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Singular Integrals on Product Spaces
Related to the Carleson Operator

Elena Prestini

Abstract. 'We prove LP (T?) boundedness, 1 < p < 2, of variable coefficients singular integrals that
generalize the double Hilbert transform and present two phases that may be of very rough nature.
These operators are involved in problems of a.e. convergence of double Fourier series, likely in the role
played by the Hilbert transform in the proofs of a.e. convergence of one dimensional Fourier series.
The proof due to C.Fefferman provides a basis for our method.

1 Introduction

After the initial papers [7, 8], the theory of singular integrals on product spaces
R™ x R™ received further contributions [15, 17, 19, 20]. R. Fefferman and E. M.
Stein [8], motivated by some boundary-value problems, introduced singular inte-
grals whose kernel K(x', y’) cannot be written in the form K; (x")K,(y’) so that their
L? boundedness cannot be obtained immediately by an iteration argument. As an
example we mention the singular integral

11
//D J77f(x—x',y —y)dx'dy’

in case D is a subset of R? symmetric with respect to the origin, but not a rectangle, as
defined, for instance, by |y’| > |x’|. Under some smoothness conditions on K(x’, y’)
— in our example this means some regularity on the cutoff associated with the set
D — they proved L? boundedness, 1 < p < oo, of the singular integrals as well as
maximal inequalities.

Open problems of convergence almost everywhere of double Fourier series are the
motivation of this paper. Let us mention the a.e. convergence of the square partial
sums Syy for Walsh series [11] and of the rectangular partial sums Syyz, for Fourier
series [2,4] and Walsh series as well, acting on L?(T?) spaces, 1 < p < 2. We will
introduce operators that belong to the family of singular integrals with variable coef-
ficients and generalize the double Hilbert transform in a radical new way. Their main
feature is a variable phase possibly of very rough nature.

The a.e. convergence of the partial sums Sy f for one-dimensional Fourier series of
L? functions, 1 < p < 00, has been obtained by proving L? estimates for the maximal
partial sums operator supy |Sx f(x)|. This is controlled by the Carleson operator,
which shows a bounded integer valued phase n(x) as follows

™ ein(x)x’
Cf(x)z/ flx —x")dx',
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provided the L? estimates are independent on #(x) and its L norm. The proofs
[1,5,12,16] rely on the maximal Hilbert transform, with the Hilbert transform itself
defined for any real number &, as follows:

m ezfnx’
Hlf(x):/ flx—x")dx'.

!/
e X

This operator, being equal to ¢*“*H (ei&’xl f(x))(x), is immediately reduced to the
standard Hilbert transform H. Let us observe that H; is just the Carleson operator in
the special case in which #(x) is replaced by a constant.

We are concerned with singular integrals that in two dimensions, relative to the
open problems mentioned above, appear to play the basic role that the Hilbert trans-
form H; plays in the one dimensional proofs. As one might expect, the Carleson
operator will be involved.

Let us consider initially the square partial sums. The operator supy, |Snn f(x, )|
leads to the following singular integral

T GiNGy)x” GiN(x )y , o
[ﬂ[ﬂ o 7 flx—=x",y—y")dx'dy
with N(x, y) any bounded integer valued function. Let us replace the phase N(x, y)

by a function depending on one variable only. We denote such a function by M(x).
If the order of integration is as follows

I eiM(x)y/ 7T eiM(x)x'
/ - (/ f(x—x',y—y’)dx’) dy’,

/
—T y —T x

the operator is seen to be equal to eiM(")yHy/(e’iM(")y/CX/f(x, ¥ ) (y). Hence it re-
duces to the Carleson operator C acting on the variable x’ followed the Hilbert trans-
form H acting on the variable y’. The order of integration ought to be reversed to
decode the above operator, if N(x, y) were replaced by a function R(y).

Now we observe that it is only natural to split (smoothly) the domain of integra-
tion into two regions |y’| > |x’| and |y’| < |x’|, giving rise to two similar operators.
All this led us to study the following singular integral

T eiM(x)y' eiM(x)x' , , , ,
1) / (/ fle=x'y =y ax')dy'
/[ <[y”]

/ !
I 4 X

We prove its L? (T?) boundedness, 1 < p < 2, with norm independent on M(x) and
its L°° norm. If the phase N(x, y) were replaced by R(y) our proof will run similarly,
with the order of integrations reversed.

We also consider the rectangular partial sums Syn2 f. In this case the singular
integral to which we are led has the phases changed accordingly and the domain of
integration split differently. The natural (smooth) subdivision is still along a straight
line, though its slope depends on M(x) as follows

us eiMz(x)y’ eiM(x)x/
) / : (/ " 'y — " dx’) dy'
Y I/ |<M@)yr] ¥

-7
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We shall also prove maximal inequalities relatively to (1) and (2). In [21] these results
will find a first application to the mentioned a.e. convergence problems.

Our method which makes use of the full structure of the proof of the a.e. conver-
gence of Fourier series given in [5] requires, in turn, the boundedness of the operators
obtained by replacing all phases in (1) and (2) by constants. Singular integrals with
domains of integration depending on one space variable — the x variable in (2) —
and constant phases were studied in [17] to be applied in [18].

2 Notations and Statement of Results

To smoothly define our kernels, we need a smooth partition of unity. We decompose
the kernel % by writing ;. (x’) = 2F(2kx’), 1(x’) being a C> function supported
on {|x’ |< 2w} such that & = >~ 4y (x’) for |x'| < 7.

