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Abstract

Let K be an infinite field of characteristic p > 0 and let A, « be partitions, where p has two parts. We find sufficient
arithmetic conditions on p, A, i for the existence of a nonzero homomorphism A(A) — A(un) of Weyl modules
for the general linear group GL,(K). Also, for each p we find sufficient conditions so that the corresponding
homomorphism spaces have dimension at least 2.

1. Introduction

In the representation theory of the general linear group GL,(K), where K is an infinite field of charac-
teristic p > 0, the Weyl modules A(A) are of central importance. These are parameterized by partitions
A with at most n parts. Over a field of characteristic zero, the modules A(}) are irreducible. However
over fields of positive characteristics, this is no longer true and determining their structure is a major
problem. In particular, very little is known about homomorphisms between them.

For GL;(K), all homomorphisms between Weyl modules have been classified when p > 2 by
Cox and Parker [5]. Some of the few general results are the nonvanishing theorems of Carter and
Payne [4] and Koppinen [11], and the row or column removal theorems of Fayers and Lyle [14] and
Kulkarni [12].

In [17], we examined homomorphisms into hook Weyl modules and obtained a classification result.
This has been obtained also by Loubert [13] for p > 2. In the present paper, we consider homomorphisms
A(A) = A(w), where o has two parts. The main result, Theorem 3.1, provides sufficient arithmetic
conditions on A, i, and p so that Homgs(A(}X), A(u)) # 0, where S is the Schur algebra for GL,(K) of
appropriate degree. An explicit map is provided that corresponds to the sum of all standard tableaux of
shape u and weight A. The main tool of the proof is the description of Weyl modules by generators and
relations of Akin et al. [2].

The first examples of pairs of Weyl modules with homomorphism spaces of dimension greater than 1
were obtained by Dodge [6]. Shortly after, more were found by Lyle [14]. In Corollary 6.2, we find
sufficient conditions on A, u and p so that dim Homg(A(A), A(i)) > 1 and thus we have new examples
of homomorphism spaces between Weyl modules of dimension greater than 1.

By a classical theorem of Carter and Lusztig [3], the results in Theorem 3.1 and Corollary 6.2 have
analogues for Specht modules for the symmetric group when p > 2, see Remark 3.2 and the Remark
after Corollary 6.2.

Section 2 is devoted to notation and preliminaries. In Section 3, we state the main result, and in
Section 4, we consider the straightening law needed later. The proof of the main result is in Section 5.
In Section 6, we consider homomorphism spaces of dimension greater than 1.
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2. Preliminaries
2.1. Notation

Throughout this paper, K will be an infinite field of characteristic p > 0. We will be working with homo-
geneous polynomial representations of GL,(K) of degree r, or equivalently, with modules over the Schur
algebra § = Sk (n, r). A standard reference here is [8].

In what follows we fix notation and recall from Akin and Buchsbaum [1], and also Akin et al. [2]
important facts.

Let V = K" be the natural GL,(K)-module. The divided power algebra DV =", D;V of V is defined
as the graded dual of the Hopf algebra S(V*), where V* is the linear dual of V and S(V*) is the symmetric
algebra of V*, see [2], 1.4. For v € V and i, j nonnegative integers, we will use many times relations of

the form
0)y,0) — (4} ,(i+)
vy = (j )v s
where (’j’) is the indicated binomial coeflicient.
By A(n, r), we denote the set of sequences a = (ay, . .., a,) of nonnegative integers that sum to r
and by A*(n, r) we denote the subset of A(n, r) consisting of sequences A = (A, ..., A,) such that A, >

Ay -+« > A,. Elements of AT (n, r) are referred to as partitions of » with at most n parts. The transpose
partition A’ = (A}, ..., ) € AT(Ai, 1), g = Ay, of a partition A = (A, ..., A,,) € AT(n, r) is defined by A=
#Hi x> j}

Ifa=(a,...,a,) € An,r), we denote by D(a) or D(a,, . ..,a,) the tensor product D, V® - - ®
D, V. All tensor products in this paper are over K.

The exterior algebra of V is denoted AV =7
A(a) the tensor product AV @ --- Q@ A™V.

