IDENTITIES AND CONGRUENCES OF THE
RAMANUJAN TYPE

K. G. RAMANATHAN

1. Let P(n) denote the number of unrestricted partitions of the positive
integer n. Ramanujan! conjectured that

(1.1) P(n) =0 (mod 5°7°11")
if 247 = 1(mod 5°7%11”). He also indicated that such congruences could be
deduced from identities of the type

(1.2) PU) + P@x +... =50 =8 U= ]*
(l=—x)(1 —x2)...]°

G. N. Watson? proved that (1.1) is true for all « if 8 = v = 0 and thatitis
false for 8 > 2 if ¥ = 0. However he established an alternative congruence
for all powers of 7. It is not known if (1.1) is true for all y. Watson, in the
same paper, showed that identities of the type (1.2) exist for all powers of
5 and 7. Recently Rademacher?® developed a method which enabled him to
establish identities of the type (1.2) for all powers of 5, 7, and 13. He did not,
however, use them to prove the congruences of the Watson-Ramanujan type.

In this paper we make use of a combination of the methods of Watson and
Rademacher to establish identities and congruences analogous to (1.2) and
(1.1) for the function

(1.3) Z’o Pnx"=[1—-x)1—x%...]7% »>0,

we prove that the coefficients P»(n) in (1.3) satisfy also identities of the type
(1.2) for all powers of 5 and 7. The congruence properties of P.(n) are con-
tained in the following two theorems:

THEOREM 1. If 24m = v (mod 5%) then
(5 (12, 17, 22, 27}
2
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(1.4) Pu(m) =0 (mod{ _[
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a+2
5[ :] 2,7
5o 1! 0, 5, 10
5 1,6, 11

[x] being the largest integer in x.
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1Ramanujan, S. Collected papers, Cambridge, 1927.
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THEOREM 2. If 24m = v (mod 7%) then

7 8, 15, 22
[u-‘-l]
72 14, 21
7[5] 2,3, 5,6
1.5 P.(m) =0 d§ a+‘> iy = > od 28).
(1.5) (m) =0 (mod{ [531] D) ifv =4 | o (mod 28
[a+2]
72 1
701 0,7
7° 4

It may be noted that the Watson-Ramanujan congruences are included in
Theorems 1 and 2. We may remark that by proving an analogue of Lemma 4
below for p = 13 we can deduce congruences of P»(n) for the modulus 18°. It
will be seen that the proofs of Theorems 1 and 2 are simple and straightforward.

2. Throughout this paper p = 5 or 7, and by an integer we mean a rational

integer.
Let4 T'y(p) be the group of unimodular substitutions
(2.1) p=2rth
cr +d

where a, b, ¢, d are integers such that ad — bc = 1 and ¢ = 0 (mod p). Itis
known that I'o(p) is a subgroup of index p + 1 in the whole modular group
and its fundamental domain contains two parabolic points 7 = 0 and 7 = 7.

All modular functions T'4(p), that is meromorphic functions invariant under
the substitutions of T'y(p), are rational functions of?®

22) o) = (122,
(1)
where g = 24/p—1 and 5(7) is Dedekind’s modular form
(2.3) n(r) = e™/12 I (1 — &), r=x+1y, y>0.
The function ¢(7), which is called the Hauptmodul of T'y(p), has the following
properties:

(1) It is single valued in the fundamental domain.
(ii) It is invariant under all transformations of T'o(p).

*Watson, G. N., Ramanujans Vermutung iiber Zerfillungsanzahlen, Jour. fiir Math., Bd. 179,
(1938), p. 97.

3sRademacher, H. The Ramanujan identities under modular substitutions, Trans. Amer.
Math. Soc., vol. 51, (1942) p. 609.

4All these are contained in Klein and Fricke, Vorlesungen iiber die Theorie der Elliptischen
Modulfunktionen. Bd. 2, p. 64. Also see: L. J. Mordell, Note on certain modular relations con-
sidered by Messrs. Ramanujan, Darling, and Rogers. Proc. Lond. Math. Soc. (2), 20 (1922)
p. 408.

5¢ (1) depends on p. We omit this suffix p in general, but when explicit reference has to be
made we write ¢,(7).
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(iii) At 7 = 2 it has a zero of the first order and the Fourier expansion
there is
(1) =™ ...
with integral coefficients.
(iv) It is regular at all points of y > 0 except at 7 = 0 where it has a pole

of first order with residue  ~#* measured in terms of the uniformizing para-
27

meter ¢ 7.