For i = 1,2,3 we shall consider the operators P;, defined in principal value, as
follows

Prfx,y) = MOy (y") Y MO ()« flx, p),

h=0 k>h

Pafx,y) =D M yy(yy ST MOy () # flx, y),
h=0

2-k<(2-ha,1)

Pifey) =D MO ) ST MOy ) x flx, ),
h=0

27k< (27 14M(x),1)

where we assume o > 1, M(x) > 1 and denote by (3,7) = min[3,y]. We shall
prove the following:

Theorem 1  Let M(x) be a bounded real valued function greater or equal to one. Then
the operators P; f, i = 1,2, 3 defined above, are bounded from L' (T?) to LP(T?), 1 <
p < r <2, with norm independent of f, o, M(x) and its L>° norm.

Maximal inequalities, as well as a stronger result in L%, hold. In [20] we proved
the following theorem relative to even more general operators.

Theorem 2 Let M, (x) and M, (x) be bounded real valued functions. Then the opera-
tor

Poflx,y) =D MO gy ST MOy (x) x flx, y)
h=0

2=k<r(hx)

is bounded from L*(T?) to itself with norm independent of any measurable 0 <
r(h,x) < 1, of the phases M, (x), M, (x) and their L norms. Moreover the maximal
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operator P satisfies the following pointwise inequality

j’of(x, y) = sup

0

Z eiMZ(x)ylwh()’/) Z eiMl(x)xll/Jk(X/) * f(x, )/)

h<hy 2=k<r(hx)
< C{M},/C'x/f(x, y) + My Pofx,y)}.

Above we denote the Hardy-Littlewood maximal function acting on the variable y’
by M, and the maximal Carleson operator acting on x’ [14,17] by Cy..

The paper is organized as follows: (a) Decomposition; (b) Admissible pairs;
(c) Incomparable pairs; (d) Trees and branches B; and B,; (e) Main lemmas for B,;
(f) Main lemmas for By; (g) Proof of Theorem 1.

We shall prove Theorem 1 for the operator P = P, and give indications of the
changes to be made for P, and Ps. The proof proceeds by showing appropriate two
dimensional analogues of Lemma 0-5 of [5], whose ending combinatorics are used
unaltered. The study of trees and branches is based on the L? boundedness, 1 < p <
00, of Py in case of constant phases M, (x) and M, (x), proved in [17].

3 Decomposition

To a pair p = [w, I] consisting of dyadic intervals w C Rand I C T,|I| = 27* (the
Lebesgue measure on T is normalized to %) and |w| = [I|7!, with the associated
set E, = {x € I|M(x) € w}, in [5] there corresponds the one-dimensional oper-
ator T,g(x) = [eiM(")"lwk(x’ ) * g(x)]xE, (x) and in our paper the two-dimensional
operator

Spfx,3) = | D2 M9 (MO Y () ¢ flx, )] X ).

h<k

It is easily seen that

(3) Spf(x, y) = MOVH,, (em MO T f(x, y'))(y)

for every y € T, where H,, denotes a truncated Hilbert trasform. To complete the
understanding of S, f recall that | T,g(x)| < c(Avy-|g|)xE, (x) where I* is the double
of I and Avy- |g| = |1_1\ Ji 1g(x")|dx’.

Then

Pfex,y) =D Spflxy),

peB

where B denotes the set of all pairs p = [w, I].
Pairs will be subdivided into collections F,, = {p € B | 27""! < A(p) < 27"}
depending upon the number

A(p) = sup ‘EP//| (distance (w,w’) + ‘w|) —2000
pr=to' 1 1] |
cr
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manifestly related to ||T, |3 = % Then B = [J;2 ) Fo-
A partial order is defined among pairs, namely p < p’ ifand only if I C I’ and
w2 w'.

4 Admissible Pairs

For any dyadic interval w C R, let @ be the next larger dyadic interval containing w,
and let w* be the double of w. We say that w is central if w* C & and that [w,I] € B
is admissible if w is central.

In [5], by means of Lemma 0, it has been proved that it suffices to study

> T

pEB
padmissible

in place of Y pen Tpg(x). Similarly we have

Lemma4.1 Pf(x,y) = 2limy_ ﬁ fi\]N Pef(x, y)dE where P¢ is defined, with
respect to a new dyadic grid G¢ centered at £, as P is defined with respect to the dyadic
grid G centered at £ = 0.

Therefore we are allowed to consider only admissible pairs p. Henceforth, we will
denote by

Pf,y)= Y. Spflxy)

pEB
p admissible
5 Incomparable Pairs

Given any collection Q) of pairs, no two of which are comparable under < (therefore
the T,g(x)’s live on two by two disjoint sets E, ) and such that A(p) < d forall p € Q,
it is proved in [5] that

(4) | S 18| < s gl anyn>0)
peQ ’

where % + r—l, =1land 1 < r < 2. (See Lemma 2 of [5] and Lemma 2’ of [6]).
Similarly we are going to prove that

Lemma 5.1 Let Q) be a set of pairs no two of which are comparable under <. Assume
A(p) < dforallp € Q. Thenforl <r <2,

| S spsee | <o lfl, (anyn>o0).
peQ r
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Proof The operators S, f(x, y) live on two by two disjoint sets E, x T. Therefore

| st = lspseepl

peQ peQ

By (3) and the boundedness of the truncated Hilbert transform H,/,

Z 1S £ ¢ W|Lr(anayy < Z [Ty f(x, ")

peQ peQ

’
Lr(dxdy’)

for almost every x fixed. Then the lemma is proved by exchanging the order of inte-
gration at the right-hand side and applying (4). ]

Remark 5.2 Lemma 5.1 holds as well for P, f(x, y). The only change has to do

with the truncation of H,: for a fixed p = [w, 1], |I| = 27, the truncation will be at
27h > 2t instead of 2% > 2k,

«

Remark 5.3 Lemma 5.1 holds as well for P; f(x, ). Because of Remark 5.2 the
truncation of H,/ is fixed at 27h > 2t since x is fixed due the chosen order of

; : 4M(x)?
Integration.