For A € A*(n, r), we denote by A(%) the corresponding Weyl module for S. In [2], Definition II.1.4,
the module A(A) (denoted K, F' there), was defined as the image a particular map d; : D(A) — A(A"). For
example, if A = (r), then A(A) =D, V, and if A = (1"), then A(A) = A'V.

AV. If a=(ay,...,a,) € A(n,r), we denote by

=0

2.2. Relations for Weyl modules.

We recall from [2], Theorem I1.3.16, the following description of A(}) in terms of generators and

relations.
Theorem 2.1 ([2]). Let A=(\y,...,A,) € AT(n,r), where A, > 0. There is an exact sequence of
S-modules

m—1 iyl O p

DD D0 kit LA — £ h) = DY) S AG) = 0,

=l t=1
where the restriction of U, to the summand M(t)=D,..., A+t Aisy—1t,...,A,) Is the
composition

M(0) 2220 DGt h = B h) o D(R),

where A :D(A;+t)— D\, t) and n:D(t, Aiyy — t) —> D(A;y,) are the indicated components of the
comultiplication and multiplication, respectively, of the Hopf algebra DV and d, is the map in [2],
Def.11.13.

2.3. Standard basis of A()

We will record here and in the next subsection two important facts from [2] and [1] specified to the case
of partitions consisting of two parts.
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Let us fix the order ¢, < ¢, < ... < ¢, on the set {e|, e,, ..., ¢,} of the canonical basis elements of the
natural module V of GL,(K). We will denote each element e; by its subscript i. For a partition u =
(1, 1) € At(n, r), a tableau of shape p is a filling of the diagram of u with entries from {1, ..., n}.
Such a tableau is called standard if the entries are weakly increasing across the rows from left to right
and strictly increasing in the columns from top to bottom. (The terminology used in [2] is co-standard’).

The set of standard tableaux of shape p will be denoted by ST(u). The weight of a tableau T is the
tuple o = (y, ..., o,,), where «; is the number of appearances of the entry i in 7. The subset of ST(u)
consisting of the (standard) tableaux of weight o will be denoted by ST, (1).

For example, the following tableau of shape u = (6, 4).

122|4\
21213

T=

is standard and has weight « = (3, 4, 1, 2).
We will use ‘exponential’ notation for standard tableaux. Thus for the above example, we write

13224
T=
2934
To each tableau T of shape © = (1, 1,), we may associate an element
xr = x7(1) ® x7(2) € D(p1, [L2)s

where x;(i) = 1@V . . . ) and a; is equal to the number of appearances of j in the i-th row of T. For
example, the T depicted above yields x; = 1¥92@4 ® 2@34. According to [2], Theorem I1.2.16, we have
the following.

Theorem 2.2 ([2]). The set {d) (xr) : T € ST(u)} is a basis of the K-vector space A(w).

If x = 1020 ... gl @ 10020 ... y® € D(), we will denote the element d/,(x) € A() by
1(“1)2(“2) - n(”n)
1002@) ..y | °

2.4. Weight subspaces of A(j)

Suppose n>r. Let v e A(n, r) and = (1, 1) € AT(2, ). According to [1], equation (11), a basis of
the K-vector space Homg(D(v), A(w)) is in 1-1 correspondence with set ST, (1) of standard tableaux of
shape © and weight v.

For the computations to follow, we need to make the above correspondence explicit. Let v =
V1, .y V) € A(n, ) and T € ST, (). Let a; (respectively, b;) be the number of appearances of i in the first
row (respectively, second row) of T. We note that v; = a; + b, for each i. In particular, we have a, = v,
because of standardness of 7. Define the map

¢r:D(v) = A(u),

XIQXQ - Qx, — Z d:L(xleiz(az) ce X)) @ Xy (2) - - '-xni,,(bn)/) ,

2 seensln

where Zij Xy, (as) ® x;, (by) is the image of x; under the component
D(v,) = D(ay, by),

of the diagonalization A : DV — DV ® DV of the Hopf algebra DV for s = 2, ..., n. Thus we have that a
basis of the K-vector space Homg(D(v), A(w)) is the set

{¢pr: T e ST, (W)}
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In particular, suppose A = (A, ..., ,,) € At(n, r) is a partition and p = (1, i4,) € AT(2, r) satisfies
Wo < A,. This inequality means that each tableau of shape w that has the form
1GD2@) . . . ppylam)
262) .. pplom)

is standard. Hence, we have the following result.