Let us call a modular function of T'y(p) entire modular, if it is regular at all
points of ¥> 0, except at 7 = 0 where it has a polar singularity; then we can
prove easily that every entire modular function of I'y(p) is a polynomial in
¢(7), with rational coefficients. We can prove even more as is shown by

Lemma 1. If f(7) is an entire modular function of To(p), whose Fourier
expansion at T=1® has coefficients belonging to a module m, then f(7) is a poly-
nomial in () with coefficients belonging to the module.

Proof. That f(7) is a polynomial in ¢(7) is obvious. Let

n
(2.4) f() = jZO a; ¢(7)’;
since ¢(r), at 7 = 7 has its first coefficient unity, we see on equating coeffi-
cients of the powers of the uniformizing parameter ¢ in the expansion at
T = ¢, that

(25) ap, ai, a2+I1a1, a3 + Izaz + I3a1, “ e ey QAn + I}c Ap—1 + + [,al,
are all in m ([, ..., I, being integers). From the definition of a module we
deduce that a4, . .., a, are in m.

CororLLARY. If m is the module of integers then ai, ..., a, are integers.

3. We shall prove certain lemmas preliminary to the proof of the theorems.

LEmMMA 2. Let g be a prime > 3 and v,u two non-negative integers. Then

- n(w))““"l 2\

o oG .
q

where
3.2) (v —w)(p — 1) =0 (mod 24)
has the transformation equation
3.3) By = (—Z—)y—#h(r),
where
(3.4) 7 aT+b, ad —bc =1, ¢=0(modq),

- cr +d
and (a/q) is the Legendre symbol.

This lemma includes, as particular cases, Theorems 1, 2 and 3 of Rade-
macher® and can be proved by using Lemmas 4 and 5 of his paper.
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LeEmMA 3. If v is any non-negative integer and u the least non-negative residue
of v mod g then

- (n) ’
R ) R B ey
(3.5) () = P(n (T)> Eo " (r +p24>\)

is entire modular in Ty(p) and is a polynomial in ¢(r) with integral coefficients.

Proof. Since p =5 or 7, g is even. If we put ¢ = p and » = u (mod g)
in Lemma 2 we find that ¢»(7) is invariant under all substitutions of I'y(p) . ¥»(7)
is evidently regular at 1 = ¢. To investigate behaviour at + = 0 we make
the transformation (following Rademacher?®) r » —1/7. We have

w1 (a(=1/7 >"<n<—z>/r) S
3.6 W(— 7 = — .
36 o ) 4 <n(— 1/7p)/ \n(— 1/T)> + P xgl

p—1
We can prove that the quantity 3 isregularat (—1/7) = 0. The first term
=1

on the right of (3.6) could be transformed, by making use of the functional

equation,

(3.7) n(—1/7) = (—in)*n(7)

into

(3.8) p IR () T (e /p) n(pT) T

Using (2.3) we see that the order of the pole at —1/7 =0 measured in terms of
srinss 1o YBP= 1) = (v = ) (p =
24

It is easily seen that the Fourier expansion of ¢»(7) at 7 = 7 has all its co-
efficients integral so that from Lemma 1 it follows that y»(7) is a polynomial
in ¢(r) with integral coefficients.

It may be noticed that the S» of Watson® and the ¢.(7) above are connected
by the relation

e ) . Hence y»(7) is entire modular in To(p).

n
(3.9) () = &(’Z(ﬁl)) ,
n(r)
where u is defined by Lemma 3. To calculate y»(r) we require only expressions
for Y1(7), ..., ¢¥py1(r) as polynomials” in ¢(r). We obtain from Watson’s
table of S, the
LeEmMma 4.
(3.10)® Y(r) = .goaipi—ld’(ﬂir

where a; are integers vanishing for a sufficiently large i. In fact a; = 0 if
24 > v(p*=1) = (v — w)(p—1).

8Watson, loc. cit., pp. 106, 119, 120.
"There is another method of obtaining expressions for ¥, () as polynomials in ¢(7). This will
be published elsewhere.

8% shall mean summation from 7 = 1 to a sufficiently large 7.
i>0
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It is evident that if we expand both sides of (3.10) at » = 0 and equate cor-
responding coefficients of the powers of the parameter ¢2™"/? we find that the
coefficients of the powers of ¢(7) in (3.10) are of the above form if i(g—2) 2
(r + ). Itis only for obtaining this property for all 7 that we require a table
of ¥1(7), . .., ¥p41(7) as polynomials in ¢(7). It does not appear to be possible
to obtain Lemma 4 without the said table.

It must be noticed that a;’s are integers depending on » and p.

LEMMA 5.

n(pr)

3.11) Mo = g (@)

s entire modular in Ty(p) and
i+t

(3.12) fo(r) = .§0 a; pi" Lo(r) g
where ., a; are defined in Lemmas 3 and 4.