6 Trees and Branches
Recall that a tree P with top p° = [w?,I°] is defined to be a set of pairs with the
properties
(a) p<p’' <p”, p’admissibleand p,p’”’ € Pimply p’ € P;

(b) p< p°forall p € P.
The corresponding operator, supported on E = | J

pePEp, 1s

Tg) = > M)« glx),

Ko (%) <k<K; (x)
keD

where D = {k > 0 | w(k) is central}. Let us state Lemma 3 of [5] and the relevant
features of its proof.

Lemma 6.1 ( [5,Lemma3]) Let P be a tree with top p° = [w°,I°] and suppose
A(p) < b forall p € P. Then ||T||, < 67,1 <r<2.

Proof The proofis based on the following decomposition of T where &, the mid-
point of w?, is assumed to be zero without loss of generality and where

(5) M _ 1) < |M(x)|]x| < 250 |x| < 1.
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Then
(6)
Tewl <| 2wl g
Ko (x) <k<K(x)
keED

S (@MY — D) #glx)

Ko (x) <k<K; (x)
keD

Sc{ sup (%/U |R>kg(x+z)|dz)

o>2 Ky (x) —0

1
+ sup (20 / lg(x+2)| dz) + ZKO(X)X|x1|S2—K0(x) (x") * |g|(x)}

o>2-Kiw

< cMpg(x) + cMy(R * g)(x)

where R(x") = > o, ¥r(x').

Denote by {I;} the maximal dyadic subintervals of I°, such that IEC T;II’I)I > J. Set
E; = E(wy, I;) and E; = E; N I,. Then {I;} is a non-trivial partition of I°, “I ‘l < ¢f,
and if [w,I] € PINIL # @ then I, C I and E, NI, C E;. We define, for x €
I, Mog(x) = sup; ¢, ﬁ fI |g(x)|dx" if x € E; and Myg(x) = 0 if x ¢ E;. Therefore

[|Mol], < ¢,07 (see also [5, (9)]). This proves the lemma. [ |
Remark 6.2 Equation (6) also holds for

> eMOy) #g(x),
h<k<K(x)
keD

any Ko(x) < h < K;(x), since [M(x)||x'| < 2K0®2=h < 1, Therefore

W () % g(x)

sup
Ko(x)<h<K(x)

< cMopg(x) + cMp(R * g)(x).

h<k<K(x)
keD

Associated to a tree P we are going to consider the two-dimensional operator

Bf(x,y) = > _ My (y ST MO ()« f(x, )
h=0 Ko (x) <k<Ki (x)
keD
k>h
if (x,y) € ExT; Bf(x,y) = 0 otherwise. We split B into two branches B, f(x, y)
and B, f(x, y) that live on E x T where

Biftey)= > M0 Y MO ) « flx,y)

Ko(x)<h<K(x) h<k<K(x)
keD
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and

Byf(e,y) = D M) YT @MO¥x) « flx, ).

h<Ko(x) Ko(x) <k<Ki(x)
keD

B, is the easiest since its domain of integration is a rectangle. Clearly B = B; + B,.
We are going to prove

Lemma 6.3 IfPisatree and A(p) < 6 forall p € P then ||B||, < ¢.67,1 < r < 2.

Proof We have (see also (3))
(7) By f(x, y) = MV H, (e ™M@ T f(x, y'))(y),

where H,s denotes here the Hilbert transform truncated at 2-Ko™ 4 fixed truncation
since x is fixed. Therefore for almost every x fixed

(B2 f (e, ) lertayy < erlITFGe y) |erayny-

Now integrating in dx both sides, exchanging the order of integration on the right-
hand side and applying Lemma 6.1 we obtain

(8) B2 £l < 07 |l
We are left to prove
) 1Bl < 7|1l

This will be done by writing B, f(x, y) as a sum of two terms

B; f(x, y) = main f(x, y) + error f(x, y)

defined in (10) and (13) below. We are assuming £° midpoint of w’, to be equal to
zero without loss of generality. Then

(10)  main flx, )= Y. wnly) DY, M) # f(x,y)

Ko(x) <h<Ki(x) Ko(x) <h<k<K(x)
keD

= vn(y) D> M)« flx, y)

h<Ki(x) Ko(x)<h<k<Ki(x)
keD
=l DD M)« flx, ).
h<Ko(x) Ko (x) <k<Ki (x)
keD
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The second term, somewhat simpler than B,, satisfies (8). For the first term we prove

that

(11)

ool Y M) x flx,y)
h<K;(x) Ko(x) <h<k<Ki(x)

keD

— OO =Y e x> M) S, y)‘
h=0

Ko (%) <h<k<Ki(x)
keD

< CZ*K‘(")XW,KZ_KM(y’) *  sup
Ko(x)<h<Ki(x)

> MOy () # flx, y')’ ()
h<k<Ki(x)
keD

Sy s D M)« £ )| ()

+ 27 e () *

h=0 Ko (x) <h<k<K(x)
keD
27Kk iM(x)x” / ’
1 X)X
+ c—( N T * sup E e Yr(x") * fx, 9| (y)
y Ko)<h<Ki@) |y < 25 ()
" keD

where §(y’) is a positive C>° function supported on {|y’ |< 1} such that

1
/ 9(}//) d)// =1 and 9;,(}//) = 21’19(2;1)//)

-1

For if [y’| < 100275, then 37, ¢ o [¥n(y")| < 25 and also [|0k, ol <
2K If |y’ > 1002-K1%), then Z}io vp(y’) = Zthl(x) ¥n(y’) and therefore

> ) = Ok () + Y (")
=0

h<Ki (x) h

| [ 2 0= 0~y ity dy”

h<K;(x)
<c / S k(2D 0k, (") dy”’
h<K;(x)

Z*Kl(x)
<c——5
(y')?

for a suitable # = 7#(y'’). Now (11) implies the following inequality for the first term
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on the right-hand side of (10)
12| > w00 D IR« f )

h<K;(x) Ko(x) <h<k<K; (x)

keD

<M,/ sup ()

N Ko(x)<h<K, (x)

> MOy () # flx,y)
h<k<K(x)
keD

My (Y0 D ) S ) ).
h=0 KO(X)SIIZSkSKl(x)
€D

Both terms on the right-hand side of (12) satisfy (9), as we shall prove, due to their
action on the x’ variable. For the first of the two, this is Remark 6.2, since

sup |y M) ey
Ko()Sh<Ki)| p <<k, (x)
“keD

< sup [cMof(x,y/) +cMo(R = f)(x, ")

Ko(x)<h<K;(x)
+ 2"\ <o () f(x, J’/)}

< eMof(x, y') + cMy(R  f)(x, y").