Lemma 2.3. Suppose n>r. Let ;, u € AT(n, r), where A = (Ay, ..., Ap) and = (1, o). If py < A,
than a basis of the K- vector space Homg(D()), A(w)) is given by the elements ¢, where

10-02@) . . . pylam)
I A U B

are such that

a;, bi 2 O, a; + bi = )"h (i = 2, ceey m)s

@+t an = — A, bt by =
Example. Suppose A = (A, 3,3) and ;t = (A, + 4, 2), where A, > 3. Then {[T], [T-], [T5]} is a basis of
Homg(D(A), A(i)), where

160203 140223 140233
1:3(2) s 2223 s 3:2(2)

Forx=1* ® 1?92 ® 3® ¢ D(A) and T = T,, we have

® A 42\ [ 104230 . A+ 1\ [10023@
pr={ ", 23 1 13 :

where the binomial coefficients come from multiplication in the divided power algebra DV

3. Main result

In order to state the main result of this paper, we use the following notation. If x, y are positive integers,

let
R(x,y>=gcd{("), ("“),..., (”y‘l)}.
1 2 y

If x is a positive integer, let R(x, 0) = 0.

Theorem 3.1. Let K be an infinite field of characteristic p > 0 and let n > r be positive integers. Let
A, 0 € At (n, r) be partitions such that A = (A, ..., A,) and = (y, 1), where 1, 20, m > 2 and 1, <
M < . If p divides all of the following integers

R()"l — M2 + l’l)’lzmin{)"b 1 )\1}
R()\'l + 1’ A‘i+1)’ i= 2’ w1 — 17

then the map

W=Z¢T

TeSTy (1)

induces a nonzero homomorphism A(L) — A(u).

Remark 3.2. Consider the symmetric group S, on r symbols. For a partition A of r, let Sp()\.) be the
corresponding Specht module defined in Section 6.3 of [8]. From Theorem 3.7 of [3], we have

dim Homg(A(4), A(w)) < dim Homs, (Sp(u), Sp(A)),
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for all partitions A, u of r. (In fact we have equality if p > 2 according to loc. cit.) Hence, our Theorem
3.1 may be considered as a nonvanishing result for homomorphisms between Specht modules.

Remark 3.3. Here we make some comments concerning the inequalitiesn >r, m>2 and p, < Ay < U,
in the statement of the above theorem.

(1) The assumption n > r is needed so that the Weyl modules A(L), A(jL) are nonzero. As is usual
with such results, it turns out that this assumption may be relaxed to n > m, since m is the
maximum number of parts of the partitions ,, (. This follows from the proof of the theorem to
be given in Section 5.

It is well known that if Homg(A(A), A(r)) #0, then A < in the dominance ordering,
meaning in particular that Ay < [,.

If m =1, then by the previous remark, Homg(A()X), A(wn)) =0, unless (1 = A, in which case
Homg(A(X), A(w)) =K by [10], the analogue for Weyl modules of 11.2.8 Proposition.

(2) In the above remarks, the corresponding inequalities were needed to avoid trivial situations.
The nature of the assumption (L, < A, is different. There are cases where nonzero homomor-
phisms A(L) — A(w) exist if W, > A,. For example, let n=3, p=2, A=(2,2,2) and 1 =

@

;3(2) , induces a nonzero map A()) — A(w).

(3, 3). One may check that the map ¢r, where T =

It would be interesting to find general results.
The main point for us of the assumption p, < A, is that every tableau T in Lemma 2.3 is
standard.

(3) If », =y, then ROAy — uy +1,1)=0 and the first divisibility condition of the theorem
holds for all p. The remaining divisibility conditions are exactly those for which we have
Homgy (A(As, ..., M), A(i2)) #0, where §'= Sx(n,r — Ay). This follows, for example, from
Theorem 3.1 of [17]. Hence, in this case, we have an instance of row removal which
states that dim Homg(A(A), A(u)) = dim Homy (A(As, ..., A,.), A(,)). See the paper by Fayers
and Lyle [7], Theorem 2.2 (stated for Specht modules), or the paper by Kulkarni [12],
Proposition 1.2.