Proof. This follows from Lemma 3 on using the fact that

(3.13) £r) = Wls >(”((f”))>

Note that v — pu is divisible by g.
LEMMA 6. Let bk = v—pu/g, t = 3(1—(—1)") and ¢ =1 or p according as n
1s odd or even, then®

(3.14) R = 45 [ |

" 2o (1 + 24)\)
'\ )l
is entire modular in To(p) and has the form 1°
(3.15) Fo(7) = ¢(1)* _g,oai(n) p (1)’

the a;(n) being integers depending on n, v and p.
Proof. Whenn =1,

(3.16) Fi,(7) = yo(r)é(n)*
and Lemma 5 shows that (3.14) and (3.15) are true. We can write
(3.16") Fy o (r) = _>ZO ai(1) pt ()" HE.
Now
1 rt 24\
G17) R =5 T F <’+p —)
B 1 2ol a(7) G+ ke
- ? Z a;(l)P §0< (T + 24x> .
n
. P
9The construction of the function Fj,,(7) is suggested by the work of Rademacher, p. 622
and 624.

10T0 avoid complication we have not shown in a;(n), its dependence on v and p.
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Applying Lemmas 3 and 4 to the inner sum, we get
(3.18) Fyo(r) = X ai() p'™t X bus p'¢(7)
i>o0 i>0
= 2 a;(2) (),
i>o0
where '
a;(2) = _goai(l) bijp'!

are integers. This proves that Lemma 6 is true for » = 2. We can now
apply induction.
Let us assume that for a certain n = 2m

(3.19) Fam, (7) ==~l—p2;f.lf———1&32—*——]v

- 5 )

= ;Lo a:(2m) p*~'¢(1)",

where a;(2m) are integers. Then

_ L C+ﬂ%> ner) T
Fans 1) =+ Z Fam (7 L ¢ 2%)]

p
1 i Pt n(r) g n(pr) v
=?Eﬁwmpka(0+%v><(ﬂna»
"o "o
that is
(3.20) Fom1,,(1) =¢(1)* .>Zoai(2m> P T i 40 (7)

which shows that from the truth of Lemma 6 for n = 2m we can deduce it for
n =2m 4+ 1. In a similar way, if we assume for n = 2m + 1

(3.21) Fom1,,(1) = Z:Oai (2m + 1) pL(r)**F,
1>
then we can deduce that
(3.22) Fom41,,(1) = Z:'oai (2m 4 1) P Ygi 4 re(T) -

The induction may now be completed easily.
LEMMA 7.

(3.23) Foo(r) =x" T (1 —x™) 3 P(p"l + p)x,
m=1 =0
where
(3.24) x =",
(3.25) p is the least positive solution of 24p = v(mod pm),
(3.26) g2yt e
24pn

15 an integer and € = 1 or p according as n is even or odd.
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Proof. Using (2.3) we get

2wity (epn — 1)

B21)  Fu()=e 0 (1" T B0 A0
m=1 r=0
where

(3.28) A () =~ z exp(?m)\ (24’?_ ”)>

Ap,. (r) vanishes unless 24r — » = 0 (mod p") when its value is unity.

It can be seen thatdisan integer. For from the definition of p, 24p — v+ vep™
is divisible by p™; furthermore ep™ — 1 is divisible by * — 1 and hence by 24.

LeMMA 8. If ¢ is any positive integer and all the a;(n) in (3.15), 1 > 0 are
divisible by p° then Pv(p"l + p) in (3.23) for all 1 2 O are divisible by p°.

Proof. This follows immediately on writing down

(3.29) Fo, (1) = ¢(n)** _Z a;(n) p (1)

=&’ Zb x'"ZP(p"l—l-p)x,

m =0
where by = 1 and b,, are integers, and using the fact that ¢(r) at 7 = 7 has
a Fourier expansion in x = €™ beginning with x with the coefficient unity.
We have merely to compare coefficients on both sides.

Lemma 8 shows us that for investigating the congruence properties of
P,(p™l + p) it is enough if we confine ourselves to the a;(#). We must only
remember that if all the a;(n), 2 > 0 for a given n, v are divisible by p° then
P.(p™ + p) for all I 2 0 are divisible by p°.

