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Abstract

Let St,;(r, co, x) be the space of mixed cusp forms of type (k, I) associated to a Fuchsian group P, a
holomorphic map co : 3f -> J f of the upper half plane into itself and a homomorphism x '• P ->
5L(2, K) such that co and x are equivariant. We construct a map from S*,/(r, co, x) to the parabolic
cohomology space of P with coefficients in some P-module and prove that this map is injective.

1991 Mathematics subject classification (Amer. Math. Soc): primary 11F11; secondary 11F30.

1. Introduction

Let T C SL(2, R) be a Fuchsian group of the first kind acting on the Poincare
upper half plane Jt? by linear fractional transformations. Let x '• F —> SL(2, K)
be a homomorphism such that there is a holomorphic map co : J4? —> J$f satisfying
co(yz) = x(y )<*>(<:) f°r all y € F and z € Jf. We assume that the inverse image of
a parabolic subgroup of x(F) under x is parabolic. If j : SL(2, K) x Jf? —> C is the

automorphy factor defined by j I I I , z I = cz + d, then a mixed automorphic

(respectively cusp) form of type (m,n) is a holomorphic function / : J*if —> C
satisfying

f(yz) = j(y, z)mj(x(y), «(z))"/U)

for all y e F and z e ^ that is holomorphic (respectively vanishes) at the cusps of
F. Certain types of mixed cusp forms can be interpreted as holomorphic forms on
some families of abelian varieties (see [4, 5]). Various aspects of mixed automorphic
forms of the above form and their generalizations to higher dimensional cases have
been investigated in a number of papers (see for example [6, 7, 8, 9]).
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A connection between the cohomology of F and automorphic forms for F was
made by Eichler [2] and Shimura [10]. They established an isomorphism between
the space of cusp forms of weight m + 2 for F and the parabolic cohomology space
of F with coefficients in the space of homogeneous polynomials of degree m in two
variables over R. A similar isomorphism for mixed cusp forms may not be hold in
general as can be seen in [1, §3] where mixed cusp forms of type (0, 3) were treated in
connection with elliptic surfaces. In this paper we construct a map from the space of
mixed cusp forms of type (k, 1) associated to F, co and x with k > 2 to the parabolic
cohomology space of F with coefficients in some F-module and prove that this map
is injective.

2. Cocycles associated to mixed cusp forms

In this section we review the definition of mixed cusp forms and construct a cocycle
in a parabolic cohomology associated to a mixed cusp form. Let F c SL(2, R) be a
torsion-free Fuchsian group of the first kind acting on the Poincare" upper half plane
Jif. Let x • F -> SL(2, R) be a homomorphism, and let co : Jff ->• Jif be a
holomorphic map such that co and x are equivariant, that is,

for all y 6 F and z G Jf?. We assume that the inverse image of a parabolic subgroup
of F' = x ( r ) under x is a parabolic subgroup of F so that the F-cusps and F'-cusps
correspond. We denote by j : SL(2, R) x Jf? —>• C the automorphy factor defined by
j(g,w) = cw + d if

8 = [c d ) e 5L(2' K)

and w e Jif.

DEFINITION 2.1. Let m and n be non-negative integers. A holomorphic function
/ : J4? —»• C is said to be a mixed automorphic form of type (m,n) associated to F,
&) and x if / satisfies the following conditions:

(0 /(KZ) = f(z) j(y, z)m j(x(y), a>(z)y for all y € F and z e JP.
(ii) / is holomorphic at each F-cusp.

The function / is said to be a mixed cusp form of type (m, n) associated to F, co and
X if (ii) is replaced by

(ii)' / vanishes at each F-cusp (see [7] for details for the conditions (ii) and (ii)').

We shall denote by Smjl{T,co, x) the space of mixed cusp forms of type (m,n)
associated to F, co and x-
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REMARK 2.2. A mixed automorphic form of type (m, 0) is an automorphic form
of weight m. On the other hand, if a> and x are the identity maps, then a mixed
automorphic form of type (m, n) associated to F, co and x becomes a cusp form of
weight m + n for F. Mixed automorphic forms of certain types arise naturally as
holomorphic forms of the highest degree on some families of abelian varieties, and
various aspects of mixed automorphic forms have been investigated recently (see for
example [4, 5, 6, 7]). Mixed automorphic forms of several variables have also been
introduced (cf. [8, 9]).

