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Degenerate p-Laplacian Operators and
Hardy Type Inequalities on
H-Type Groups

Yongyang Jin and Genkai Zhang

Abstract. Let G be a step-two nilpotent group of H-type with Lie algebra ® = V @ t. We define
a class of vector fields X = {X;} on G depending on a real parameter k > 1, and we consider
the corresponding p-Laplacian operator Ly, yu = divx (|Vxu[P~2Vxu). For k = 1 the vector fields
X = {X;} are the left invariant vector fields corresponding to an orthonormal basis of V; for G being
the Heisenberg group the vector fields are the Greiner fields. In this paper we obtain the fundamental
solution for the operator L, ; and as an application, we get a Hardy type inequality associated with X.

1 Introduction

The study of partial differential operators constructed from non-commutative vector
fields satisfying the Hormander condition [14] has had much development. An im-
portant class of such fields, serving as local models, is that of generating left-invariant
vector fields on stratified, nilpotent Lie groups with their associated sub-Laplacians
defined by the square-sums of the vector fields. One of the main tools in the study
of the regularity theory of the sub-Laplacian equation is the fundamental solution;
this has been developed by Folland [5, 6], Folland and Stein [7], Nagel, Stein, and
Wainger [18], Rothschild and Stein [20], and Sanchez Calle [21]. In [2, 13], the au-
thors studied a class of subelliptic p-Laplacians on H-type groups associated with the
left-invariant vector fields and found the corresponding fundamental solution.

Recently there has been considerable interest in studying the sub-Laplacians as
square-sums of vector fields that are not invariant or do not satisfy the Hérmander
condition. They turn out to be rather difficult; among the examples of such sub-
Laplacians are the Grushin operators and the sub-Laplacian constructed by Kohn
[17]. Those sub-Laplacians also appear naturally in complex analysis. Beals, Gaveau,
and Greiner considered the CR operators {Z;,Z i} on R?"*1 as boundary of the
complex domain
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where Z] = %(X] — IY]),
(1.1) X; = 0/0x;j + 2ky;|z|**20/0t, Y;=0/0y; — 2kxj|z|**0/0t.

and k is a positive integer [1]. The space R*"*! has a natural structure of a Heisenberg
group, but the vector fields are not left- or right-invariant. The fundamental solution
for their square sum Z?:1 Z;Z; + Z;jZ;j was studied in [1]. As is well known, the
explicit formula of the fundamental solution is of substantial importance in the study
of boundary O-problems; see [22]. Zhang and Niu [23] studied the Greiner vector
fields on R?**! for general parameter k > 1 and found the fundamental solution
for the degenerate p-subelliptic operators L, ;; see Section 2 below. Note that for
non-integral k these vector fields do not satisfy the Hérmander condition and are
not smooth.

Heisenberg groups have natural generalizations, namely Carnot groups, which are
the nilpotent stratified Lie groups G having Lie algebras ® =V, @V, ®- - - @ V; with
[Vi,V;] C Vi, with the sub-Riemannian structure defined by the generating sub-
space V1. One can define p-sub-Laplacians on Carnot groups. The p-sub-Laplacian
in this setting plays an important role in the study of quasiregular maps [13]. The
general theory in this setup is still not fully developed.

An important subclass of Carnot groups is that of H-type groups which were
introduced by Kaplan [16] as direct generalizations of Heisenberg groups. In the
present paper we will define a class of vector fields X (see below) on H-type
groups generalizing the vector fields (1.1) considered in [1,23], and we find the fun-
damental solution of the corresponding p-Laplacian with singularity at the identity
element. As application we prove a Hardy type inequality associated with X.

Here is a brief review and comparison of our results with those in the literature.
The case of Heisenberg groups with general parameter k was studied in [23]. The case
when G is a general Carnot group with the invariant sub-Laplacian a Hardy type in-
equality has been proved by D’Ambrosio [4]; see also [3] where Hardy type inequal-
ities on Heisenberg groups are studied. Our vector fields are, however, not invariant,
and our techniques are slightly different from theirs. In particular the computations
in our case are rather involved and we use some fine structure of H-type groups.

