ψ) be a pair of complementary Young
functions such that Φ ∈ ∆2. The following conditions are equivalent:

(i) 1/w ∈ LΨ(G);
(ii) LΦ

w(G) ⊆ L1(G);
(iii) L∞(G) ⊆ LΨ

w−1 (G).
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Theorem 5.11. Each weighted Orlicz algebra LΦ
w(G) is isometrically isomorphic to an

algebra LΦ
w̃(G) with weight w̃ satisfying 1/w̃ ∈ LΨ(G).

Proof. If we fix γ ∈ ĜΨ(w) and set w̃ = w/|γ|, then the mapping f 7→ f |γ| from LΦ
w(G)

to LΦ
w̃(G) is obviously an isometric isomorphism. �

Remark 5.12. Let LΦ
w(G) be a weighted Orlicz algebra. Then we can assume

that LΦ
w(G) ⊆ L1(G) and this again implies that LΦ

w(G) is semisimple, following the
argument in [7].
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