For the second term, we set

(oo}
Hf(x,p) =Y wn(yN = D> M) = flx, ).
h=0 Ko(x) <h<k<K;(x)
keED
Hj; can be studied as in [17, Theorem 3]. We gain a factor of § 7, needed for (9), by
pointing out that every time the maximal function M, appears in the proof of [17,
Theorem 3], we can write M in the present case. We sketch this.
For almost every x fixed,

||H3f(x7 }’)

3
Lr(dy) = H (Z |S;H; f (x, J’)\z) HL,(M
7

by an application of the classical Littlewood—Paley S-function acting on the variable
y'. With J = [2,21) h § 0 (and then J = (—2"1 —2h]),

S/Ha )| = | /] > { ;wh)’a)dt +n2h]
h

% Z eiM(X)x,wk(x/) *f‘(x’ ?7) dn‘
Ko (%) <h<k<K(x)
keD

< [SVHs f(x, )| + [SPHs f(x, )|
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where

ISPHs f(x, )| <D 1" sup ST MO y(x') # 85 (x, y)
h=0 Ko(x)<h<K;(x) h<k<K(x)
keD

< eMySf(x, y) + Mo(C * Sy) f(x, y)

by exchanging the order of integration, with Cg(x) = >, My (x7) * g(x)
denoting a kind of Carleson operator [22]. We have used the inequality Cg(x) <
Mg(x) + MCg(x) for the Carleson maximal operator. By vector valued estimates for
the maximal function and for the Carleson operator itself [9, Theorem 6.4, p. 519],
we have

| (S ispmseenr)”
J

r r

<ol (i)

L' (dxdy) Lr(dx'dy)

<Ol fllz

L’(dx’dy’)'

Next is

IS\ Hs f(x, )|

< /]hz ' ()] sup

Z eiM(x)x/wk(x/) * 88y f(x, y)| dt

h<k<Ki(x)
keD

Ko(x)<h<Ki(x)

<c Z\(Z/Jh (1) [MoS:S; f(x, y) + similar term] dt
T h=0

<c (/ |M05t51f(x7)’)|2 d'y(t)) + similar term
]

by exchanging the order of integration again. Here dy(t) = 3, |(¢,)’ ()| and S,
denotes the multiplier transformation corresponding to the interval [¢, 2/*1).

Then by a continuous version of vector valued estimates for the maximal function
we obtain

H (Z|S,H3f(x o ) ’ by <e (/OOO IMoS:S; f(x, y)|? dv(t)) H L (dxdy)
<¢b ‘ (/0 1S:S1f (" )P dry(t)) ‘ L'(dxdy)
<¢d (Z /] S F dy(t)) % Lr(dx'dy)

]

https://doi.org/10.4153/CJM-2006-007-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2006-007-5

Singular Integrals on Product Spaces Related to the Carleson Operator 165

‘(ZISJf(x’,y)\z) ‘ r
]

<o

Lr(dx'dy)

<cd|f
by [23, Theorem 4’/, p. 103], by the fact f] dv(t) < c and by Littlewood-Paley

theorem again. This concludes the proof of || main ||, < ¢,6°.

.
Lr(dx’dy")

Next is
(13)
error f(x,y) = Z (eiM(")yI — l)wh(y’) Z eiM(")"/wk(x’) * f(x, ).
Ko(x)<h<Ki(x) hﬁl;égl(x)

By (5) and (6)
lerror f(x, y)|

S Z |eiM(X))// _ 1||,¢h(y/)‘ Z eiM(x)XI’l/Jk(x/) " f(x, y)
Ko(x)<h<Ki(x) h<k<K(x)
keD

<c D 1M [y IMof (x, ') + Mo(R * f)(x, )]

Ko(x)<h<Ki(x)
< CZK"(X)X|yI|§2—KU<x1 (") * [Mof(x,y") + Mo(R * f)(x, y)](y)
< CMy’Mof(X,)/) + CM}/’MO(R * f)(X,)/)

Therefore ||error||, < ¢,0 7 because this estimate holds for M. Thus (9) is proved
and therefore Lemma 6.3. |

In the above proof, the role of Carleson operator could be taken by the Hilbert
transform: it suffices also to replace the other occurrence of M(x) in the definition
of main f, by the very same constant &, (that was assumed to be zero). More error
terms correspond to this choice.

Remark 6.4 The analogue of Lemma 6.3 holds for P = P, as well. Clearly (7)
holds the corresponding B, namely

Yo MG Y M)« flxy)
27h2 2— “U(x) KU(X)%EkgKI (x)
and similarly for the main term of the corresponding B, defined in (10). For instance
the first term, on the right-hand side in the analogue of (10), satisfies the correspond-
. . . . N 1 .
ing estimate (12). Therefore its L” norm is dominated by ¢, since

iM(x)x" ’ ’
sup ST MO ) x flx, )
¢ S2’h§¢ 2 KIW <k < gp—h
keD

< eMof(x, ") + cMo(C * f)(x, ")
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For the “error term” in the analogue of (13) it suffices to observe that

Z MO )by (3]

*Ko()

AWy g 2@

< alMx)||y’| > [n(y")|

2= Kl <2 ;,<z Ko()

S azKo(X)X‘yI‘< Ko (y/)

Therefore the corresponding operator is dominated by M, /.