For further use, we note that the divisibility assumptions of Theorem 3.1 may be stated in a different
way. For a positive integer y, let /,(y) be the least integer i such that p > y. From James [9], Corollary
22.5, we have the following result.

Lemma 3.4 ([9]). Let x >y be positive integers. Then p divides R(x, y) if and only if p© divides x.

4. Straightening

For the proof of Theorem 3.1, we will need the following identities involving binomial coefficients. Our
convention is that ({) =0if b > a or b <O0.

Lemma 4.1.
(1) Let a,my, ..., m; be nonnegative integers and m =m; + - - - + m.
a. We have
> () ()-C)
jittie=a M1 Js a

where the sum ranges over all nonnegative integers j, ..., j, such that j, + - - - +j, = a.
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= () )

Jot-His=

b. If m> 0, then

Oa

where the sum ranges over all nonnegative integers j, ..., j; such that jo + - - - + j, = m.
(2) Let a, b, ¢ be nonnegative integers such that b < a. Then

per () () e ()0

Proof.

(1) The identity in (a) is Vandermonde’s identity. For (b), we have

L)% 2 ) ()

JoteHis=m Jo=0 j1+-+js=m—jo
) m m,
=Z(—1Y0 3 <1><)
Jo=0 Jittis=m=jo N Js
m . m
=Y (=1 ( . )
Jjo=0 m=Jo
=0.

(2) The second identity is Lemma 2.6 of [14] for ¢ = 1. The first follows from the second with the
substitution j — ¢ — j. O

We will also need the following explicit form of the straightening law concerning violations of
standardness in the first column.
Lemma 4.2. Let n = (uy, o) € AtY(m, r), (ay, ..., a,) € A(n, ) and (b, ..., b,) € A(n, W,).

1@ . .. plaw
(1) If ay + b, > ,, then 160 . . . pon)

(2) If a; + by <, then in A(u) we have
1@ ... plaw b, +1i, b, +1i, 1@+bplar—i) ., plan—in)
[1(b]) TS } (=™ Z ( b, ), 2batid) . . plbutin) ;
19 5eensin

where the sum ranges over all nonnegative integers i, ..., i, such that i, + - - -+ i, =b, and
i, <a,foralls=2,...n

Proof.

(1) This is clear since there is no element in A(u) of weight (v, ..., v,) satisfying v; > u,.
(2) We proceed by induction on by, the case b; =0 being clear. Suppose b; > 0. Consider the
element x € D(i, + by, u, — by), where
x = J@+b@) ) @ ol o),

and the map

1
8 :D(py + by, — by) L@) D(piy, by, b — by) = D(u, us).
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According to the analogue of Lemma I1.2.9 of [2] for divided powers in place of exterior powers,
we have d), (8(x)) =0 in A(u,, p42). Thus

1@ ... pla _ Z by +j, b, +j, J@+bi=in@=p) . . . plan=in)
l(bl) .. n(bn) - . ‘ b2 bn 1(/'1)2(172+j2) .. n(bn+jn) *
Jtoeiin

where the sum ranges over all nonnegative integers ji, ..., j, such thatj, + - - - +j, = by, j; < b, andj, < a;
for all s =2, ..., n. Let X be the right hand side of the above equality. By induction, we have

X=—Y <bz+jz>“.(b,l +jn>(_ yy (bz +j241rk2>m<bn +jn{rk,1>
Flooiin bZ bn K2y b2 +.]2 bn +.]n

[ 1@+bnl@=in—k) ., . n(an—jn—kn)i|
9

Dbatjathka) L gy (bntinthn)

where the new sum ranges over all nonnegative integers k, ..., k, such that k, 4+ - - - + k, =j, and k, <
a, — j, for all s =2, ..., n. Using the identities

by +js\ (bs +is+ki\ _ (bs+Js+k\ (Js +k
bS bS +jf N bS jS ’
for s =2, ..., n, we obtain