Given a commutative ring R we denote by g?n
x Y(R) the space of homogeneous

polynomials of degree n in two variables X and Y. Then the semigroup Af (2, R) of
2 x 2 matrices with entries in R acts on &\ Y(R) by

M"(y)<P(X, Y) = </>0 ( V ( T ) ) ) = 0((*. W ) ,

where '(•) denotes the transpose of the matrix (•) and y' = tr(y) • I2 — y = det(y)y~'.
For fixed non-negative integers k and m we set

and let F act on &>k-m(Q by Mk
x
m(y) = Mk(y) <g> Mm(X(y)), that is,

Mk
x
m{y) (<p(Xu y,) (8) f{x2, y2» = (A/*(y)0(x,, y,)) ® (Mm(X(yM(X2, y2»

for all y e F, ^(X, , y,) e ^ ^ K| (C) and ^(X 2 , y2) € ^ Y2(Q. Thus we can con-
sider the parabolic cohomology Hj,(r, &>k'm{Q) of F with coefficients in ^ * m ( C ) .
Let Z ' (F, &k-m(Q) be the set of 1-cocycles for the action of F on &>k-m{Q. Thus it
consists of maps u : F -*• £Pk-m(Q such that

for all y, S e F. We denote by Zj,(F, ^ • B I ( Q ) the subspace of Z ' (F,
consisting of the maps u : F —> £?k-m (C) satisfying

€ (Mk
x
m(n)-

for ^ € P, where P is the set of parabolic elements of F. We also denote by
B'(F, &"<•"• (Q) the set of maps u : F -+ &>k-m(Q satisfying

u(y) = (Mk
x
m(y) - l)x

for all y e F, where x is an element of ^ * m ( Q independent of y. Then the parabolic
cohomology of F with coefficients in £?k-m (C) is given by

Hl
P(V, &>k l k l k
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(see for example [3, Appendix], [11, Chapter 8] for details).
Now we denote by A* m (z) the differential form on £? with values in the space

^•" • (Q given by

A*,m(z) = (X, - zr ,)* <g> (X2 - (o{z)Y2)
mdz

for all z £ JiC. Given a mixed automorphic form / e Sk+2m{V,o),x) of type
(k + 2, m) we also define the differential form Q(f) on Jlf by

LEMMA 2.3. For each y e F we have

for all z e J f , w/iere y* A/fc,m(z) = A».m(yz).

PROOF. Let y = ( a , | e r C 5L(2, K). Then we have

y*A,,m(z) = (X, - (yz)Yx)
k ® (X2 - a>(yz)Y2)

md(yz)

for all z€JF. But we have d(yz) = (cz 4- d)~2dz - j(y, z)'2dz and

^C))—*

since

Similarly, we have

- cy(z)y2)m;a(y), <o(z))~m\

hence the lemma follows.
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COROLLARY 2.4. Given a mixed cusp form f in Sjt+2,m(F, co, x), we have

) / ' « ( / ) = Mk
x
m(y)Q(f)

for all y e F.

PROOF. This follows immediately from Lemma 2.3 and the transformation formula
in Definition 2.1(i) for mixed automorphic forms of type (k + 2, m).

We fix a point z in JF* = Jt? U Q U {oo} and for each / 6 Sk+2,m(T, co, x) we
define the map <£(/) : F -* &>k-m(R) by

Jz

for each y e F. Note that the integral is independent of the choice of the path joining
z and yz, since Q.{f) is holomorphic. The integral is convergent even if z is a cusp
because of the cusp condition for the mixed cusp form / given in Definition 2.1(ii)'.

PROPOSITION 2.5. For each mixed automorphic form f e Sk+2,m(T, co, x) the as-
sociated map <£(/) : T - • £*-"(C) is a \-cocycle in Hl

p(T, &>km(C)) whose co-
homology class is independent of the choice of the base point z.