The paper is organized as follows. In Section 2 we recall some basic facts of H-type
groups and introduce the degenerate p-Laplacian operator L, ; generalizing the in-
variant sub-Laplacian; Section 3 is devoted to the proof of the fundamental solution
for L, k. In Section 4 we prove a Hardy type inequality associated with X.

2 H-Type Groups and a Family of Vector Fields

We recall that a simply connected nilpotent group G is of Heisenberg type, or simply
H-type, if its Lie algebra ® = V @ t is of step-two, [V, V] C t, and if there is an
inner product (-, -) in ® such that the linear map J: t — End(V), defined by the
relation (J;(u),v) = (t,[u,v]) satisfies J> = —|t]*Id forall t € t,u,v € V. We
denote m = dimV and g = dim .

We identify G with its Lie algebra ® via the exponential map exp: V &t — G.
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The Lie group product is given by
1
(2.1) (u,t)(v,s) = (u+v,t+5+ E[M,V]).

Each vector X € ® defines a tangent vector at any g by differentiating along
g - exp(tX), namely a left-invariant vector field, denoted also by X. The sub-Laplacian

on G is
m
A=Y
=1

where {X;} is an orthonormal basis of V.
Forg € G, we write g = (z(g),£(g)) € V®t, and let K(g) = (|z(g)|* +16]t(g)]*)7.
Kaplan [16] proved that there exists a constant C > 0 such that the function

(b(g) —C. K(g)Z—(m+2q)

is a fundamental solution for the operator A with singularity at the identity ele-
ment. We note that # + 24 is the homogeneous dimension of G.
In [2] the authors considered the following subelliptic p-Laplacian

Apu = ZX;(|V@u|p_2Xju)

j=1

on H-type group G, where {X;}" is an orthogonal basis of V, X7 is the formal adjoint
of Xj, and Vg = (Xi,...,X,,). For p = 2 it is the sub-Laplacian above. They
obtained a remarkable explicit formula for the fundamental solution of A,

p=Q
I“ — CPK p=1 p # Qv
Cologx p=Q
As an application, the authors obtained some regularity results for a class of nonlinear
subelliptic equations.
Motivated by the work of Beals, Gaveau, and Greiner [1], Zhang and Niu [23]

considered the following degenerate p-subelliptic operators on the Heisenberg group
R¥™1: Ly gu = divy (| VP =2V u). Here

n
Viu=Xu,...,.Xou,Yiu,...,Yu), divp(uy,...,uy,) = Z(X]—u]- +Yiuny ),

j=1

{X;,Y;}j=1,..n are the Greiner type vector fields (LI) for general k > 1. They ob-
tained a fundamental solution for L, x at the origin for 1 < p < oo,

where p(z,t) = (|z|* +t2)/* Q = 2n + 2k.
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Remark 2.1 Note that when p = 2 and k = 1, L, becomes the sub-Laplacian
Ay on the Heisenberg group H". If p = 2 and k = 2,3,..., Ly is a Greiner
operator (see [1,12]). Also we note that vector fields in (I.I) do not possess the
translation invariance and they do not satisfy Hérmander’s condition for k > 1,k ¢
Z.. Finally we mention that L, xu = 0 is the Euler-Lagrange equation associated with
the functional [ |V ul?, p > 1 for functions u satisfying u, V u € LF.