4. Lemmas 6 and 7 establish the existence of identities of the Ramanujan
type for the function P.(n). For from (3.15) and (3.23) we get
[ee] [ee]

(1) 2 T A=) T P+ p)xt = ¢(n)F T ai(n)p Ti¢(r)’
m=1 1=0 i>0

_xREIT (1 — xrm)kts a;(m)x* I (1 — xPm)?
I (1 — xm)*te 5% (1 — xm)
where a;(n) are integers.
As an example we take

4.2) S Piyn)x® =1 —3x 4+ 5x% — 7x8 +...]7L
n=0
Herev = 3. Letp =5sothatg =6, e =5,n=1,p=2,t=1,6 =1and
k = 0. Then
9Tl (1 — x5)3
4.3 P;2)+P;(M)x+...=-7— "~
(43) )@ + PyT) x + T
+ 75 - 5x IL (1 — %)% 125 - 5% 11 (1 — xv™)1s
I (1 — xm)12 I (1 — xm)ts *

Similarly an identity for the modulus 7 may be derived.
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5. We shall now prove congruence properties of P»(n). Because of Lemma
8 it is enough if we find congruence properties of a;(n).

Let now » be a fixed integer. Let p™» for a given n be the highest power of
p which divides all a;(n) for ¢ > 0. We shall study now the sequence

M, Az, . ... Consider (3.20);
Fom41,, (1) = ¢(1)* i;()ai (2m) p* Ygi 4, (1)
(5.1) = ¢(T)"j§oaj @m + 1) P71 (7).
Let
(6.1 Vei (1) =j>Zobij(i) P e(r)
Substituting in (5.1) we get
(5.2) a;(2m + 1) = igobij(i) P la; (2m).
In a similar way from (3.22), if
(5.1") Vei +re(7) = ]Z:O b ii(3) PP b (7)’,
then
(5.3) a; (2m + 2) = .§>:0a¢(2m + 1) 8 4(2) piL

All the quantities involved in (5.2) and (5.3) are integers and hence p*2™ divides
all a;(2m + 1) and p*m+1 divides all ¢;(2m + 2) so that

Nem2 2 Aem1 2 Nem -

Hence

(5.4) MSASA S

Now (5.2) may be written

(5.5) a; 2m + 1) = by;(1) ay (2m) + piglbij (@) p*1a;(2m).

The second term on the right is divisible by p - p*m = p' T*m  The first
term by;(1)a1(2m) is in general only divisible by p*2m. We cannot say anything
regarding a:1(2m). But if by;(1) is divisible by p for all j > 0 then a;(2m + 1)
is divisible by p* T for all 7 > 0. That is,

)\2m+1 2 1 + >\2m-
From (5.1'), by;(1) are coefficients in y, 4 ,(r), considered as a polynomial in
¢(7). Thus

(5.6) If all the coefficients by;(1),7 > 0 in
Vers(r) = T by(1) P e(r)
J

are divisible by p, then hemy1 2 1 =+ Nam.
In a similar way we derive from (5.3) and (5.1"’) that:

(5.7) If all the coefficients b'1;(1), 7 > 0 in
‘pg-l-v - M(T) = 'go bll](l) Pj_l ¢(T)j
J

are divisible by p, then Namys 2 1 + Nomar.
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It must be noticed that the conditions (5.6) and (5.7) are only sufficient;
they are by no means necessary. It can be seen also that the conditions (5.6)
and (5.7) depend only on the parity, and not on the actual value of 7.

The conditions (5.6) and (5.7) enable us to divide the sequence (5.4) into
four categories.

1) M<A<AN<... ((5.6) and.(5.7) both hold good).
() MSA<NS... ((5.6) but not (5.7) holds).
(i) M<A<$<A<... ((5.7) but not (5.6) holds).
iv) MSnaS$NnsS.L. (5.6) and (5.7) don’t hold).

We shall examine these cases and see what consequences they lead to with
regard to congruence properties of the a;(n).
Case (i). Since (5.6) and (5.7) hold good,

(5.8) M2 Mt (1)
and plbl,- and p|d'yj, j > 0.
Let p = 5 then g = 6 and Watson’s table® shows that if

(5.9) s =1, 2, (mod 5),
then a1;(1) = 0 (mod 5),
where Yo(r) = X a1;(1) 577 s(r).
i>0
Hence for our conditions (5.8) we obtain
[ v =0, 1 (mod 5),
vy —u=0,1 (mod 5),
(5.10) 0< 4 <6,
v = u (mod 6).