PROOF. If y, y' e F, then we have

/

YY'Z [Yt rYY'z

Re(« ( / ) ) = / Re(£2 ( / ) ) + / Re(f i ( / ) )
Jz Jyz

Jz

Since Re(y*Q(f)) = Re(Mk
x
m(y)Q(f)) = M*m(y)Re(fi(/)), we obtain

hence it follows that £t(f) is a 1-cocycle for the F-module ^*m(C). Now in order
to show that it is a cocycle in the parabolic cohomology Hj,(r, £?k-m{<L)), let z, z' be
elements of Jtf*. Then we have

= \

=

Z /"
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If z' is a cusp s e Q U {00} and if it e P is a parabolic element of V fixing s, then
= 0, and therefore we have

e (Mk'm(n) — l)£Pk'm(Q.
X

Hence <%(/) is a 1-cocycle in HP(F, £?k-m(C)), and the proof of the proposition is
complete.

3. Pairings for mixed cusp forms

In this section we construct a pairing on the space Sk+2,m(r, eo, x) of mixed cusp
forms of type (k + 2, m) associated to V, co and x- Consider the (n + 1) x (n + 1)
integral matrix

where <5n_,,; is the Kronecker delta. If (x, y) e C2, we set

(x,y)n = (x",xn-ly,... ,xy"-\yn) e C"+1.

Then we have

(;c, y ) " 0 V , / ) " = det (* * ' )

for all (x, y), (jf', y') e C2. Thus we obtain a pairing on the nth symmetric power
S" (C2) of C2 given by

((x, y)\ (x\ y'f) = (x, yT@'(x\ y'f = det ^

However, the space 3?n
x j,(C) of homogenous polynomials of degree n in X and Y

can be regarded as the dual space S"(C2)* of 5"(C2) by identifying X"-iYi with
ef (""° 0 ef1' where ex = Q and e2 = (°)- Thus the pairing (, ) induces the pairing

Xn-'Yl,1$2bjXn-JYJ\ =(a0,... , an)®-u{bQ, ... , bn)
1=0 ;=o IXY

k=o
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(see [3, §6.2]). Hence we obtain a pairing of the form

on the space

In particular we have

- zYx)
k{X2 - co{z)Y2T, (Xl - zYx)\X2 -

= (X, - zYu x, - zy,)*
X2 • Y2

Let ©i (respectively @2) be the matrix that determines the pairing on 5*(C2) (re-
spectively 5ra(C2)) dual to (,)x,,r, (respectively (,>™2iy2). Now let / , and g be
mixed cusp forms in Sk+2,m(T, co, x) so that Re Q(f), Re Q(g) are elements of
&k<m{R) c ^ * m ( C ) . By identifying the element

with the vector '(a0. • • • , «*) <S> '(&o> • • • , bn), we obtain

), Re n(g)» ='Re(n(/)) A (©71

We denote the form on the right hand side of the above relation by <£(/, g) and define
the pairing /(•, •) : 5t+2,m(r, co, x) x St+2,m(r, <w, x) -> C by

Hf,g)= [ ®(f,g)= f 'Re(fi(/))A(©71®02-')Re(fi(g))

for/, g e 5t+2,m(r, a>, x)-

PROPOSITION 3.1. The pairing / (• , •) o« St+2,m(r, co, x) is non-degenerate.

PROOF. Let/,^ e 5i+2,m(r, ^ .x)- Using the relations Re n ( / ) = n ( / ) + n ( / )
and Re Q.{g) = Q(g) + Q(g), we obtain

) 7 ("(/)A
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But we have

A 0

- z)*(<w(z) - co(z))mdz A dz

* A

- (-2i)k+m+] f(z)g(z)(Imz)k(lmcv(z))mdx Ady.

Similarly, we have

= (2i)*+"+7(z)g(z)(Im z)*(Im w(z))m^ A

Let {, )/> be the Petersson inner product on Sk+2,m(r, co, x) given by

(f,g)p= [ f{g)gU)Qmz)k{lmco(z))mdxdy
Jv\3te

(see [7, Proposition 2.1]). Then we obtain

In particular, we have

/ ( / , ik+m~lg) = - ( -2 / )* + "- 1 [ ( - / ^ " - ' ( Z , g)p + (-l)*+*+1i*+—»<^, f)P]

= -2k+m[Re{f,g)P],

Kf,ik+mg) = -{-2i)k+m~x [{-i)k+m{f,g)P + (-l)k+m+lik+m(g, f)P]

= 2k+mi[lm(f,g)P].