R R G
b2 bn J2 Jn

[ 1(a1+b1)2(a27j27k2) .. n(“n]‘n"n)}

2b2tiatka) Ly bntintkn)
The coeflicient ¢ of
1@+bnpaz—id) . . . y(an—in)
2batin) .. n(bn+in)
in the right hand side of the above equation is equal to

X (R (R (1)
Tvdn Ko by by ) Jn

Jstks=is

where the sum is restricted over those ji, ...,j, and k,,...,k, that satisfy the additional conditions
Js +k,=1i,forall s=2, ..., n. Hence

=y e () (0 ()

J1sdin
b2 + 12> (bn + ln) i (;2) C;z)
- _ =) (")
( bz bn ]l»len 2 n

Remembering that in the last sum we have j, < b, Lemma 4.1 (1)(b) yields

Z (— 1y <:2> ce. (::”) =0— (= 1.
2 n

J1seeeddn

Thus e= (= 1 (57%) -~ () 0

bn
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5. Proof of the main theorem

Consider the map 1 € Homg(D(X), A(w)) given by the sum
w = Z ¢T7
TeST; (1)
in the statement of Theorem 3.1 We will show, according to Theorem 2.1, that {(x) = 0 for every x €
Im(0,). First we look at the relations corresponding to rows 1 and 2 of A(}).

Relations from rows 1 and 2
Letx = 1%0 @ 102%2=0 @ 303 ... y®m) ¢ Im(CJ,), where t < A,, and let T € ST, (1¢). Then T is of the
form

10»1)2(642) .. m(am)
T= 5o pow €S,

where the a;, b; satisfy the conditions of Lemma 2.3. Using the definition of ¢, from 2.4, we have
A0\ [ 1¢402@=03@) . . ppylam)
or(x) = Z ( ; ) |:1(ti)2()\zruz+i)3(b3) . ,m(bm)i| :
i<t

If (&, +19) + (¢t — i) > uy, then by the first part of Lemma 4.2 we obtain ¢(x) = 0. Hence we may assume
that t < min{A,, i, — *,}. Using the second part of Lemma 4.2, we have

A | ) by—ky—---—k,\ [(bs+k b, +k,
¢T(x>=Z<li+l)(—l)” > ( " )( ,j)( ,j)

i<t ko tky=t—i

1(A]+1)2(a2+k3+-~+km)3(a3—k3) .. m(tlm—km)
2(b2—k3—~~~—km)3(b3+k3) v oo g bmtka)

11409 @kt 3@ k) | . y(am—kn)

Let ¢ € K be the coefficient of :| in the right hand side of the last

2(b27k37"‘7km)3(b3+k3) .. m(berkm)
equation and let k =k; + - - - + k,,. Then

! )\.1+l - bz_k b3+k3 bm+km
— — 1) SR
(T (2 ) (0
t—k .
)\‘ +l . bz—k bg‘i‘k} b +k
:_lk 1 _lt—k—t L e m m
( )(Z< i >( ) (r—k—i))( ks ) ( £, )
—(— 1) AM—by+1t\ [(Ds+k; b, +k,
B t—k ks kn )
where in the third equality we used the first identity of Lemma 4.1 (2). Thus

A — b2 + 1 b3 + k3 bm + km 1Dtk 3as—ks) . . pglam—km)
¢r(x) = Z (= 1)k( f—k )( wo )k 2brR3brtks) . .yt g
k3o > "

where k = k; 4 - - - + k,, and the sum ranges over all nonnegative integers ks, ..., k,, such that k < b, and
k,<asforalls=3,...,m.
By summing with respect to 7 € ST, (1) and using Lemma 2.3, we obtain

B (M (b ks (b,
Y=Y Y ( 1)( s )( ‘@ ) ( ‘. ) (1)

by K3k

2(b2*k)3(b3+k3) .. m(bm+km)