E. Prestini

Remark 6.5 Lemma 6.3 holds for P = P5 as well. Regarding H3, the summation
over k now becomes 27X1®) < 2=k < 2-h4pf(x) < 275 and the estimates involv-
ing the maximal function M, still hold, since M, is related to the unaffected lower

bound 2 K1),

Regarding (13) we write the error term of the present case with &, generic and

observe that the estimate now involves

> M — e gy ()],

= I\l(x ! 2 Ko(v
e <a—h< 20

which is still dominated by M, since

IM2(x) — &) |y'| < 4M(x)|M(x) — &l |y'| < 1.

7 Main Lemmas for B,

Since B, has been decoded in (7), we can imediately state

Main Lemma 1  Let {P;} be a family of trees with tops [w?,I?].
[w], ]] € P; for each j and that

(a) A(p) < dforanyp € Pj;

(b) p £ p' forany p € Pj,p" € Pyr, j # j';

(c) no point of [0, 2] belongs to more than K6~ of the I.

Then there exists a set F C [0,27], |F| < c " with the property

HZB?f(x’y)‘
j

forall f € L*(T?) and every K > 10.
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Proof Due to property (b) the operators T*g(x) live on two by two disjoint sets E;.
Therefore

, 2 : 2
I5277 ] = s

< ¢,(1gK)%6: 7|g|3

by [5, Main Lemma]. Therefore by (7) the ng f(x, y) live on two by two disjoint sets

E; x Tand
328 = S P
i j
= ZH ijf(xvy/)H;(fo'u) < Cn(ng)z(S%_"”f”%
j
by the boundedness of the Hilbert transform H,. ]

Now precisely as in [5, p. 570], the Main Lemma in L, 1 < r < 2, follows.

Main Lemma 2 Let 1 < r < 2. Under the above assumptions (a), (b) and

(d) no point of [0, 27] belongs to more than K&~ '** of the I?, where p = p(r) > 0isa
small number.

Then there exists a set F C [0, 27], |F| < clg—f\}, any M > 10 and K > Ky(r, M) such
that .
I3 s
j

forall f € L"(T?), where0 < a(r) < 1and o = o(r) > 0.

< K50

L' (cFxT)

ry (anyn >0)

Remark 7.1 The above Main Lemmas hold for the operator P,, by Remark 5.2.

Remark 7.2  The above Main Lemmas hold for the operator P;, by Remark 5.3.

8 Main Lemmas for B,

The goal here is to prove the Main Lemmas, of the preceding section, for By, also.
Main Lemma 1 requires two-dimensional analogues of Lemma 4 and Lemma 5 of [5].
We recall the definition of normal tree and separated trees, [5, p. 562].

Fix numbers § > 0 and K > 10. A tree P with top [w°, I°] is normal if for
[w,I] € P we have |I| < %H‘)Ldist(l, or) > 35%\1% (0Is the boundary of I°).
Then T?*h(x) lives on {x € I° | dist(x, 9I°) > ZLKUU}.

Two trees P with top [w®, I°] and P’ with top [w',I'] are separated if either
I°UI' = @ orelse

(o) [w,I]eP, ICI imply dist(w,w') > 6 'w],
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and
) (W'l e P, I'CI’imply dist(w’,w’) > &6 '|w’|.

Then the following holds:

Lemma 8.1 Let P with top [W°, I°] and P’ with top [w', I°] be separated trees. Then
IBY BY* [l < emd™  (any M > 0).

Equivalently, |(B" £, B"*9)| < co™ | 1 llgll: for any f,g € L2(12).

Proof We are going to show that

(14) B f =« (B f)+E(f),

(15) BI'*g ="« (B*g) + &'(g),

where ||€|l, < 0™ and |||, < cpdM for suitable bump functions ® and ®’.

Define ®(x’, y’) = w(x’)p(y’) where ¢ is as in [5], that is ¢(x") is a C* function on

IR satisfying

(i) @issupported on {|x'| < 62d}, ||y < cus

(i) [p(&)| < em(82d|€ —E|)~2M for all &, in particular for € —&| > 6~ 2d (& =
midpoint of w°);

(iii) [p(€) — 1] < cn(82d|€ — &)™ for all € with |€ — &| < 6 2d~!, where
d = min{|I| | [w,I] € P}.

Then ®(x’, y') is C>°(R?) and it satisfies

(i’) @ issupportedin {|x'|,|y’| < 62d} and || D] < s
(i) |, n)| < em(d2d|E — &])~M for all € with |¢ — &| > 6~ 2d " and all 7;
(ii") D, n)| < em(d2d|n — &|)~*M for all  with | — &| > 6~ 24" and all &
(V) [D€,m) — 1] < enl(82d|E — &M + (33d|n — &)™) for all € and 7 with
€ =&l <o72d ! Inp—&l <ot
Similarly define d’ = min{|I’| | [w’,I'] € P'}, pick ¢’ corresponding to P’ and
consider ®’(x’, ). Then

(16) é . é/HLoo(RZ) S CM5M.

c,b(f)g/o\’(f)ﬂoo < cp0M because P and P’ are separated.