Hence the non-degeneracy of the pairing / ( • , • ) follows from the non-degeneracy of
the Petersson inner product ( , ) /> .

4. Embeddings of mixed cusp forms into parabolic cohomology

Let s e Q U {oo} be a cusp of F such that CT(OO) = s with a e SL(2, K), and let
Fs be the stabilizer of 5 in F. Given e > 0, we set

Vs,e = {z € rs\J? I ImCa-'Cz))"1 < e).
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We choose s such that the members of {Vs<e \ s e £} are mutually disjoint, where S
is the set of F-cusps. Let So - V\J(f, S = Y\Jt?*, and let

As is described in [3, §6.1], there is a triangulation Jf of Si satisfying the following
conditions:

(i) Each element of F induces a simplicial map of JT onto itself,
(ii) For each s e £ the boundary of VSiS is the image of a 1-chain of Jf.

(iii) There is a fundamental domain D\ in Ji?i whose closure consists of finitely
many simplices in J^, where Jtf[ is the inverse image of Si in Jt?.

If g denotes the genus of S and if v is the number of cusps of F, then the Fuchsian
group F is generated by 2g + v elements

ai,... ,ag, Pi,... , Pg, nu ... , n v

with the relation

Then the boundary 3D] of the fundamental domain Dx of S\ is given by

dDi = ]T t, + J2 [(of,- - IK, + (A - l)Sfll],
S€T 1 = 1

where sai, sPi, ts denote the faces of Dx corresponding to a,, f}t, ns, respectively.

THEOREM 4.1. Given z e Jf and f € St+2,m(F, co, x), let Sz{f) : F - • ^ t

be as in Section 2. Then the associated map Sz: St+2,m(F, co, x) -^ ^ ( F , &k'm

is injective.

PROOF. Since the pairing /(-, •) on St+2,m(F, co, x) is non-degenerate by Proposi-
tion 3.1, in order to establish the injectivity of Sz it suffices to show that, if

then / ( / , g) — 0 for all g € St+2,m(F, co, x)- Thus suppose that <?z(/) is a zero
cohomology class in Hj,(r, &>k'm{€)). Then there is an element C 6 &>k-m{W) such
that

WXy) = (Mkm(y) -

for all y e F. We define a map F : Ji? -+ &k-m(W) by

= fF(w)= f Re(n(/))-C
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for all w e Jif. Then we have

F(yw) = f Re(fi(/)) - C = f Re(£2(/)) + f Re(J2(/)) - C
Jz Jyz Jz

f
yz

- C

= Mk
x
m(y)(F(w) + C) + £z{f){y) - C

= Mk
x
m(y)F(w) + 4 ( / ) ( / ) - (A/*m(y) - \)C

= Mk
x
m(y)F(w)

for all y e T and w e Jf. On the other hand, we have dF = ReS2(/). Let
g € 5t+2,m(r, a), x), and set

= /

for all w e Jff. Then we have dG = Re£2(g) and

, g) = 'dF A ( e ^ (g) ©2-'

= d[F- (©71 ® ©j

If So = r\Jf, S = r\JT* and S, = So - (J K,e as before, then we obtain

/(/ ,*)= lim f d['F-(e;^@^)Rc(Q(g))]

= lim f tF-(@;l®G-1)Re(Q(g)).
S^SJdD,

However, since F(yw) = Mk
x
m (y)F(w) and y*Q(f) = M*m(y)fi(/)forally e T,

for each simplex S and y e F w e have

f '
JyS
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Hence the integral o f F • (@^ <g> 0J1) Re(Q(g)) over (a, - l)sa, + (A - l)s0i is zero
for 1 < i < g, and therefore we have

'F • (®;1 ® ©J

Since F(w) is bounded near the cusps and Re(£2(g)) is rapidly decreasing at each
cusp of F, it follows that / (/, g) = 0; hence the injectivity of the map Sz follows.

REMARK 4.2. For non-mixed cusp forms the surjectivity of the map <§z in Theorem
4.1 also follows from the Eichler-Shimura isomorphism. However, for mixed cusp
forms Sz may not be surjective in general. Although in this paper we only consider
mixed cusp forms of type (/, m) with / > 2, it is known that Sz is not necessarily
surjective for mixed cusp forms of type (0, 3) (see [1, §3]).
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