[ 1A 1+D@+0 @3 —ks) . m(amkm}
b
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where the new sum is over all nonnegative integers b,, ..., b, suchthatb, < A,(i=2,...m)and b, + - - - +

bm = M2.
Fix
1(M+7)2(ﬂz+k)3(a3*k3) .. m(am*km)
[S1= |:2(b2k)3(b3+k3) o bt :| € A,
in the right hand side of (1) and let g=pu, — (b +k;) —--- — (b, +k,). Then g=>b, —k. The

coefficient of [S]in (1) is equal to

R )\.|—C]—k+t b3+k3 bm+km
;( 1)< r—k >k Z( ks ) < ko >
3+ thm=k
_Z(_l)k M—q—k+1t\(pu—q
i t—k k

_<)»1—ll«2+l>
t

=0,
where in the first equality we used Lemma 4.1 (1)(a) and in the second equality we used the second
identity of Lemma 4.1 (2).

Relations from rowsiand i+ 1 (i > 1).
This computation is similar to the previous one but simpler as there is no straightening. Let y =
"R  I*QiVi+ DH** Q... m*) e Im(,), where i > 1 and ¢ < A,,,. As before let

)
T= 5. .. o €SGO

The definition of ¢ yields
a;+7\ (bi+1t—7\ [[1002@ ... @t 4 1)@m= .. . plam
¢’T(Y) = Z ( j )( t—j ) |:2(b2) .. i“’"*”j)(i + 1)(b,+1—r+j) e |t
J=t

By summing with respect to 7' € ST, () and using Lemma 2.3, we have

o= () @

by,...by j<t t_J
1G-0202=b2) ., i(*i*biJrj)(l' + 1)(}~/+1*bi+1*/') « oo g Gm=bm)
202) . l'(hiJrf*J)(i + 1)(b;+|7r+1) .. ,m(bm)’

where the new sum ranges over all nonnegative integers b,, ..., b,, such that b; < A; (i=2, ..., m) and
by+ -+ by = .
Fix
1002G2=b2) .. l'(?»i*bﬂrj)(i + 1)(M+1*bx+|*j) v o g =bm)
[ST=| 5n ... sitii(; (big 1=+ (bm) € A(u),
2 | J(l+1)l+ Deoem

in the right hand side of (2) and let ¢ = b; — j. The coefficient of [S] in (2) is equal to

DO

J=t

where in the first equality we used Lemma 4.1 (1)(a).
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We have shown thus far that the map = Zresm . @r induces a homomorphlsm of S-modules
¥ 1 A(L) = A(w) and it remains to be shown that ¥ #0. Let z=1*"® - .- @ m® e D(A) and T €
ST, (). Then from the definition of ¢, we have ¢,(x) = [T] and hence

Y= Y ITl.
TeST) ()
The right hand side is a sum of distinct basis elements in A(u) (each with coefficient 1) according to
Theorem 2.2 and hence nonzero. The proof is complete.

Remark 5.1 Lyle has shown in [15], Propositions 2.19 through 2.27 and subsection 3.3, that the homo-
morphism spaces between Specht modules corresponding to partitions A = (A, ..., A,), it = (U1, U2) of
rwith [, < Ay, over the complex Hecke algebra H = Hc ,(6,) of the symmetric group S,, where q is a
complex root of unity, are at most 1 dimensional. Furthermore, she proves exactly when they are nonzero
and provides a generator which turns out to correspond to the sum of all standard tableaux in ST, ().
(Note that our X, ju are reversed). In the statement of Theorem 3.1, a similar map is considered and there
are some technical similarities between the proof of our main result and [15]. However, we show in the
next section, our modular homomorphism spaces may have dimension greater than 1.

6. Homomorphism spaces of dimension greater than 1

As mentioned in Introduction, the first examples of Weyl modules A(A), A(x) such that
dim Homg(A(A), A(i)) > 1 were obtained by Dodge [6]. More examples were found by Lyle [14], in
fact in the g-Schur algebra setting. The purpose of this section is to observe that the homomorphism
spaces of Theorem 3.1 may have dimension > 1, see Corollary 6.2 and Example 6.4 below.

We recall the following special case of the classical nonvanishing result of Carter and Payne [4].
Here, boxes are raised between consecutive rows. See [16], 1.2 Lemma, for a proof of this particular
case in our context.