In fact
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To prove (14) we verify the dual statement

€ f(x,y) = BYf(x, ) — BY(® x f)(x, 7)
= > (M)« Y0 (M) # flx, y)

Ko(x)<h<K(x) h<k<K;(x)
keD

_ Z (eiM(x)y'¢h(y/)) %

Ko(x)<h<K;(x)

(so * Z (eiM(X)x,wk(x/)) % ((,0* f)(x,)//)) (y)

h<k<Ki(x)
keD

for (x,y) € E x T, where £* lives. Then, by adding and subtracting the same term,
we write &* f = & f + & f defined in (17) and (19) below.
(17)

Eifty) = > M ()

Ko(x)<h<Ki(x)

S [N ) - (M ) * o] x Flx, ).
hgl;égl(x)

By exchanging the order of summation we obtain

Eifenls Y| Y M k) Ry )|

Ko (x) <k<Ki(x) Ko(x)<h<k
keD

< > Ay (e ™M Bilx,y) ()

k< d—1

)

where H 4+ denotes the maximal Hilbert transform and

Fi(x, y') = [€MO% g (') — (MO 4 (x)) * p(x")] * flx, 7).

Then obviously
(18)
1€ FCe D lzasay < D I1Hy (6™ Felx, 1)) ()12 asay)
2-k< g
<c Y ECy)lr sy
2-k<d
1
< Z em(8225d) ™M1 25y ko1 () * fCx v )| 2 (axay )
2—k§d—l

< ™| fll 2 ayr)
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by the boundedness ofI:Iy/ and [5, (20)].
Next we consider

(19)
EZf(x;)/):
ST @M () Y (@) ) * fx, )
Ko(x)<h<Ki(x) h<k<K(x)
keD
- Y @00
Ko(x)<h<K(x)
(so s ) (@M ) (o y’)) (7).
h<k<Ki(x)
keD
We clearly have

Efel < D MO () — (@ (") # ()| +

Ko(x)<h<K(x)

ST @) x5 N )| )
h<k<K(x)
keD
< D0 M G = @ ) * ey +
zhgd—l

Cor (o * f)x, ¥ (),

where C,, denotes Carleson maximal operator [13].
Then by [5, (20)] we obtain

(20) |IE5 £, Y |li2 (dway) < Z CM(5%Zhd)ZMHZhX[fH,H]()’/)*
M<d

Cx’(so * f)(x, yl)(y)HLz(dxdy)
< endM||Cor (@ % 1), ¥ 20axdyy < O™ || Fllz2axrayr)

by the boundedness of C, and of the convolution with ¢ (x”).
Now

(B f, BV *g) = (® % (BY* f), @' * (B *g))
+(E(f), B * (B*g)) + (= (BP* ), £'(g))
+(&(f), €(2))

The first term on the right-hand side is dominated by

17 llocl|B 12118 “gll2 < ud™ | £ gl
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by (16) and (9) with § = 1. The remaining terms satisfy the same estimate by (18)
and (20). |

Remark 8.2 Lemma 8.1 holds for P = P, as well. B; = B is now defined by

Z eiaM(X)}'/wh(y/) Z eiM(x)x'wk(x/) % f(x, )/)
22590 5y 275 2K <y—kcqp—h
o =T keD ™
Clearly (18) holds for the analogous £}. The analogous €5 is dominated by
> [ MO g (y") = (MO (y)) x|+

2 — K1 (%) <2_h<27K0(X)
o = =" a

),

S (@) (o )

2K <o~k < gph
keD

where ¢ (y’) is supported on {|y’| < 82 43, ||y < eur and ©%(n) is concentrated
around afp, namely

(ii")
— 5td —2M §idy 1
o (n)] SCM(TM—QSOD for |n — a&o| > ( - ) ;
(iii’)
_ 53id M Sidy —1
25 m) — 1 ch(F\n—agd) for |y — gl < ( . )
Then

MO 4 (') = (MO (r) 5 0 ()]
< dn(n — aMEDIL = e ixyr, (07

vd M
< CM(&aZh) ZhX\y'\ngh()’/)-

Therefore in the analogue of (20) we shall have
v d
Z M (55 —Zh) M < CMéM.
@
zhgad—l
Remark 8.3 Lemma 8.1 holds for P = P5 as well. The w’s being central, it follows
that for every pair [w, I] € P, the interval w C [2#,2#"1] with z > 0 an integer. Let

« = 21, Now if
M(x) e w= [nZk, (n+ 1)2k),
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then
M*(x) € w* = [, (n +1)72%).

The interval w?, not any longer dyadic as far as size and location, is comparable with
aw = [an2, a(n + 1)2F). This is indeed the meaning of the elementary inequalities

2law| < |w?| < 4|law| and  dist(aw,0) < dist(w?, 0) < 2 dist(aw, 0).

Similarly for all [w’,I'] € P, the interval w’ C [2¥,2"*!]. Let B = 2” and assume
o < 3. We are going to show that the collections

{lw*, N} wner and {1} o 1r1epr

satisfy a separation property analogous to («) and (). Denote by |B — A| the length
of the interval [A, B] with B > A > 0. Then |B— A| = dist(w’,w°) > §!|w]| (by the
assumption ((3)), so we have

5—1
dist((w')?, (W°)?) = |B* — A*| > (B+ A)§ '|w'| > B w'| > T\(w’)2|.

Similarly
571
dist(w?, (W")?) > B0 |w| > adHw| > T|w2|.
If we choose (y’) = ¢**(y') supported on
62d
!/
<27
{|}/ < 4o }’

llo* |1 < cur such that ¢ is concentrated around &, the center of w3, then we obtain

1€5 £l < end™]|-

Similarly with ¢’(y’), replacing a by 3, d by d’ and &, by Eé
On the other hand (16) still holds.

Lemma 8.4 Let a row R be a union of normal trees Py with tops [wk, IK] where the
{1} are pairwise disjoint. Let P’ be a tree with top [w}, I}] and suppose, for each k, that
1¥ C 1} and Py, P' are separated. Then ||BY BX*||, < cpy6™ (any M > 10).