In the present paper we introduce a family of the vector fields X = {Xi,...,X,,}

and the corresponding p-sub-Laplacian on H-type groups generalizing both of the
works above. We fix k > 1 throughout the rest of the paper. We let

1 o .
(2.2) X]:8j+5k|z|2 ey, j=1,2,...,m,

where ; = 0,,, 0|, are the directional derivatives, and {ej}=1....m is an orthonor-
mal basis of V. We consider the corresponding degenerate p-Laplacian operator

Lp7ku = divX(|VXu|P_2VXu),

where

m
V= (Xyu,... Xptt),  dive(un, ... u) = > Xjuj.
j=1

A natural family of anisotropic dilations attached to L, x is
Oy (z,t) = (w,s) := Az, \t), A >0,(z,1) € G=R"".
It is easy to verify that the volume is transformed by d via dwds = A?dzdt, where
Q:=m+ 2kgq,

which we may call the degree of homogeneity and is the homogeneous dimension in
the case k = 1. We define a corresponding homogeneous norm by

(2.3) d(z, 1) :== (|2* + 16]¢*) /%,

3 Fundamental Solutions

The main result of this section is the following

Theorem 3.1 Let G be an H-type group identified with its Lie algebra ® as in [2.1)).
For k > 1 let {X;} and L, \ be the vector fields and p-Laplacian defined above. Then
forl < p < oo,

P Cologi p=Q,
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is a fundamental solution of Ly, x with singularity at the identity element 0 € G. Here

d(z,t) is defined in (23),

p—

= Q(ap> 1, Co=—(og) T,

Cp=

and

a-1/2 2 F( (2k—1) p+ﬂ1)
Op = (*) .
4 r(;)F(—Zk =)

We prove first some technical identities, which might be of independent interest.

Lemma 3.2 Lete > 0andd. = (d* + &%) %. Then we have

Vxd-|* = Z X;(do)? = —— |z|4k 2

Logd? =) " X5(d) = 4k(4k — 2+ Q2|2
j=1

4k—1
Ly id. _Zde = |Vxd: |2d {4k +Q— 2 — (4k — 1)d_*a*}.

j=1

Proof By direct computations,

Xj(de) = d‘ HXi(d¥) = kd; *[4k|2z[*2(z, ) + 16k|2|* 2 (t, [z, ¢)])]
= dé“‘k[IZI“k‘z(z, ej) + 412/ (Ji(2), ¢))] -

However, (J:(2),z) = (t, [z,2]) = 0, and (J;(2), J:(2)) = [t|*|z|?, thus

> (zep)(hi(2),e)) = (Ji(2),2) = 0.

j=1
Consequently,
m
Vxdel? =) 1XG(d)]? = &2 |22 + 16]2| *~*|¢[*|2]]
j=1
_ d* e
- d§k—2 IZ‘
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proving the first identity. Continuing the previous computation of X;d., we find

m

(3.1) ZXZ (@) =" X;[x;(d*)]

j=1 j=1

3

= Xj[4k(|2|*(z,¢}) + 4|2* 2 (Ji(2), ¢))]

j=1
- 4k2{ (2k — D)2 *2(z, ¢;)* + |2 %2
j=1

+8(k — )|z *(z,¢;) (Ji(2). €)) + 2kl * (1o (2), 6j>} :

To compute the last term in (3.0]), we choose an orthonormal basis {#;};—

ifi=l,..., q of t.
Then
m m m q q m
D Uie@ei) =D lzelP =D (i [z.e])? =Y (Ji(2),e))?
j=1 j=1 j=1 i=1 i=1 j=1

q
=D Iul*lzf* = qlz.
i=1

Therefore,
m
ZX?(dgk) = 4k { (4k — 2)|2*2 + mz|* 2 + 2Kk|z 4 qlz|*}
=1
= 4k(4k — 2 + Q)|z|* 2,
where Q = m + 2kq. We can find X;d, in terms of X3d¢* and |X3d.|*. Indeed
XH(d¥) = X;(4kd ' X;d.) = akd? ' X d. + ak(k — 1)d¥ 2| X;dc )
Thus