Proposition 6.1. ([4]). Let n > r. Let A, u € AT (n, r) such that for some some d > 0 we have u = (A, +
d, Ay —d, A3,y ...y Ay), where A = (M, ..., ). Suppose p divides R(A, — A, +d + 1, d). Then the map

C{:D(}H,)\.Q,...,)\. ) 1®A®I D()\'lad )\-2 _d )"m)
P2 DO +d,hs — d, s 2,

where A : D(A,) — D(d, A, — d) is the indicated diagonalization and n : D(A,,d) — D(\, + d) and the
indicated multiplication, induces a nonzero homomorphism A(L) — A(w). The main result of this
section is the following.

Corollary 6.2. Letn>r. Let A, u € AT (n, r) such that A = (A, ..., A), Ay #0,m >3 and = (g, L2).
Define d = 1y — A and assume 0 < d < A, — A; and [, < Ay. If p divides all of the following integers

(1) RO — pua+1,4d),

(2) RAi+1,A41),i=2,...,m—1,
(3) ROy — X +d+1,4d),

(4) R(h —d+1,13),

then the dimension of the K-vector space Homg(A(A), A(w)) is at least 2.

Proof. By the first two divisibility conditions, the map
> ¢r:D() — D(),

TeSTy (1)

induces a nonzero homomorphism v/, : A(A) — A(y) according to Theorem 3.1.
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Next consider the following maps
o D()\.l, )\,2, vees )‘m) —> D()\'l + d, )\.2 — d, sery )\.m),

as in Proposition 6.1 and

where ' : D(A, — d, ..., A,,) &> D(Ay —d + A3 + - - - + A,,) is the indicated multiplication.
Under assumption (3), we have that « induces a nonzero map

&:AQ) = DOy +d, o — d,y ooy A,

according to Proposition 6.1
Under assumptions (2) and (4), we have that 8 induces a nonzero map

B:AG+dhy—d, i) —> Ay +d dg —d+ A5+ -+ 1),

according to Theorem 2.1 B B
Consider the composition ¥, = B : A(L) — A(u) depicted below, where Weyl modules are indi-
cated by the diagrams of the corresponding partitions.

?Al 5—’4_5 )L]+d S]lmtd
L a
%

] D

It remains to be shown that the homomorphisms v,, v, are linearly independent. Let z =d, (1%’ ®
- ® m*) € A(X). From the definitions of the maps, we have

Vi@= Y [T

TeST; ()

_ 10-00@
Yo (2) = |:2(k2d) . m(""):l :

and

1¢:02@
It is clear that 20200 .yl € ST, (). Since Az > 0, the set ST, () contains at least two elements.
Hence, from the above equations and Theorem 2.2, it follows that the maps 1/71, 1Z2 are linearly
independent. O

Remark The assumptions of Corollary 6.2 imply that for the corresponding Specht modules we have
dim Homg, (Sp(n), Sp(X)) > 2. See Remark 3.2.
Example 6.3. Let p be a prime and a an integer such that a > (p* + 1)(p — 1) and
a=p—2 mod p’.
Consider the following partitions

A=@?2p—1,(p— 1)')2),
=(a+p, P+ p-1),

where p — 1 appears p* times as a row in A. Using Lemma 3.4, it easily follows that the assumptions (1)
- (4) of Corollary 6.2 are satisfied. For example, we have

o+ l=p—2—@*+Dp—-1D+1=0 mod p?
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and hence by Lemma 3.3, d=p divides RO\, —u,+ 1,d) which is assumption (1). Thus,
dim Homg(A(X), A(u)) > 2.!

For p =2, the least a that satisfies the above requirements is @ = 8 and thus we have the partitions
A=(8,3,1,1,1,1), u = (10, 5). This pair appears in Example 4, Subsection 2_.3, Of Lyle’s paper [15]
which prompted us to consider Corollary 6.2 and in particular the composition ¥, = Ba : A(A) — A(w).
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'We note that for fixed p, it follows from the main result of [18] that the dimension of Homg(A(2), A(r)) does not depend on a.

Forp=

3, this means that dim Homg(A (%), A(n)) =2 for all a, see [18], Example 2.4.
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