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AND DISCRETE TORI

JUSTINE LOUIS

(Received 16 December 2014; accepted 4 May 2015; first published online 25 August 2015)

Abstract

We consider the number of spanning trees in circulant graphs of Sn vertices with generators depending
linearly on n. The matrix tree theorem gives a closed formula of Sn factors, while we derive a formula
of B — 1 factors. We also derive a formula for the number of spanning trees in discrete tori. Finally, we
compare the spanning tree entropy of circulant graphs with fixed and nonfixed generators.
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1. Introduction

A spanning tree of a connected graph G is a connected subgraph of G without cycles
with the same vertex set as G. The number of spanning trees in a graph G, 7(G), is
an important graph invariant. It can be computed from the well-known matrix tree
theorem due to Kirchhoff (see, for example, [1]). Let G be a graph on n vertices
labelled by vy, ..., v,. The adjacency matrix A = (A;;) of G is the n X n matrix in which
A;j = 11if v; and v; are adjacent and A;; = 0 otherwise. The degree matrix D = (D;;)
is the n X n diagonal matrix in which the diagonal element D;; is the degree of the
corresponding vertex v;. We only consider 2d-regular graphs, so that D = 2d1,,, where
I, is the n X n identity matrix. The Laplacian matrix A of a 2d-regular graph G on n
vertices is defined by

Ag =2dI, — A.

The matrix tree theorem states that
1
7(G) = —det"Ag (1.1)
n

where det*Ag denotes the product of the nonzero eigenvalues of the Laplacian matrix
of G. In this paper, we prove closed formulas for 7(G) for two types of graphs in terms
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Ficure 1. Examples of circulant graphs.

of eigenvalues of the Laplacian on a subgraph of G. The formulas are particularly
interesting when the number of vertices is larger than the other parameters of the graph.
2d-regular graph with n vertices labelled 0, 1, ...,n — 1 such that each vertex v € Z/nZ
is connected to v +y; mod n for all i € {1, ..., d}. The first type of graph to be studied
is the circulant graph with the first generator equal to 1 and the d — 1 others linearly
depending on the number of vertices, that is, C 1;17‘"""’7”’"", where | <y; <---<yyq <
| 5/2] and B are integers. Two examples are illustrated in Figure 1. It is known that the
number of spanning trees in circulant graphs with n vertices satisfies a linear recurrence
relation with constant coefficients in n (see [4]). For 8 € {2, 3,4, 6, 12}, closed formulas
have been obtained by Zhang et al. [8], using techniques inspired by Boesch and
Prodinger [2] and properties of Chebyshev polynomials. As noted in [8], this method
does not work for other values of 8. In Section 2, we derive a theorem (Theorem 2.1)
in a simple way which gives a closed formula for all integer values of 5. This gives an
answer to an open question in [3] and [8] and proves the conjecture stated in [6]. The
second type of graph studied is the d-dimensional discrete torus defined by the quotient
7% /AZ? with nearest neighbours connected, where A is a diagonal integer matrix. In
the final section, we deduce the tree entropy of a sequence of circulant graphs with
nonfixed generators and compare it to the one with fixed generators.

2. Spanning trees in circulant graphs with nonfixed generators

Let V(G) be the set of vertices of a graph G and f : V(G) — R a function. To derive
the eigenvalues of the Laplacian it is more convenient to use the variant definition as
an operator acting on the space of functions, that is,

Acf(x) = D (F(x) = FG)

y~x

where the sum is over all vertices adjacent to x. Since the circulant graph C;g;ly‘""“’”’""

is the Cayley graph of the group Z/BnZ, the eigenvectors of the Laplacian are given
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by the characters
i(x) = F B =0,1,...,Bn—1,

where x € Z/BnZ. As in [1, Proposition 3.5], the eigenvalues are given by

d-1
A =2d = 2 cosQrk/pn) =2 )" cosQakyn/B), k=0,1,....pn—1.  (2.1)

m=1

THeEOREM 2.1. Let 1 <yy <--- <yy-1 < |B/2] be positive integers and p, = 2(d — 1) —
2 Zfln;]l cosnky,/B), k=1,...,8—1, be the nonzero eigenvalues of the Laplacian
on the circulant graph Cy"""yd". For all n € Ny, the number of spanning trees in the

Lyin,..., Vd n

circulant graph C is given by

T(Cl,?’l’l vvvvv 7:171")

= — l—[((— + 1+ Jui/4 +,uk) + (% +1—Jui/4 +,uk)n - 2005(2;k)).