Proof We ought to prove | 3 (B} *g, BY** )| < cwd™|| f]l2lg]l2- We will examine
one term at the time and write

, p’ prt prir
Bl f=B'f+B* f+B* f
following the decomposition P’ = P{ U P;’ U P;"’ of P’ relative to Py [5]. Recall that

51000 6100
P ={[w"I'leP||I'| < m—K|I,9| and dist(I",0I}) < 7|1£\ orI'NI{ =o}.
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Since Py is a normal tree, then

(21) (B g, Bl f) =0

the two factors having disjoint supports in the x variable. For, Tk applies to h(x'),
x' € A= {x"eIf| dist(x',01F) > ZLKOO|I§|} and B** f(x, y) lives on A x T. Next
recall that

1000 6100
11,1 € I and dist(1", 91}) > |15}

0
Pl ={[w, I eP||I'| <

Since P; and Py have the same top space I} and are separated by assumption, by
Lemma 8.1 we have

P/ x .
(22) |(B,* ", B I < emsd™ || fll g semy gl 2ap ey -

We are left with
1000

1)
P”: /I/ P/ I/ IO .
¢ = {1 e P > T}

We construct & and & as in the proof of Lemma 8.1 using Py for P, then ||Ex|[, <
cpmOM. In addition to (i)—(iii) above, we can assume

(iv) Px(&) = 0, where & is the midpoint of wy.
Thus

(23) (Bl ", B f) = (BY g, &x(f)) — (Bl "g, Ex(f))

117
P *

— (B g &)+ (B g, Bk B,
The first three terms are easy. We have
(24) ’(B}f *g; Ek(f)‘ < cm6™||BY *g”LZ(ng'ﬂ‘)HfHLZ(ng’u'),

since & f (x, y) liveson I ,9 x T, being P a normal tree. Since in addition P} is a normal
tree we obtain

P/ x
(25) |(B1k & Ek(f))| = CM5MHg||L2(ng'ﬂ‘)||f||L2(ng’u')~

Finally since the two factors have disjoint supports, we have

(26) (B "g,Ex(f)) = 0.
We are reduced to estimate
(27) (BY g, &y B f) = (g, Bl (@ % Fy))
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where Fy = BI** . Let us write explicitly

P// . ’
B @k xF)(x,y) = Y, My ()
Ko(x)<h<K(x)

D7 (@M yi(x)) x By # Filx, y)
h<j<Ki(x)
jep
for suitable Ky(x) and K, (x). By definition of P{’ we have 27519 > ‘il(;];(o II}|. Also
recall that @ (x', y') = wr(x")r(y’) with i (x”) supported on

| <8id}, di= min |I
(<o}, die= min |I

and so dy < % |I7|, being Py a normal tree. With d]’ similarly defined with respect
to P’ we then observe that

B (@kx Foe, )] < Y0 (@M g(0) oy %
Zj,ZhS(d‘:’)_]
| (@M% 4 (x")) % r(x)] * |Fil(x, ).

Now [5, (24)] states

Z ’(eiM(x)X’wj(x’)) * @k(z)’ < cyoM Z dk22jx\z\<2*f(z)

2< () Y<()!
12
dk

M
W = CM5 Uk(Z).

S CM(SM

The above estimate is based an the following facts
M) = &| < |I'|71 =2/ < (@)™,

< (62 d) (2 di|€) — €)M < ep (82 dr)6M,

d, .,
| g &)
@M 4i(x")) % or(@)loo < Ilthj(€ — M) @R(E)]r < car(8di)6M2%,

supp (™™ 9 (x)) * pi(2)) C {|z] <277}

Since the index h spans the same set of the index j, it is also true that

> @ () * ow)] < ad™Uk(w).

L))
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Thus, going back to (27), we have

(B g @87 r) | < (Isl. B (@0 F))
< emd™M(|g], Ur(w)Ux(2) * |Fi])
< e (Uk(2)Us(w) * |g], | Fi])
< CM52MH8*||L2(ng'1r)||f||L2(ng’ﬂ‘)a

where g* denotes the two dimensional maximal function of g. Then, asin [5], Lemma
8.4 follows by an application of Schwartz’s inequality and Lemma 6.3 withd = 1. W

Remark 8.5 Lemma 8.4 holds for P = P, as well. Relatively to (27), only the
summation over h changes. Specifically, assuming ¢ (o) = 0, we have

A ) d//
> e ko] < 3 et T2 )
2h<al(d]") ! 2" <a(dy)!
d;' /o
> w2 + (dlil/a)z'

Remark 8.6 Lemma 8.4 holds for P = P5 as well. Relatively to (27) what has now
to be estimated is

Qwy = Y [eMO g (r) ™ (w)

2h<4p(d]")—!

)

<1
where (y’) is supported on { |y’| < %} and oy = M(x) relatively to Py, simi-

larly 8 = M(x) relatively to P’ as in Remark 8.3.

First assume d;’ /3 > 2dy/oy. Denoting by Z(’) the midpoint of (w{)?, we may as-

sume di” %% (77)|n:3$ = 0. Then similarly to the proof of Lemma 8.4 we have

supp{e™ 7 (") % o™ (w)} C {|w] < 27"},
and

R — 5id
[[dn(n = M*() - o5 (|| | < CM‘SM(H:) 2™,

since the main contribution to the above integral comes from the size of ©% on the
essential support of ¢y,. Therefore

;' /48

M
Qw) < emd™ = e @7 janr
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Ifinstead d; /3 < 6 d, /o, then it remains to estimate
Qw) = > | M Py 5 ™ (w)]
(02 d) 140y <2V <(d{ ")~ 14
Now
iM2(x)y’ « 5%dk
supp{e™ ™y (y") % o™ (W)} C {IWI < }
4oy
and
, e S2diy !
> [t = M2 - Felm < ewd (7).

(02 d)~ 4oy <2h<(d]") 148

since, due to the separation property, the main contribution to the above summation
comes from the term corresponding to 2" = (d;’)~'4/3 and is determined by the size
of 1y, on the essential support of 9.