The v satisfying these conditions are v = 0, 1, 5, 6, 10, 11 (mod 30). Using
(5.9) we see that a; 2 1, if » = 1, 2 (mod 5) and therefore if » = 1, 6, 11
(mod 30); otherwise Ay 2> 0. Now a;(n), 7 > 0 are divisible by p*»( = 5*)
and hence by (5.8) they are divisible by 5" ~'*™.  We may summarize these
in the conclusion, for 7 > 0:

(5.11") ai(n) =0 (mod 5), v =1, 6, 11 (mod 30);
(5.11") a;(n) =0 (mod 5*-1), » = 0,5, 10 (mod 30).
In exactly a similar way if p = 7; g = 4 and Watson’s table shows that if
(5.12) r=1,4 (mod 7),
then a’;(1) = 0 (mod 7),
where ¥s(r) = .ZO a’1;(1) TPt gr (7).
Hence, for z > 0: ”
(5.13") a;(n) =0 (mod 7), v = 4 (mod 28);
(5.13") a;n) =0 (mod 7*7Y), » =0, 7 (mod 28).

Case (i1). (5.6) holds but not (5.7). Hence

)\2n+l 2 n + )\11
(5.14) { Nen 2 (n — 1) + Xe.
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Using (5.9) we see that (5.14) holds good if
J v =0,1 (mod 5),
- v —pZ0,1 (mod 5),
(5.15) v = u (mod 6),
0< u<6b.

X2 2 A, for otherwise we will be in Case (i). It can be easily seen that
M 2 lifv =16, 21, 26 (mod 30) and A, 2 0 if » = 15, 20, 25 (mod 30).

Hence

n++1 — N .
(5.16") ai(n) =0 (mod 5[7“])' v = 16, 21, 26 (mod 30);

n—1
(5.16") a;(n) =0 (mod 5[_7—]) , v
Case (iii). Since (5.7) but not (5.6) holds
2 1
Neng1 2 7+ N\ =[ n2+ :|+)\1,

] )\2n>n+>\1=[23n:|+)\1,

since A2 2 M + 1. Also

15, 20, 25 (mod 30).

(5.17)

v # 0,1 (mod 5),
v —u=0,1(mod 5).
Exactly as before \; 2 1 if » =2, 7 (mod 30) and \; 2> 0 if » = 3, 4, 8,
9 (mod 30). Hence

(5.18)

| 24
(5.19") a;(n) = O(mod 5t 2 , v=2,7 (mod 30) ;
(5.19") a;(n) = O(mod 5[':’]), v=3,4,8,9 (mod 30).

Case (iv). This merely asserts
(5.20) An 2 A

The only interesting case is Ay 2 1 which happens when v = 12, 17, 22,
27, {(mod 30). Therefore
(5.21) a;(n) =0 (mod 5), » = 12,17, 22, 27 (mod 30).

We have omitted consideration of p = 7 since it runs exactly parallel to the
above and can be easily completed. In case » = 1 we get the Watsen-Rama-
nujan congruence properties of the partition function. It is seen that for
p =3, (5.6) as well as (5.7) hold good so that
(5.22') P(m) = 0 (mod 5%), 24m = 1 (mod 5%),
as then we are in Case (i). Butif p = 7 (5.6) does not hold good as g =4,
v=1land 4+ 12 1or4 (mod 7); whereas (5.7) holds good. We are there-
fore in Case (iii) and hence

(5.22") P(m) O(mod 7[?_]), 24m = 1 (mod 7°).

Il

https://doi.org/10.4153/CJM-1950-016-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1950-016-0

178 K. G. RAMANATHAN

In (5.21) we did not consider Ay = 0. This will merely mean that for» = 13,
14, 18, 19, 23, 24, 28, 29 (mod 30), in general,
(5.23) a;(n) # 0 (mod 5).

Our results (5.22’) and (5.22"") for » = 1 are Haupisdtze 1, 3, 4 and results

(5.45) and (5.46) of Watson.!! It is not difficult to obtain analogues of Wat-
son’s Haupisdtze 2 and 5 for Py(n) from our foregoing results.

6. We may finally make a remark about the case p = 13. The group
T4(13) has all the properties of T'4(5) and T'y(7), and Klein and Fricke have
shown that (n(137)/9(7))? is a Hauptmodul of T'y(13). Further Lemmas 1, 2,
and 3 hold good. We have only to prove an analogue of Lemma 4 by construct-
ing a table of ¢1(7), ... ¢14(r) as polynomials in (n(137)/n(7))2. Here ¢u(7)

is given by "
; 7(137)\* 7(7) g
o1 1900 = (i) Z(”(“ij) »
BNINE:

0< u<2,v=npu(mod?2). Zuckerman'? has found an expression for ¥;(r)
as a polynomial in (n(137)/9(7))% The general case of ¥»(r) offers no particular
difficulty except that of computation.

"Watson, loc. cit. p. 98, 99 and 124.

2Zuckerman, H. S., Identities analogous to Ramanujan’s identities involving the partition
function, Duke Math. Jour., vol. 5 (1939) p. 98.
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