Remark 2.2. It would be interesting to see if this pattern appears in other types of
graphs, that is, with the number of spanning trees expressed in terms of the eigenvalues
of the Laplacian on a subgraph of the original graph.

Proor. Applying the matrix tree theorem (1.1) to the graph Cp DY YA ith
eigenvalues given by (2.1), gives

Bn—1 d-1
T(CLymeiny - ﬂi I (2d ~2cos(2rk/fn) ~2 ) cosrky,, //3)).
n k=1 m=1

Since there are n spanning trees in the cycle C},

n—1
n= T(C,ll) = % 1—[(2 — 2 cos(2rk/n)). 2.2)
k=1

The product over k = 1,...,8n — 1 can be split as a product over multiples of 5, that
is, k =Bk’ with k'’ = 1,...,n — 1, and over nonmultiples of g, that is, k = k' + I8 with
kK=1,...,—1and [=0,1,...,n— 1. The product over the multiples of 8 reduces
to (2.2), so it follows that

ﬁnl d-1

T(CLymeany - 5 ﬂ(zd 2 cos(2nk n) =2 cos2reky,, /,8))
/;3}(/1 m=1
n B-1 n-1 d-1
_ (2d 2 cos(2n(k + I8)/Bn) =2 Y cos(2(k + By /,8))
ﬁ k=1 [=0 m=1
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p-1 n-1

n
13 k=1 1[=0

d-1
(2 cosh(argcosh(d - ; cos2rky,, /,8)))

— 2 cos(2nk/Bn + 27rl/n)). (2.3)

We now evaluate the product over / by the following calculation:

n—1 n—1

]_[(2 cosh @ — 2 cos((w + 2xl)/n)) = ™ ]_[(e% —2cos((w + 2xl)/n)e + 1)

1=0 1=0
n—1

— o l_[( o — ez(w+2rrl)/n)( e — e—z(w+2nz)/n)_ (2.4)
1=0

The complex numbers ¢/ “*>™/" and ¢=@*+2/n for [ =0,1,...,n — 1, are the 27 roots

of the following polynomial in e’:
e?0 —2¢" cosw + 1 =0.
Therefore the product (2.4) is equal to
e—nO ( eZnO

—2¢" cosw + 1) = 2 cosh(nb) — 2 cos w.

Using this relation in (2.3) with 6 = argcosh(d — Zg;ll cos(2rky,,/B)) and w = 27k /P,
we have

&.

T(C;;/l'}’ln ..... Ya-iny _ % f—[(2 cosh(n argcosh(d 3 cos(2rky,, /,8))) - 2005(27rk/ﬁ)).
k=1

n:
(2.5)
The theorem then follows by expressing the formula in terms of the eigenvalues on
Cj;7*" and using the relation argcosh x = log(x + Va2 — 1) for x > 1. Indeed, writing

pr =2(d = 1) =2 347 cosQrkyn/B),

I
—_

B-1
T(Cl;ly‘"""’”“") = g 1_[(2 cosh(n argcosh(1 + i /2)) — 2 cos(2rk/B))

(2 cosh(n log(1 + /2 + 2 /4 + uk)) 2 cos(2nk/ﬂ))

(r2 o1+ Juzra s )
=1
+ ( 2+ 1= i34+ #k)n —2 cos(27rk/ﬁ)). o

Remark 2.3. The techniques used here to derive Theorem 2.1 might not be
generalisable to circulant graphs with two or more fixed generators. As an example, to

1
=
=

—_ =

eI
=~ ™

https://doi.org/10.1017/5S0004972715000969 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972715000969

[5] Spanning trees in circulant graphs 369
compute the number of spanning trees in the graph Céf”” we would need to find a
closed formula for the product

ﬁ(2 cosh 8 — 2 cos((w + 2nl)/n) — 2 cos2(w + 2nl) /n))

1=0
where 6 = argcosh(3 — cos(2nky/3)) and w = 27k/B. We were not able to do that.

ExawmpLE 2.4. The formula of Theorem 2.1 reproves Theorems 4, 5, 6, 8 and corrects a
typographical error in Theorem 7 in [8]. For example, [8, Theorem 5] states that

(€4 = 5[V VAT + TR~ TR 1]

which is a particular case of the formula with d =2, y; = 1, 8 = 3, on noting that
U =2 —2cos(2nk/3), k = 1,2, are the nonzero eigenvalues on the cycle C;. As
another example, [8, Theorem 8] states that

w(Cy2 ) = 2[WTT/A + TP + (T =T/ = 1] [V 4 1+ (V2= 1]
X[ (VT74+ B + (774~ A3 + 1]

which is a particular case of the formula with d =3, y; =2, y, =3, =6 and
Hr =4 —2cos(2nk/3) — 2 cos(nk), k =1,...,5, being the nonzero eigenvalues on the
circulant graph C 2’3.