Therefore the factor ¢y;6™ is gained and, aside from that, Q(w) is dominated op-
eratorwise by an average.

From now on the proof is the same as in [5] for P = P, P,, P;. We sketch it.

Corollary 8.7 Let R = PyUP,U--- and R’ = P{ UP, U --- be rows with tops

[wP, I?] for Py and [w},, I},] for P}. Suppose that each I is contained in an I}, with Py
and P[, separated. Then

|8 B

, < 6™ (any M > 10).

Also observe that if A(p) < é for p € R above, then ||BY||, < ¢,67 by Lemma 6.3.

Main Lemma3  Let {P;} be a family of trees with tops [w?,l?]. Assume that
(w?, I9] € P, for each j and that

(a) A(p) < dforanyp € Pj;

(b) pLp'foranyp € Pj,p' € Pjr,j# j’;

(c) no point of [0, 2] belongs to more than K6~ of the I?.

Then there exists a set F C [0,27], |F| < c%, with the property

IS8l <08t e @yn>0
j

[2(FXT)

forall f € L*(T?) and every K > 10.

Proof The proof of [5, Main Lemma] follows from Lemmas 2, 3, 4 and 5. Of those
lemmas we proved analogues in Lemmas 5.1, 6.3, 8.1, and 8.4. |
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Main Lemma4 Let1 < r < 2. Assume (a) and (b) of Main Lemma 3 and also

(d) no point of [0, 2] belongs to more than K6~ of the 19, where p = p(r) > Oisa
small number.

Then there exists a set F C [0,27], |F| < clg—f\}, any M > 10 and K > Ky(r, M) such
that .
|5
j

forall f € L(T2), where0 < a(r) < 1and o = o(r) > 0.

< 6y K57 f 1 anyn >0
ern = 6 [ fllzrerzy  (anym > 0)

Proof Increasing the length of the chains, to be skimmed off from the top C* and
from the bottom €, to

lg(eKﬂéfloooo) <¢d °K',0<a<1, (anye>0).
by Lemma 5.1 we have for 1 < r <2
(28) IBY . 1B 1lr < ereK057 7177,
The remaining pairs [w, I] of the trimmed trees P? satisfy

510000 510000

1] < eTU?' < |I?‘7 K > Ko(a, M)

KM+1
and the P(; ’s are separated, with 6 in () and () replaced by §’ = K—(M*+1)§1000 g >
Ko(a, M). Defining the exceptional sets

200

. 5
Fi={xe I? | dist(x, 81?) < IOKMH |I§)|}

and disregarding, as we may, the pairs in P? = {[w,I] € P? | I C Fj}, we are left

with normal trees P = P?\P?. Therefore for every row R, it holds ||BX||, < ¢,67
and so

—1+p
DIEN
j=1

For r = 1 + € we choose p such that % — 1+ p = 0. Moreover,

<8 K| flly, 1< 1< 2.
L (FFXT)

< o7 ||fll2

) O
‘ L2(FXT)

DIEN

j=1

by Cotlar’s lemma [5, p. 567]. Thus by interpolation

<ec 5(7(r)Ku(r)
LeFxT) T 1£1-

K(S*l”’
J

(29) DIFA
=1

for 1 < r < 2,whereo(r) > 0and 0 < a(r) < 1. Now (28) and (29) imply the
lemma. [ |

https://doi.org/10.4153/CJM-2006-007-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2006-007-5

178 E. Prestini

9 Proof of Theorem 1

As a consequence of the Main Lemma 1-4,

Corollary 9.1 Let F be a set of pairs. Assume

(a) A(p) <6 forallp € F;

(b) if p, p" belongto Fand p < p’ < p' then p’ € F;

(o) ifp,p’,p"" €Fandp < p’,p < p' then either p’ < p'' or p”" < p’;

(d) for any point x € [0,27] there are at most K6~ '*P") mutually incomparable
(wi, I;] € Fwithx € I.

Then there exists F C [0, 2] with |F| < C%(\;,K > Ko(r, M)( any M > 10) such that

| B f(x, »)|

forall f € L'(T?), with 0 < a(r) < 1 and (r) > 0.

Cr’”Ka(r) 6{)‘(?‘)77} Hf

LEFxT) = rae)

A set F satisfying Corollary 9.1(a)—(d) above is called a forest. In [5] the collection
F,={p € B|27"! < A(p) < 27"} has been skimmed off at the top by removing
ascending chains of length (n + 2). By Lemma 5.1 the corresponding estimate in L" is
oy r(n+ 1)2_"(2%'_").

Then considering {p;}, pj = [@}, I;], the set of maximal pairs such that % >
27"~ another exceptional set is introduced, namely

G, = {x € [0,27] | x is contained in more than (K/2)2*"of the I;}

such that |G,| < c% for K > Ko(M), any M > 10 ( [5, pp.568-570]). Removing all
pairs p = [w,I] € F, such that I C G,, we are left with a collection, denoted by F7,
that decomposes as a disjoint union of at most 2n(lg K) + 1 forests {F,, ; }s. Therefore
by the Corollary 9.1

i e+ DK (g K270 1],

L7 (°F, xT) <

with |F,| < | U Fo| < c(n+ 1) 2 Ig K.

Finally defining E, = F, U G, and E = | J,, E, we obtain

[P fllrcexn < K lgK| f],
with |E| < c,lli—,f for K > Ky(r, M) and any M > 10. Therefore
PAL
(o) | 1270 )] > 0] < 20 iemen gy

aT

T, 18K A1\
< ryra(r) ||fH 8 <o r
< (gK)'K o toqar S| T

for any ¢ > 0, having chosen K so to minimize the right-hand side. Thus ||Pf]|, <
cprllf1l- forany p <'r.
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