EM:X?dE = 4kd; 4k{ zmjxf.(d;‘k) — 4k(k — 1)d2*? zm: |de5|2}
j=1 j=1 -1

— 4kd; L ak(ak + Q — 2)|2|* 7% — ak(4k — 1)d=*d* |22}

= d |2 %2 {4k + Q — 2 — (4k — Dd=*a**}
4k—1

= |Vxd.: |2dd4k {4k + Q — 2 — (4k — 1)d_*d*},

by using the first identity.
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Proof of Theorem[3.1] We consider the case 1 < p < Q first. Let d. be as in
Lemma We compute Lp,k(dépr)/(pfl)). The function v = dépr)/(pfl) is of

the form v = f o d. with f(x) = xf’%?. For f € C*(R"), we have

Lo(fod) = fIf'[P72Vxd P2y Xid + |Vxd [Py Xjde - X;(f'|f'1P72)

j=1 j=1

P*Z)

+ 1P Xjde - Xj(|Vxd-

j=1
=L +L+1.
I, and I, can be found by using Lemma[3.2]
I = f’lf’\}"zlvxdeli"‘z\dealzd;;k_1 {4k+Q — 2 — (4k — 1)d=*a*}

4k

4k—1 _
:fl|f/‘P_2|de5|p{(4k+Q_z)de _ (4k 1)}7

44k d.

b= [Vxd P72 30 X - {1072 + (p = 2)| 1P 72X d}

=1
= [Vxde|P{f"|f' P72+ (p = DI P2 f"
= |f' P72 VxdP{(p = Df"}.
Using X;|Vxd.|P~2 = £532|Vxd.|P~*X;|Vxd.|* and Lemma[3.2] we find
Io— /pflm p—2 p—d 2
3= 1P Y Xjde - == Vx| X(| Ve )

j=1

) m
— PTf/|f/|p—2|deg|pf4 Zdes . Xj(dgfskd4k‘z‘4k72)
j=1

p—2 - v _ _
= FIE P2 Vde|? 4} :X,-dg~{(2—8k)d; B 4] o2
=1

T akd? Sk gH 22X d 4 (ak — 2) Bk (g, ej>}
_ p ; zf/|f/|P72|de5|p74{ (2 _ Sk)dgflédek‘Z‘8k74 + 4kd2712kd4k|z|8k74
+ (4k _ 2)d2—12kd4k|z|8k—4}

84k

=(p—2)(4k — D f'|f'|P7?|Vxd:|’ d. d*
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Hence,

Lp(fod:)

=N +L+15

o oo 1 (Q—=1)d* + (4kp — 4k +Q — p)e**
=P 2|deE‘P{(p_l)f +f[ d.d% H

Taking f(x) = x(P=Q/(P=1_(x > 0), the above is

£=Q - -0, p—2 , J2k|,|2k—1 _ o
=T\ | p—Q =R pdre Ppp—Q -0
Lp,k(alE ) = p_ldg ( i ) {p_l(l Q)d-
L= Qi [ (Q — 1)d* + (4kp — 4k + Q — p)e‘”‘} }
p—1" d.d*
K|z p ak

_(%)le;w(?) {(4kp _4k+Q_p)dde€}
(42 g

1

e (68)):(2, 1)),
where

d2kp—4klz‘(2k—l)p
(1 + d*k)(#kp—p+Q)/4k

P(z,t) == — (g_f)p_l (4kp — 4k +Q — p)
Now for any ¢ € C§°(G), it follows that
(st 0) = lim [ Lpat@ o = lim =@ [ 066y e
= Clig(l)/ﬁw(z, t)p(ez, et) = ©(0) /(G Y(z,t).