REMARK 2.5. We emphasise that the circulant graph CL7'"™+1"

o consists of n copies

of Cg"'“’y"" which are embedded in the cycle C['gn. This explains the eigenvalues on
Cj7*" appearing in the formula.

3. Spanning trees in discrete tori

In this section we establish a formula for the number of spanning trees in the discrete
torus Z¢/AZ¢ with nearest neighbours connected, where A = diag(a;, ..., @41, 1)
is a diagonal matrix with positive integer coefficients. Let k = (ky,...,ky), x =
(X1, ..., Xq) € ZY/AZ? and ky = A~'k. The eigenvectors of the Laplacian are given
by

gk (X) — eZHi(kA,x)
A

where (-, -) denotes the usual inner product. Denote by ¢;, i = 1,...,d, the canonical
basis of Z¢. Since each vertex x € Z¢/AZ¢ is connected to its nearest neighbours, that
is, x is adjacent to x — ¢; and x + ¢;, for all i = 1, ..., d, we obtain the eigenvalues on
74/ AZ? by applying the Laplacian on the eigenvectors g, (x):

d-1

Ac=2d -2 cos(2mk;/e;) — 2 cos(2mka/n)  where k € Z¢/AZ.

i=1
The formula given in the following theorem is interesting when # is larger than det(A).
It improves the asymptotic result given in [6, Example 4.4.3].
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TueOREM 3.1. Let A = diag(ay,...,a4-1) and, for £ =1,...,det(A) — 1, let

2tk
{M}f_{z(d—n 2Zcos( n ) k—0,1,...,ai—1,(k1,...,kd_1)¢0}
a;

be the nonzero eigenvalues of the Laplacian on Z4'JAZ4"'. For all n € Ny, the
number of spanning trees in the discrete torus Z¢ | NZ% is given by

det(A)-1

s T oo oo oo )

Proor. From the matrix tree theorem,

T(Z!/AZY) =

T(Zd/AZd)
d-1 a;—1 n—1

det(A)n l_[ I_I H(Zd 2 Z cos(2mk;/a;) — 2 COS(27rkd/n))

=1 k=0 k;=0
(kl ,,,,, k)20

d-1 a;=1 n-1 d-1

det(A) H 1_[ l_l(2 cosh(argcosh(d cos(2nk;/a;) )) —2cos(2nky, /n))

=1 k=0 ky=0 i=1
(kl ka-1)#0

d-1 a;—1 d-1

= detn( D 1:1[ IB)(Z cosh(n argcosh(d cos(2nk;/a;) )) 2)

i=1

4
(k1,e.eskg-1)#0

where the second equality comes from (2.2) and the third equality comes from the
same device as in the proof of Theorem 2.1, namely

n—1
1—[(2 cosh @ — 2 cos(2nk/n)) = 2 cosh(n) — 2.
k=0

The theorem then follows by expressing the formula in terms of the eigenvalues on
Z%1JAZ% " and from the relation argcosh x = log(x + Va2 — 1), for x > 1. O

4. Spanning tree entropy of circulant graphs

For a sequence of regular graphs G, with vertex set V(G,), one can consider the
number of spanning trees as a function of n. Assuming that the limit
1
_ iy 027Gy
noeo |V(Gy)|
exists, it is sometimes called the associated tree entropy [7]. From Theorem 2.1, the

tree entropy of the circulant graph C,’ L7yt Gith nonfixed generators as n — oo,
denoted by zne(8; Y1, - - -5 Ya-1), 1S glven in the following corollary.

https://doi.org/10.1017/5S0004972715000969 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972715000969

[7] Spanning trees in circulant graphs 371

CoroLLARY 4.1. Let 1 <y <--- <ya_1 < | B/2] and B be positive integers. The tree
entropy of the circulant graph C é},wl “““ Y& gs n — oo is given by

U

B-1 1
1
WNE(B V1, o Ya-1) = B Z argcosh(d - COS(Zﬂk)’m/ﬂ))
=1

m

00 ﬁ_l
1 d
- f (e—’ - - Z e_“kte_ZtIO(Zt)) a
0 Bl ?

k=
where y, =2(d — 1) -2 fo;ll cos(2rky,,/B), k=0,1,...,8— 1, are the eigenvalues of

the Laplacian on the circulant graph Cg‘ """ 7" and Iy is the modified I-Bessel function
of order zero.

Il
—_

Proor. Let f; := argcosh(1 + y/2) >0, k=1,...,8— 1. From (2.5), the number of

. . Lyin,...yg-in = -
spanning trees in Cﬁn is given by

B-1
T(CIZ‘"""’V"*'”) = g l_[(e"ﬁ + e — 2 cos(2nk/B))
k=1

B-1
= ST A [ (1 + e — 2 cos(ak/Bre ).
B k-1
But
lim log(1 + e — 2 cos(2nk/B)e ) =0 fork=1,...,8-1,
and so

B-1
(1 + e 2k — 2 cos2nk/B)e ™) = ”V  asn — .
k=1
Therefore, the asymptotic number of spanning trees in C ;3;[7]" """ 71" §s given by

n -1 d-1
T(Cl;lyln""’yd_ln) — _en =1 argcosh(d—3; —| cos(2mky,, /B))+o(1) as 71 — oo.

This proves the first equality. The second equality comes from [6, Proposition 2.4]
which expresses the argcosh in terms of an integral of the modified /-Bessel function:
forall x > 2,

f (e = e IH(21)) % = argcosh(x/2). )
0

Lyin,....ya-1n

As mentioned in Section 2, the circulant graph C,)

consists of n copies
of Cj'*" which are embedded in the cycle Cj,- This structure is reflected by

the appearance of the term QC;I,...,yd_l(t)e*2t10(2t) in the asymptotic formula, where

gc;;lv---v“/d—l 0= Zi;é e M ig the theta function on Cg‘ """ Y1 and e~?I)(2t) is the typical
term appearing in the asymptotics of the number of spanning trees in the cycle. Indeed,
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the tree entropy on the cycle is (see [6, Section 3.2])

0 dt
fegete = f (" = Mho2) 5 = 0
0

: : Lnyin,....ya- :
Consider the sequence of circulant graphs C,""'"™" """ when n — co with

Nr(Bs 1, Y1, ..., Ya—1) denoting the corresponding tree entropy. In the following
proposition we show that it is greater than the entropy of circulant graphs with fixed
generators.

Prorosition 4.2. For all positive integers 1, . . ., Yq, there exists an integer B > 2 such
that for all B > B,

aNe(Bs Lyis - va-1) > ze(Loys oo va)
where zr(1,y1,...,Yaq) is the tree entropy of the circulant graph C,l,’”"“’y" with fixed
generators.

Proor. By letting 8 — oo in the corollary, the sum over the Laplacian eigenvalues
converges to a Riemann integral, so that

* dt
Jim o (B 171 Ya-) = f (7 = XV @R T 2, 20)
—00 0

where Ié’y"""“" is the d-dimensional modified /-Bessel function of order zero defined

by (see [6, Section 2.4])

T

130’1,.4.,%1—1 Q2t,...,26) = zi f eZt(cos w+X 47 cos(ymw)) dw.
T J_

U4

It can be expressed in terms of a series of modified /-Bessel functions:

d-1
DYoL 20 = Z Izﬁl]%ki@t)nlki(h).
i=1

(ki e.erkg1)€Z!

On the other hand, from [6, Theorem 1.1], the tree entropy of the circulant graph
Ch7+" with fixed generators as n — oo is given by

© dt
w1y, Ya) = f (e_’—e_z(d”)tlé’yl""’7"(2t,...,2t))7
0

where, for all ¢ > 0,

d
AR E S D S} [ R el
i=1

d-1
>120 > dgen, @] @)
i=1

(kyy.nrkg_1 )EZA!
= o @OIT T QL 20).

Therefore hmﬁ—wo ZNF(ﬁ; 17 ')’l, .. ,')’d—l) > ZF(la ')’l, e $7d) m]
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Related to this comparison between circulant graphs with fixed and nonfixed
generators, one might wonder, for example in the simplest case of C l;l", how taking
limits first in 8 and then in n would compare to taking limits first in # and then in S.
From [5, Lemma 5] and by letting 8 — oo in [5, Theorem 4], one easily sees that for

all positive integers y1, ..., Y4-1,
Lyin,....yqg-1n
log 7(C log7(Cp, )
lim tim €70 ) iy tim :
Yd—>00 n—00 n B—00 n—00 ﬁn
which by definition is
71im ZF(Y1s -5 Vd) Zﬁlim aNF(B3 Y15+ Va-1)-
'd—>00 —00
In the particular case of d = 2 it shows that the limits over n and 8 commute, that is,
log T(C;") log T(C")
lim lim ————— = lim lim —————,
B—00 n—0 an n—0c0 f—00 Bl’l

which does not seem obvious a priori.
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