Finally we evaluate the integral [ ¥ (z,t). We use the polar coordinates z = rz*
withr = dandz* € S:= {g € G : d(g) = 1} being the sphere with respect to d.
By a general integral formula on homogeneous groups (see [7, Proposition 1.15]) we
have

dzkp74k‘z| (2k—1)p
(1 + d*)@kp—p+Q)/4k

— | ¥(z,t) = (4kp — 4k + Q — p)
G

G
T’_4k_1

_ cik—ny [
— (4kp— 4k+ Q- p) /S 2+ |2 /0 e
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1 gk
=(4kp—4k+Q—P)/|z*|(2k_‘“’da—/ £ gt

1
_ /\z*\@k_l)pda,
S

Denote temporarily v = (2k — 1) p. We use the usual trick to evaluate the integral
on the sphere, replacing it by an integral on the ball,

1
/|z*|7da = (Q+’y)/ r7'+Q_1dr/|z*|'Yda
s 0 s

1
:(Q+'y)// |7’Z*P1’Q_ld1’d0:(Q+’y)/ 2|7,
SJ0 d<1
and furthermore

/ 2] = / / e ddt
d<1 lt|<i J|z|<(1—16]t[?) %
(1—16t[?) %
B A
[t]l<} Jo

1
— M/4(1 _ 1652)%5%1(15
y+m

U.Jm 1wq 1 ym
= 1—p)#* d
20 m) / (1—p) % p'T dp

| W 1Wa— 1( )qF(”m”k) r'4)
- m+4k+2k
2(y+m) F(W)

B 1 (l)q 175 (“y )
S 2y+ QN4 T(2) . T(LR

Thus,

1 k=1)ptm
/|Z*|(2k_l)pd0 _ (l) q—3 T 2 F( - 4k ) 7
s 4/ Ty - T(Ee)

and substituting this into the previous formula for — f( Y(z, t) we find

Oy ()

w(z’t):_(pil F( ) F( 2k 1p+Q)

G
proving Theorem[Bdlfor 1 < p < Q.

A direct examination shows that the formula also holds for p > Q, and the critical
case p = Q can be treated similarly, we omit the details. ]
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By a similar method as in Theorem[3.]] we can also obtain a fundamental solution
for a class of weighted p-Laplacian operators on the H-type group G = R™ & R1,

(3.2) Lykw= divy (| VxulP 2wV xu),

1—-Q m
1
4k — 1" 2k—1 }’

w=d"|Vxd|’, « > —m — 2kq, 3 > max{

where {X;}j—1, . is taken from and d(z, t) from (2.3).

Theorem 3.3 Let G be the H-type group above and L, x.,, the p-sub-Laplacian defined
asin (3.2). Then for 1 < p < oo,

[ed prara
Py Cora.w log% p=0Q+a,

is a fundamental solution of Ly, . ,, with singularity at the identity element 0 € G, where

p—1

T hq-a

R — 1
(Upﬁ) Pt CQJr(y,w = _(O-QJraﬁ) Q=T

and . . ]
7qu F( (2 fl)z(liﬂ )+m)

( 1) a—3
Op 3 = — — .
p.0 4 F(%) F((zk 1>4(£+/3)+Q)

4 Hardy Type Inequality

We recall that the classical Hardy inequality states that for n > 3

5 n—2\2 |D(x)|?
An|V<I>(x)| dxz( : ) dx,

re X[

where ® € C5°(R" \ {0}). It can also be rewritten in terms of a certain Schrodinger
operator. The inequality and their generalizations are of interest in the study of spec-
tral theory of linear and nonlinear partial differential equations (see [8,10,11]).
Garofalo and Lanconelli [9] established the following Hardy inequality on the
Heisenberg group H = H" associated with left-invariant horizontal gradient Vi,

Q—2\? |2
4.1 u®? > P
(4.1) A'v“ Pdzde > ( : ) A{(|Z|4+t2)| 2dzdt,

where ® € C§°(H \ {0}), Q = 2n + 2 is the homogeneous dimension of H, and
_ _ 2 d ) d
V]HI¢ = (X1¢,X2(b, NN 7Xn¢,Y1@, ey Yn@), X] = dixj + 2}/]@, Y] = 87}/) — ZXJ'E,
for (z,t) € H,z = (x,y) € R" x R”, t € R. The L? version of the inequality (@I
has been obtained by Niu, Zhang, and Wang [19], among others, which states that

forl < p<Q:
Q-p P/ 2|\ 7 |@|
P> (=L =) =
A[W“q" —( p ) H(d) dr
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In this section we obtain a Hardy type inequality associated with the non-invariant
vector fields X = {X;} in (Z.2) on the H-type groups by applying the result in Sec-
tion 3. The inequality in the present paper might be useful in eigenvalue problems
and Liouville type theorems for weighted p-Laplacian equations, which we plan to
pursue in some subsequent work. Recall the norm d in (2.3).

Theorem 4.1 Let X be the vector fields in 22]) on G. Suppose € R,1 < p < Q+a.
Then the following inequality holds for ® € C§°(G\{0}),

Q+a-—p P/ |z|\ @k=Dp| O p
4.2 « dF > =——-L “l = —| .
(42) @d‘v)“—( p ) Gd(d) ’d‘
Moreover, the constant (Q+§_p )P is sharp.

In view of the first equality in Lemma[3.2] (for € = 0), namely |Vxd| = (%)2"_1 ,
the above inequality can also be written as

—p\P
/d‘*|Vx‘1>|p > (M) /da_P|VXd|P|<I>|P.
G p G

Remark 4.2 1fq = 1and o = 0, then our Theorem[A.Ilis actually Theorem 3.1 in
[23].

For the proof of Theorem[4.1] we need the following lemma; see also [19] for the
casew = 1.

Lemma 4.3 Letw > 0 be a weight function in Q C G and

Ly jwtt = divy (| VxulP 2wV xu).
Suppose that for some X\ > 0 there exists v € C*°(Q2),v > 0 such that
(4.3) —Lpiwv > AgvP~!

for some g > 0 in the sense of distribution acting on non-negative test functions. Then
forany u € HW(}’P(Q, w), it holds that

/ Vxulw > A / glul?,
Q Q

where HW,? (Q, w) denote the closure of C3°(Q) in the norm (Jo |V xulPw)l/p.

Proof We take -2 as a test function in 3], where p € C§°(Q), 0 > 0,

yp—1

P
I:= / w|Vxv|P72Vyxv - Vx <<,01> > )\/gcp".
0 vP Q
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We shall prove

(4.4) /W|VX<P|p -1>0
Q

which, together with the previous inequality, implies Lemma foru = ¢ €
C°(£2). Now the above is an integration with integrand (disregarding the common
factor w),

_ P
Vxgl? = Va2V () - Vi

p—1 P
= [VxplP — pZ VP2V Vv + (p — 1)%|VXV|P

vl
1 _ _
= VT,(VPWXLPV’ +(p — D? | Vxv|? — prp? Vv Vo - Vxv).
We estimate the last term from above using Young’s inequality

abﬁ%a"+<lf%)bﬁ,

and we get

pvf TV xv[P A Vxp - Vxv < pv| Vx| - f [ Vxv]P !

VP|VX90|P pfl p P
SP[ » + » ® ‘VXV|}

= v |Vxp|? + (p — Df [Vxv|P.
Hence (£4) follows. ]
We now prove Theorem [£.11
Proof Case (i): p # Q. We claim that the conditions in Lemmal[4.3]are satisfied with

o p=Q-e a|Z|(2k_1)p Q+a—p p
1’1/:(17 v=d » 5 g:d W, )\:(#> 5 Q:(Gl\{o}7

which then proves the theorem. Indeed, for any ¢ € C§°(G\{0}) we have

(4.5)
_ p—1 +a
Ly ) = _(w) / (@5 ~Vxd|P2Vxd) - Vg
p G
Q+a—py\r-! 1-Q -2 =
= (=== (d' = VxdP*Vxd) -d" 7 Vxg
p G
Q+a—p\r! 1-Q -2 et
- _(7) (d | Vxd|P~*Vxd) - Vx(p-d 7 )
p G
_ p—1 o —
P (Lo / (d'~Q|Vxd|P 2V xd) - Vi(d T ).
P G
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p—1P=2p—1 I
=G ’ =5 and rewriting

Denoting Cp, o = ’ »

—Q. |P—

40|V xdP > Vxd = Cpq | Vx(dF) vy (a5,

we see that ([£3)) is

(4.6) <_Lp,k‘wvv 90>

+
= —Cpa( FEE) " [ | v
p
+ (M) Pt (dl_Q|VXd|"_2VXd)-VX( <
p G

However the first integral in (4.6)) is zero by Theorem [3.3] since ¢ is supported away
from 0, and we find

(50"
(Q —2) /d‘”“*l VP
(570

Q+a p

<_Lp,k,WV7 <)0> =

Q+a—

L (2k—1)p
P? (pfl)lzl

ded o )

G

_ Q+Oé—p p (y|Z| (2k=1)p p—1
_( ’ ) /@d 7 v,

where in the second last equality we have used Lemma 3.2 to get that |Vxd|f =

2%k—1 . )
( %I) ( )p. This proves our claim.

Case (ii): p = Q. The proof is almost the same as the above once we notice the
following fact: Cq log % is a fundamental solution of Ly on G, and

d'7Q|Vxd|? 2 Vxd = —|Vxlog(d 1|22V log(d ™).

It remains to show the sharpness of the constant (£*“=£)?. This is equivalent to
showing that any constant B > 0 for which the inequality

(47) / &V > B / P |V xd]? | D]
G n

holds must satisfy B < (%)P . We shall construct a sequence {u;}%; of func-
tions so that the inequality (4.2]) approximates to an identity up to the order O(1)
in j. Given any positive integer j, it is elementary that there exists 1/; in C§°(0, oo)
such that supp¢); = [2=7-1,2], Yi(x) = 1 on [277,1], and |1p1{(x)| < C2/ on
[277=1,277], where C is a constant independent of j. Let

T I(d(z, ).

Mj(Z,t) =
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Clearly u; € C>°(G\{0}) and is radial. Its gradient is

0 0<d<2 7/ lord>2,
vX”j = Q+(y_p . _Q+rv+P
—(=E+ Hd

The left-hand side of the above inequality is

LHS:/:/ +/ +/ :/ +1+11.
G 2-i<d<1 2-i—l<d<2—i 1<d<2 2-i<d<1

The first integration is

— 1\ P
/ da|VXuj|p — (M + T) / d_Q—§|VXd|P
2-i<d<1 p J 2-i<d<1

which can be evaluated by using the formula Vxd in Lemma[32]land the last compu-
tations in the proof of Theorem[3.1] and is

Vxd 2~ ]<d<1

ta—p 1\P
(w +3) i,
p J
where Cy = % [ 2|1 (and is evaluated in the proof of Theorem [3.1)). Simi-

larly,
RHS:B/ +II1+1V.
2-i<d<1

The first term is precisely the same as above and is

B/ = BCyj.
2-i<d<1

It is easy to estimate the error terms and they are all bounded
IILIILIV <C.
The inequality (£.7) now becomes
Qta—p
(=
Dividing both sides by j and letting j — oo proves our claim. ]

1\ ?
+7_) Co(2P — 1)j+1+1I > BCy(2" — 1)j + Il +1V.
j

An immediate consequence of Theorem[41lis the following corollary, known also
as the uncertainty principle; this can be proved by estimating the left-hand side using
Holder’s inequality together with inequality (4.2]) for a = 0.

Corollary 4.4 Let G be the H-type group with the vector fields {X;} as above. Let
1<s<Q and% + % = 1 Then the inequality

|2

d2k | |

(f1erar) (] 1owar)
G
holds for u € C3°(G\{0}).

Based on the approach in this paper, some similar generalizations of the Hardy
inequality have been done [15].
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